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1. Introduction

In this chapter, we review 3-algebras that appear as fundamental properties of string theory.
3-algebra is a generalization of Lie algebra; it is defined by a tri-linear bracket instead of by a
bi-linear bracket, and satisfies fundamental identity, which is a generalization of Jacobi iden-
tity [1], [2], [3]- We consider 3-algebras equipped with invariant metrics in order to apply
them to physics.

It has been expected that there exists M-theory, which unifies string theories. In M-theory,
some structures of 3-algebras were found recently. First, it was found that by using
u(N) @ u(N) Hermitian 3-algebra, we can describe a low energy effective action of N coinci-
dent supermembranes [4], [5], [6], [7], [8], which are fundamental objects in M-theory.

With this as motivation, 3-algebras with invariant metrics were classified [9], [10], [11], [12],
[13], [14], [15], [16], [17], [18], [19], [20], [21], [22]. Lie 3-algebras are defined in real vector
spaces and tri-linear brackets of them are totally anti-symmetric in all the three entries. Lie
3-algebras with invariant metrics are classified into 4 algebra, and Lorentzian Lie 3-algebras,
which have metrics with indefinite signatures. On the other hand, Hermitian 3-algebras are
defined in Hermitian vector spaces and their tri-linear brackets are complex linear and anti-
symmetric in the first two entries, whereas complex anti-linear in the third entry. Hermitian
3-algebras with invariant metrics are classified into u(N) ® u(M) and sp(2N) & u(1) Hermi-
tian 3-algebras.

Moreover, recent studies have indicated that there also exist structures of 3-algebras in the
Green-Schwartz supermembrane action, which defines full perturbative dynamics of a su-
permembrane. It had not been clear whether the total supermembrane action including fer-
mions has structures of 3-algebras, whereas the bosonic part of the action can be described
by using a tri-linear bracket, called Nambu bracket [23], [24], which is a generalization of
Poisson bracket. If we fix to a light-cone gauge, the total action can be described by using
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Poisson bracket, that is, only structures of Lie algebra are left in this gauge [25]. However, it
was shown under an approximation that the total action can be described by Nambu bracket
if we fix to a semi-light-cone gauge [26]. In this gauge, the eleven dimensional space-time of
M-theory is manifest in the supermembrane action, whereas only ten dimensional part is
manifest in the light-cone gauge.

The BFSS matrix theory is conjectured to describe an infinite momentum frame (IMF) limit
of M-theory [27] and many evidences were found. The action of the BFSS matrix theory can
be obtained by replacing Poisson bracket with a finite dimensional Lie algebra's bracket in
the supermembrane action in the light-cone gauge. Because of this structure, only variables
that represent the ten dimensional part of the eleven-dimensional space-time are manifest in
the BFSS matrix theory. Recently, 3-algebra models of M-theory were proposed [26], [28],
[29], by replacing Nambu bracket with finite dimensional 3-algebras' brackets in an action
that is shown, by using an approximation, to be equivalent to the semi-light-cone super-
membrane action. All the variables that represent the eleven dimensional space-time are
manifest in these models. It was shown that if the DLCQ limit of the 3-algebra models of M-
theory is taken, they reduce to the BFSS matrix theory [26], [28], as they should [30], [31],
[32], [33], [34], [35].

2. Definition and classification of metric Hermitian 3-algebra

In this section, we will define and classify the Hermitian 3-algebras equipped with invariant
metrics.

2.1. General structure of metric Hermitian 3-algebra

The metric Hermitian 3-algebra is a map V xV xV — V defined by (x, y, z) — [x, y; z],
where the 3-bracket is complex linear in the first two entries, whereas complex anti-linear in
the last entry, equipped with a metric <x, y >, satistying the following properties:

the fundamental identity
([x, y; z], v; wl =[x, v;w], y; z]+[x, [y, v; w]; z] - [x, y; [z, w; v]] (id2)
the metric invariance
<[x,v;wl, y>-<x [y, w;v]>=0 (id3)
and the anti-symmetry
[x, y;z]= -ly, x; z] (id4)

for
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X, Y,z,0,weEV (id5)
The Hermitian 3-algebra generates a symmetry, whose generators D(x, y) are defined by
D(x, y)z: =[z, x; y] (id6)
From (=), one can show that D(x, y) form a Lie algebra,
[D(x, y), D(v, w)]= D(D(x, y)v, w) - D(v, D(y, x)w) (id7)

There is an one-to-one correspondence between the metric Hermitian 3-algebra and a class
of metric complex super Lie algebras [19]. Such a class satisfies the following conditions
among complex super Lie algebras S =S5,® S;, where S, and S, are even and odd parts, re-

spectively. S, is decomposed as S, =V & V, where V is an unitary representation of S,: for

a€S,uveV,

[a, ul €V (id8)
and
<[a,ul,v>+<ula,v]>=0 (id9)
v € V is defined by
v=< ,0v> (id10)
The super Lie bracket satisfies
[V,V]=0, [V,V]=0 (id11)

From the metric Hermitian 3-algebra, we obtain the class of the metric complex super Lie

algebra in the following way. The elements in S, V, and V are defined by (=), (=), and (=),
respectively. The algebra is defined by (=) and

[D(x, y), z]: =D(x, y)z =1z, x; y]

[D(x, y), z]: = -D(y, x)z = -[z, y; x]

[x, y]: =D(x, y) (id12)
[x, y]: =0

[x, y]: =0
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One can show that this algebra satisfies the super Jacobi identity and (=)-(=) as in [19].

Inversely, from the class of the metric complex super Lie algebra, we obtain the metric Her-

mitian 3-algebra by

[x, y; z]: =ally, 2], x] (id13)

where a is an arbitrary constant. One can also show that this algebra satisties (=)-(=) for (=)
asin [19].

2.2. Classification of metric Hermitian 3-algebra

The classical Lie super algebras satisfying (=)-(=) are A(m -1, n-1) and C(n +1). The even
parts of A(m-1, n-1) and C(n+1) are u(m) ® u(n) and sp(2n) ® u(1), respectively. Because
the metric Hermitian 3-algebra one-to-one corresponds to this class of the super Lie algebra,
the metric Hermitian 3-algebras are classified into u(m) @ u(n) and sp(2n) ® u(1) Hermitian

3-algebras.

First, we will construct the u(m) @ u(n) Hermitian 3-algebra from A(m - 1, n - 1), according to
the relation in the previous subsection. A(m -1, n - 1) is simple and is obtained by dividing
sl(m,n) by its ideal. That 1is, A(m-1,n-1)=sl(m,n) when m#n and
An-1,n-1)=sln, n)[A1,,.

Real sl(m, n) is defined by

o o)
(id15)

ict hy,

where h; and &, are m x m and n x n anti-Hermite matrices and c is an n x m arbitrary com-

plex matrix. Complex sl(m, n) is a complexification of real sl(m, n), given by

(j [; ) (id16)

where a, 5, ¥, and 6 are m x m, n x m, m x n, and n x n complex matrices that satisfy
tra = trod (id17)

Complex A(m -1, n-1) is decomposed as A(m -1, n-1)=S,&V & V, where



3-Algebras in String Theory 5
http://dx.doi.org/10.5772/46480

(O ﬁ) ev (id18)

(=) is rewritten as V — V defined by

0 0 0
B=(0 g)HB+=(ﬁ+ o) (1d19)

where B € V and B' € V. (=) is rewritten as

0 yz'x- xz*y)

[X,Y;Z]=dllY, Z7], X]=a 0 0 (id20)
for
< (O x) v
“lo o/ €
0 y) .
= d21
Y (0 0 eV @ )
p (0 z) v
“lo ol ©
As a result, we obtain the u(m) ® u(n) Hermitian 3-algebra,
[x, y; z] =alyzTx - xzty) (id22)

where x, y, and z are arbitrary n x m complex matrices. This algebra was originally con-

structed in [8].

Inversely, from (), we can construct complex A(m - 1, n - 1). (=) is rewritten as
D(x, y) =(xy", y'x) € 5, (id23)

(=) and (=) are rewritten as
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[(xyt, yTx), (x y T, y =yt 'y, [yt ytx])

[(xy®, yTx), z —xy tr-zyfx

[(xy®, yx), wtl =y txwt-wixy? (id24)
[x, yT1=(xyt v x)

[x, y]—O

[x%, yT1=0

This algebra is summarized as

{(nyr z ) (x'yur z )} (id25)
SO '+ o
w' y'xl Vw y'x

which forms complex A(m -1, n - 1).

Next, we will construct the sp(2n) @ u(1) Hermitian 3-algebra from C(n+1). Complex

C(n+1) is decomposed asC(n+1) =S, &V & V. The elements are given by

a 00 0

0 -a 0 0
00 a bl|S%
0 0 ¢ 47T
00 % %

0 0 0 0

0 xf 0 o/SV (id26)
0 -x/ 0 0

0 00 0

0 0 ¥ ¥
W oo oSV
-y, 0 0 0

where a is a complex number, 4 is an arbitrary n x n complex matrix, b and ¢ are n x n com-

plex symmetric matrices, and x;, x,, ¥; and y, are n x 1 complex matrices. (=) is rewritten as

V-V defined by B ~ B=UB'U"! whereBeV,BeV and



3-Algebras in String Theory 7
http://dx.doi.org/10.5772/46480

0100
g0 d27)
00 0 1
00 -10
Explicitly,
0 0 x x 0 0 0 O
0 0 0 o0 [0 0x -x
B=lo x7 0 o7 P |xr 0 0 o (1d28)
0 -x 0 0 xf 0 0 0
(=) is rewritten as
[X,Y;Z] := allY,Z] X]
o 0 y w| [0 00 0hjo 0 x x
0 0 0 0/[0 0=z -z|lo 0o 0 o
Yo wf o0 offzt o0 offlo k7 0 o0
0-y 0 0 “zfo0oo0 0" 0-x;y 00 (id29)
0 0 w w
0 0 0 O
- Yo wf o0 o0
0 -w’ 0 0

for
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0 Xy X,
0 0 0
X=lo xf o o€V
0 -x, 0 0
0 0 wn ¥
0 0 0 O
Y = 0 4w 0 0 ev (id30)
0 -y 0 0
0 0 z %
0 0 0 O
Z=lo 27 o ol€V
0 -z/ 0 0
where w, and w, are given by
(wy, w)) = - <y121+ + 3/222+)(x1/ X))+ (xlzlJr + xzz;)(yl, o)+ (le/lT - xlyZT)(Z;/ - 21*) (id31)

As a result, we obtain the sp(2n) ® u(1) Hermitian 3-algebra,
[x, y;zl=al(yo2)x +E0x)y - (x 0 y)Z) (id32)

for x = (xy, %,), ¥ = (vy, Vo), 2 = (24, 2,), where x;, x,, ¥y, Y, 2, and z, are n-vectors and

~ ( * *)
z - Zz, _Zl

(id33)

3. 3-algebra model of M-theory

In this section, we review the fact that the supermembrane action in a semi-light-cone gauge
can be described by Nambu bracket, where structures of 3-algebra are manifest. The 3-alge-
bra Models of M-theory are defined based on the semi-light-cone supermembrane action.
We also review that the models reduce to the BFSS matrix theory in the DLCQ limit.

3.1. Supermembrane and 3-algebra model of M-theory

The fundamental degrees of freedom in M-theory are supermembranes. The action of the co-
variant supermembrane action in M-theory [36] is given by
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Sma = [d%\y-G+ Laﬁy@FMNaa‘I/(Hﬁ MH)/ N +%

Z I1

f MwyrN o,V
(id35)

I = m 7
—ﬁllff 65WF by‘I/))

where M, N =0, -, 10, &, 8,7 =0, 1,2, Gy =11, "Iy, and 1T, " =0, X ™ LMy WL w

B
is a SO(1, 10) Majorana fermion.

This action is invariant under dynamical supertransformations,

o = (id36)
_ i
oxM = yrM
These transformations form the =1 supersymmetry algebra in eleven dimensions,
[6, 0,]X™M = -2iI'M, (id37)
[0y 0,]¥ = 0 (id38)
The action is also invariant under the x-symmetry transformations,
OV = (1+Dx(o)
M S (id39)
oX ™M = W™ (1+«(o)
where
__ 1 ey M .
r= m Ha Hﬁ Hy FLMN (1d40)

If we fix the k-symmetry (=) of the action by taking a semi-light-cone gauge [26]Advantages

of a semi-light-cone gauges against a light-cone gauge are shown in [37], [38], [39]
rovy -y (id42)

we obtain a semi-light-cone supermembrane action,

1 _ _
2 WFVGVW

iaﬁy(_ w( bt v+ g ey
V-G + 3 \WT,,0, W\ I, “IT, 7 + 511, FUT 'O W - 35 WT (id43)

21
+WI,;0,W,X 19 X 1))

Sma = [d
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where Gy = g+ 1T, “ITy,, IT, * =9, X * - 5UT#0, W, and h5 =0, X '3, X.

In [26], it is shown under an approximation up to the quadratic order in 9, X # and 9,¥ but

exactly in X !, that this action is equivalent to the continuum action of the 3-algebra model
of M-theory,

1 1
Scl 5 _[d 36@ - ﬁ{X I, X ], X K}Z_ i(Ayab{(Pa’ (pb, X I})Z

1 1 .
-3E “V}‘AwavchMf{(p”, P, (pd}{(p bl o f}+ 5/ (id44)

i

_ i _
SUrHA,,lo% @b W+ 2or, (X!, X, w})

4

where I, ], K =3, -, 10 and {(p “ @b goc} = "‘ﬁyaa@” 5 bay(pc is the Nambu-Poisson brack-

et. An invariant symmetric bilinear form is defined by fd *oy-g¢ “@" for complete basis ¢ * in

three dimensions. Thus, this action is manifestly VPD covariant even when the world-vol-
ume metric is flat. X ! is a scalar and W is a SO(1, 2) x SO(8) Majorana-Weyl fermion satisfy-

ing (=). E ! is a Levi-Civita symbol in three dimensions and A is a cosmological constant.
The continuum action of 3-algebra model of M-theory (=) is invariant under 16 dynamical
supersymmetry transformations,
6X'=ir'y
N , .
A0, 0)=5T,I,(X (o)) - X (6 )W(0)), (id45)

utl

1
oW = - Alp® @b, xIrer - 2Ix 1, X7, X Ky,
where [;;, = - . These supersymmetries close into gauge transformations on-shell,

[0, 6,]X =Acd{§0cz o7, X '}
(01, 0]Awle” 08 T=A4le% ot ALl o, )

. c - id46
- Agle® @b A4l 97, 20008 (id46)

[0y, 6,]% = Aylg®, @, Wi+ (lrzfylry - %zr ol Jo*

where gauge parameters are given by A, = 215" A, - 1o 1 X Jx K. Oy‘i =0and O =0are

equations of motions of A, and ¥, respectively, where
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o
S
[

wo Ayab{go a/ qu/ A‘vcd{(P C/ (Pd/ }} - Avab{go a/ (Pb/ A‘ucd{qo C/ qod/ }}

+EM(- (x1, Aples ot x), }+5@ 'y, }) (id47)

@)
<
I

1
TEA Ll ot w51, (X, x T, vl

(=) implies that a commutation relation between the dynamical supersymmetry transforma-
tions is

up to the equations of motions and the gauge transformations.

This action is invariant under a translation,
60X (o) =1", 5AH(o, av)=n“(o)-n”(o') (id49)

where 1/ are constants.

The action is also invariant under 16 kinematical supersymmetry transformations
Sy =" (id50)

and the other fields are not transformed." is a constant and satisfy I, ="." and should come
from sixteen components of thirty-two =1 supersymmetry parameters in eleven dimen-
sions, corresponding to eigen values + 1 of [;;,, respectively. This =1 supersymmetry con-
sists of remaining 16 target-space supersymmetries and transmuted 16 x-symmetries in the
semi-light-cone gauge [26], [25], [40].

A commutation relation between the kinematical supersymmetry transformations is given
by

A commutator of dynamical supersymmetry transformations and kinematical ones acts as

(8201 - 048,)X o) =il = 7701
N i | | (id52)
(6,0, -6,5)A (0, 0) = 51T, (X 1(0) - X (o)) = nf'(0) - nf*(o)

where the commutator that acts on the other fields vanishes. Thus, the commutation relation
is given by

11
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where (5,] is a translation.

If we change a basis of the supersymmetry transformations as

6 =0+5 _
, (id54)
5 =i(6-9)
we obtain
0,01 - 0,0, =&,
5,01-518,=0, (id55)

5,0, -0,0,=0

These thirty-two supersymmetry transformations are summarised as A = (6", 5) and (=) im-

plies the =1 supersymmetry algebra in eleven dimensions,
DA -444,=06, (id56)
3.2. Lie 3-algebra models of M-theory

In this and next subsection, we perform the second quantization on the continuum action of
the 3-algebra model of M-theory: By replacing the Nambu-Poisson bracket in the action (=)
with brackets of finite-dimensional 3-algebras, Lie and Hermitian 3-algebras, we obtain the
Lie and Hermitian 3-algebra models of M-theory [26], [28], respectively. In this section, we

review the Lie 3-algebra model.

If we replace the Nambu-Poisson bracket in the action (=) with a completely antisymmetric

real 3-algebra's bracket [21], [22],

Jd3oy-g — ¢

(id58)
lp @t @ =T T T

we obtain the Lie 3-algebra model of M-theory [26], [28],
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= 1 2 1 a b
So = <-gzlX1 X), X¥P-5(A,,[T T X )
1 .
B §E HVAAHﬂbAVCdA/\EfI:Ta/ TC, Td:II:Th/ Te/ T f:l (1d59)

i

- SUTHA [T T W+ 4

_ L wg
5 wrylx!, x/, wl>

We have deleted the cosmological constant /A, which corresponds to an operator ordering
ambiguity, as usual as in the case of other matrix models [27], [41].

This model can be obtained formally by a dimensional reduction of the =8 BLG model [4],

[5], [6],

1 , 1 (1
Sepc = Jd%x<-q5[X !, X, x*P- (D, x')-E¥ A(ZAWhaVAMdT”[Tb, T¢, T9]

1 .
+ 3 A A Mg LT T TUTY, T, T f]) (id60)

i
2

i

* 4

YrD,W+ Wy [x?', X7, v]>

The formal relations between the Lie (Hermitian) 3-algebra models of M-theory and the =8
(=6) BLG models are analogous to the relation among the =4 super Yang-Mills in four di-
mensions, the BFSS matrix theory [27], and the IIB matrix model [41]. They are completely
different theories although they are related to each others by dimensional reductions. In the
same way, the 3-algebra models of M-theory and the BLG models are completely different
theories.

The fields in the action (=) are spanned by the Lie 3-algebra T" as X ' = X /T% w=wT"
and A¥=ALT"®T b where I =3, -, 10 and u=0,1,2. <> represents a metric for the 3-
algebra. W is a Majorana spinor of SO(1,10) that satisfies I, = W. E*"* is a Levi-Civita

symbol in three-dimensions.

Finite dimensional Lie 3-algebras with an invariant metric is classified into four-dimensional
Euclidean 4 algebra and the Lie 3-algebras with indefinite metrics in [9], [10], [11], [21], [22].
We do not choose 4 algebra because its degrees of freedom are just four. We need an algebra
with arbitrary dimensions N, which is taken to infinity to define M-theory. Here we choose
the most simple indefinite metric Lie 3-algebra, so called the Lorentzian Lie 3-algebra associ-
ated with u(N) Lie algebra,

[T, 7% T =0
[T° 1!, Ti]=[T!, T/]=f¥ T* (id61)
I:Ti, T j, Tk]=fijkT_1

13
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wherea=-1,0,i (i=1, -+, N 2). T' are generators of u(N). A metric is defined by a sym-
metric bilinear form,

<7110 = -1 '
S ) (id62)
<T', T!'> = h
and the other components are 0. The action is decomposed as
(1K2[I]]211 e L1 M2 L e
S5 =Tr\- Z(xo Jlx!, x4 f(xo [x;, xT]P- j(xo b, +[a, x 1)?- > EMb (4, 4]
(id63)

+i@01““by¢ - %‘?FH[%/ P+ %‘XOI&FI][X]/ ¥]- %%Bﬂxl, x1p)

where we have renamed XOI - xOI, XiITi - xl Yy = Uy, ‘I/iTi -, 2AinTi - a, and
AW-]-[T LTI - b,- a, correspond to the target coordinate matrices X ¥, whereas b, are auxili-
ary fields.

In this action, T ' mode; X !, W, or A4, does not appear, that is they are unphysical modes.

Therefore, the indefinite part of the metric (=) does not exist in the action and the Lie 3-alge-
bra model of M-theory is ghost-free like a model in [42]. This action can be obtained by a
dimensional reduction of the three-dimensional =8 BLG model [4], [5], [6] with the same 3-
algebra. The BLG model possesses a ghost mode because of its kinetic terms with indefinite
signature. On the other hand, the Lie 3-algebra model of M-theory does not possess a kinetic
term because it is defined as a zero-dimensional field theory like the IIB matrix model [41].

This action is invariant under the translation
oxl=nl, oat =nt (id64)

where n! and n* belong to u(1). This implies that eigen values of x! and a" represent an
eleven-dimensional space-time.

The action is also invariant under 16 kinematical supersymmetry transformations
o = (id65)

and the other fields are not transformed. " belong to u(1) and satisfy I};;, ="." and should

come from sixteen components of thirty-two =1 supersymmetry parameters in eleven di-
mensions, corresponding to eigen values + 1 of I}y,, respectively, as in the previous subsec-

tion.

A commutation relation between the kinematical supersymmetry transformations is given
by
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5,5,-5,5,=0 (id66)

The action is invariant under 16 dynamical supersymmetry transformations,

oX ! =ir'w
a b _r I
0ALT T, J=ir,Olx',w, ] (id67)
1
oW = - AT T X!rer - =[x 1, X7, X Ky,

where [, = - . These supersymmetries close into gauge transformations on-shell,

[61’ 62:|XI =Acd|:TC/ Td/ X I:I
[61’ 62]Ayab[Tu' Tb’ ]:Aab[Ta’ Tb’ A,ucd[TC’ Td’ H

) A#ab[T LTY ALTE T 1)+ 21'21"”10;113 (id68)

. i
[0y, 8,]W=A LT T WI+\io T, - ol 1y JO¥

where gauge parameters are given by A, = 2i,I" “1Awb -1o0 ]K1X u] X bK . OH‘?, =0and 0¥ =0are

equations of motions of AHV and V¥, respectively, where

Oy?/ = Ayub[Tu' Th’ Avcd[TC' Td’ H _Avab[Tu’ Tb’ Aycd[TC’ Td' H
a =
+Ea\-[X T AGTS T X, ], J+5lP 1w, ] (id69)
1
0% = -THA,TY T W1+, [X !, X/, W]

(=) implies that a commutation relation between the dynamical supersymmetry transforma-

tions is
0,01 -0,0,=0 (id70)
up to the equations of motions and the gauge transformations.

The 16 dynamical supersymmetry transformations (=) are decomposed as

15
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oxl = z'FIgD
oxg =il "y,
6x_{ =ir! Y,

1
61‘1b = (bnyI +[ay’ x1:|>FHFI - ixollix]/ XK:IFUK
51y =0

1 .
o = -Tr(byxl)F”FI - gTr([xI, T )y (id71)

da, =il I; (x4 ¢ - px ')
ob, =il I[x", ¢]

. Lo I
0A, 4 =1l,I; j(x-ﬂbi -Yx; )

. 1
0A,10= lryrlj(x-g‘/’o - 'ab-lxol)

and thus a commutator of dynamical supersymmetry transformations and kinematical ones
acts as

(6201 -0:8)x " =il Fa=n!

(6201 -0,8,)a% = ir[#Ixg 2 =" (id72)
1. .

(8201 - 0,8, AL, T" = jllr#rlx-b

where the commutator that acts on the other fields vanishes. Thus, the commutation relation
for physical modes is given by

5,0, -6,5,= 16, (id73)

where 6,7 is a translation.

(=), (=), and (=) imply the =1 supersymmetry algebra in eleven dimensions as in the previ-
ous subsection.

3.3. Hermitian 3-algebra model of M-theory

In this subsection, we study the Hermitian 3-algebra models of M-theory [26]. Especially, we
study mostly the model with the u(N) ® u(N) Hermitian 3-algebra (=).

The continuum action (=) can be rewritten by using the triality of SO(8) and the
SU (4) x U (1) decomposition [8], [43], [44] as
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Scl = _[d O_F( Hba ZAI Ta’ Tb}Ad‘Lé{ZA’ Tc’ Td}

1
+ gE”MAyhaAvchAfe{T”, T, THT?, Tf, T
(id75)

+ipATE A, T7, T+ 2' e VA AL R EABCDZ ol 4 Vs Zc)

-ipMy,, Z 8, Z)+2i0My, 28, Z,))

where fields with a raised A index transform in the 4 of SU(4), whereas those with lowered
one transform in the 4. Ape (=0, 1, 2) is an anti-Hermitian gauge field, Z Aand Z, are a
complex scalar field and its complex conjugate, respectively. 1, is a fermion field that satis-

fies
o4y, = -y, (id76)

and 14 is its complex conjugate. E "} and E 5P are Levi-Civita symbols in three dimen-

sions and four dimensions, respectively. The potential terms are given by

vV = %YBCDT(%BD
. . (id77)
Y50 = {29 2P, 2} - 505125, 2P, 2, b+ 5oPl2E, 2€, 7,)

If we replace the Nambu-Poisson bracket with a Hermitian 3-algebra's bracket [19], [20],

JA%04g = ) (id78)
{§0a, (Pb/ (PC} - [Ta/ Tb; Tc]
we obtain the Hermitian 3-algebra model of M-theory [26],
T —— ————= ] T =5
S = <-V-ARlZ4 TG TIAL[Z, TS T+ 3E “VAAM;“AV&CAAJ?C[T”, TS TTY, T/, T
(id79)

+HPATH Ayba['ubArT T} ZEABCD¢ VANWASTS EABCDZ oD ¥ Zc]

QW 255 Z g+ 21 Py, 277 4] >

where the cosmological constant has been deleted for the same reason as before. The poten-

tial terms are given by
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2 _
V.= §YBCDY3D
) ) (1d80)
50S[2E, 2P, Z )+ 50P[zE, 2C, Z ]

TBCD = [ZC,ZD;ZB}-Z 5

This matrix model can be obtained formally by a dimensional reduction of the =6 BLG ac-
tion [8], which is equivalent to ABJ(M) action [7], [45]The authors of [46], [47], [48], [49] stud-
ied matrix models that can be obtained by a dimensional reduction of the ABJM and AB]

gauge theories on S°. They showed that the models reproduce the original gauge theories

on S ¥ in planar limits.,

1 -
Sepg = Jdx<-V- D,z ADHZ ,+ E#A 5 A0, A TATe, Th T
1

+ 3 A Aa g T, TS TaT?, T f; T
[leuA‘l/dC Afe (1d82)

y @AF”D Yot 2 Eascp® 12, 275 ¢l E PPZ P w Y5 Zc]
iy, 25 Zy]+2i0 Yy, 25 Z 4] >
The Hermitian 3-algebra models of M-theory are classified into the models with u(m) @ u(n)
Hermitian 3-algebra (=) and sp(2n) ® u(1) Hermitian 3-algebra (=). In the following, we

study the u(N) @ u(N) Hermitian 3-algebra model. By substituting the u(N) ® u(N) Hermi-
tian 3-algebra (=) to the action (=), we obtain

k i

(27'()2 t v
V-(ZAAR-AL 2 4)(z AR At Z A) s B (ARARALR - AL AL AL)

k2
7 _
‘&AF#(‘PAA;F - AHL lzDA) + Tn(iEABCDwAZ YTz P PEAPPZ T A7 g,

AP ZgZ "+ DAL P Ly, + 200 pZ 7P - 20017 P Z jy)

= Trl-

(id83)

k. i
where Af = - ng#[mT T2 and AVL = zA#baT T 1 are N x N Hermitian matrices. In

2 . . . :
the algebra, we have set a = 77, where k is an integer representing the Chern-Simons level.

We choose k =1 in order to obtain 16 dynamical supersymmetries. V' is given by

1 1 4
Vo= +3ZiZ297]7P7202C+ 32 2,2 222+ 52,2 P 202127 € (ids4)

S AVAIAY AV ARV AT AVAY AV AV M

By redefining fields as
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1
A — (ZTR)?A” (id85)
k )1
A M le, A
4 (Zn 4

we obtain an action that is independent of Chern-Simons level:

S = Tr( V- (z2AR- ALz )z AAR - Alez ) %E wAARARAR- AL AL AL
'B—UAF;J(‘PAA;F - AyL ¢A) +iE ypepP Z YT Z P iEAFPZ T 7 By (il86)
P25 Z P D2 P2 S, + 2 N Z 127 B - 2147 P fyy)

as opposed to three-dimensional Chern-Simons actions.

If we rewrite the gauge fields in the action as AML =A,+b,and Af = A, -b,, we obtain

S = Tr( v+ (A, 29+ {b, ZzN)([(A¥, z,]- (0¥, Z,)) +iE “”(%bybvbA +24,Ab,

+§DAF“([AH, Pal+ {by/ Yul) +iE upepPZ Y TPZ P iEAFPZ LT, Z (id87)
SiPMY,Z4Z P+ iPAZ PZ g + 2PN Z 37 B - 2072 P2 Jy)

where [, ] and {, } are the ordinary commutator and anticommutator, respectively. The
u(1) parts of A* decouple because A* appear only in commutators in the action. b# can be
regarded as auxiliary fields, and thus A" correspond to matrices X ¥ that represents three
space-time coordinates in M-theory. Among N x N arbitrary complex matrices Z “, we need

to identify matrices X ! (I =3, - 10) representing the other space coordinates in M-theory,
because the model possesses not SO(8) but SU (4) x U (1) symmetry. Our identification is

ZA iXA+2-XA+6
; N ’ (id88)
X' = X'-ix'1

AN
where X! and x! are su(N) Hermitian matrices and real scalars, respectively. This is analo-
gous to the identification when we compactify ABJM action, which describes N M2 branes,
and obtain the action of N D2 branes [50], [7], [51]. We will see that this identification works

also in our case. We should note that while the su(N) part is Hermitian, the u(1) part is anti-

Hermitian. That is, an eigen-value distribution of X ¥, Z 4 and not X ! determine the space-

19
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time in the Hermitian model. In order to define light-cone coordinates, we need to perform

0

Wick rotation: a® — -ia°. After the Wick rotation, we obtain

AN

A= A%-ig% (d89)

N

where AYis a su(N) Hermitian matrix.

3.4. DLCQ Limit of 3-algebra model of M-theory

It was shown that M-theory in a DLCQ limit reduces to the BFSS matrix theory with matri-
ces of finite size [30], [31], [32], [33], [34], [35]. This fact is a strong criterion for a model of M-
theory. In [26], [28], it was shown that the Lie and Hermitian 3-algebra models of M-theory
reduce to the BFSS matrix theory with matrices of finite size in the DLCQ limit. In this sub-
section, we show an outline of the mechanism.

DLCQ limit of M-theory consists of a light-cone compactification, x~ = x~+27nR, where

x* = E(x 104 O), and Lorentz boost in x '° direction with an infinite momentum. After ap-

propriate scalings of fields [26], [28], we define light-cone coordinate matrices as

(x*-x7)
(id91)
XP0=—(X"+X")

We integrate out b" by using their equations of motion.

A matrix compactification [52] on a circle with a radius R imposes the following conditions

on X ~and the other matrices Y':

X -QrR)1=UtX"U

(id92)
Y =Uu'yu

where U is a unitary matrix. In order to obtain a solution to (=), we need to take N — o and

consider matrices of infinite size [52]. A solution to (=) is givenby X "= X"+ X Y =Y and

u = 01 ®1,, € UN) (id93)
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Backgrounds X ~are

X = -T%;T°-@nrR)diag( ~,s-1,s,s+1, ~)®1, (id94)
in the Lie 3-algebra case, whereas
X = -i(T%%)1-i@nR)diag( ~,s-1,5,s+1, ~)®1,, (id95)

in the Hermitian 3-algebra case. A fluctuation ¥ that represents u(N) parts of X and Y is

0 x1)  xQ)
x(-1) x0) x1) x2)
x(-2) x(-1) x0) x(1) x©2)
x(-2) x(-1) x0) x(1) x(Q2)
x(-2) x(-1) x0) x(1)
x(-2) x(-1) x(0)

(id96)

Each X(s) is a n x n matrix, where s is an integer. That is, the (s, t)-th block is given by
X, =X(s-t).

We make a Fourier transformation,

1

=R Oznﬁd’cx(f[)eisﬁ’? (id97)

X(s) =

where x(7) is a 7 x n matrix in one-dimension and RR =2r. From (=)-(=), the following
identities hold:

oo

b o 2nR ' i(s-u)j%‘
;xs,tx tu = ZHRIO dt x(T)x (T)e

e 1 a : .
tr(Zt: XX b)) =V mfoandT tr(x(7)x (1)) (1d98)

-~ 1
[x ’ x]s,t “21R

_foznﬁd”[ aTX(T)e is-t) g

where tr is a trace over n x n matricesand V =} _1.

Next, we boost the system in x 10 direction:

21
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— 1 —
X += _X+

T (id99)
X =TX"

The DLCQ limit is achieved when T" — ¢, where the "novel Higgs mechanism" [50] is realiz-
ed.In T — o, the actions of the 3-algebra models of M-theory reduce to that of the BFSS ma-

trix theory [27] with matrices of finite size,

1 1 1 1 ]
S = ?LZthr(E(DOx P)Z - Z[X p’ X Q]Z + §¢F0D01/1 - %&Fp[xpr 77[)] (ileO)

where P, Q=1,2, -, 9.

3.5. Supersymmetric deformation of Lie 3-algebra model of M-theory

A supersymmetric deformation of the Lie 3-algebra Model of M-theory was studied in [53]

(see also [54], [55], [56]). If we add mass terms and a flux term,
i V7 .

° =<' St (X ) - Wl + Hy [X 7, X, X KIXCE > (id102)

such that

_%UKL (I,],K,L =3,4,560r78,9,10)

Hy = (id103)

0 (otherwise)

to the action (=), the total action S, + S, is invariant under dynamical 16 supersymmetries,

6X'=ir'w
a b _r I
6ALLT T 1=if o[X', W, ] (id104)

(X, X, X R ]y -Ayub[T“, T8 XIET + plyseX '

ol

oW = -

From this action, we obtain various interesting solutions, including fuzzy sphere solutions

[53].
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4, Conclusion

The metric Hermitian 3-algebra corresponds to a class of the super Lie algebra. By using this
relation, the metric Hermitian 3-algebras are classified into u(m) ® u(n) and sp(2n) @ u(1)
Hermitian 3-algebras.

The Lie and Hermitian 3-algebra models of M-theory are obtained by second quantizations
of the supermembrane action in a semi-light-cone gauge. The Lie 3-algebra model possesses

manifest =1 supersymmetry in eleven dimensions. In the DLCQ limit, both the models re-
duce to the BFSS matrix theory with matrices of finite size as they should.
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