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1. Introduction

It is observed that big trees are older than little trees and there are more little trees than big
trees since not every little tree grows up to be a big tree - most die young. But seeds produced
and shed by the bigger trees will naturally form little trees. It can also be noticed that there
are some dead needles and leaves on the ground and some standing dead trees which will
eventually fall to the soil, the result of the deaths of those young trees and plant parts. It
is natural that the live trees have roots in the soil formed partly from those dead leaves and
logs and surmise that the trees obtain some nutrients from them Mangroves are the forests
positioned at the convergence of land and Sea in inter tidal zones of the world. Mangrove
forests are architecturally simple when compared to rainforests, often lacking under storey of
leafs and shrubberies and are generally less species rich than other tropical forests. Mangroves
have been heavily used traditionally for food, timber, fuel and medicine, and presently
occupy about 181000 km? of tropical and subtropical coastline. Mangroves are a precious
ecological and economic resource, being vital nursery grounds and breeding sites for birds,
tish, crustaceans, shellfish, reptiles,Polychaete, Crabs, Prawn, Zooplankton and mammals; a
renewable source of wood; accrual sites for sediment, contaminants, carbon and nutrients;
and offer Fortification against coastal erosion. Major reasons for obliteration of mangroves are
urban development, aquaculture, mining and over exploitation for timber, fish, crustaceans
and shellfish.

Ecological modeling does not deal directly with natural objects, it deals with the mathematical
objects and operations which are offered as analogs of nature and natural processes. These
mathematical models do not contain all information about nature that we may know, but
only what we think are the most pertinent for the problem at hand. Ecological modeling
helps us understand the logic of our thinking about nature to help us avoid making plausible
arguments that may not be true or only true under certain restrictions. It helps us avoid
wishful thinking about how we would like nature to be in favor of rigorous thinking about
how nature might actually work.

It has been observed by many ecologist that Living organisms and their non living
environment are inseparable, interrelated and interacts up on each other.When species interact
the population dynamics of each species is affected. We consider here systems involving
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222 Diversity of Ecosystems

two-species systems and three-species systems. There are three main types of interaction,
(i) If the growth rate of one population is decreased and the other increased the populations
are in a predator-prey situation, (ii) If the growth rate of each population is decreased then it
is competition, (iii) If each population’s growth rate is enhanced then it is called mutualism or
symbiosis.

Eco system comprising organisms and a biotic environment is a functional unit of ecology
and non linear differential equations of first order are used to represent complex ecological
phenomena. In 1925 Volterra [20] first proposed a simple model for the predation of one
species by another to explain the oscillatory levels of certain fish catches in the Adriatic with
the following assumptions (i) The prey in the absence of any predation grows unboundedly in
a Malthusian way (ii) The effect of the predation is to reduce the prey’s per capita growth rate
by a term proportional to the prey and predator populations (iii) In the absence of any prey for
sustenance the predator’s death rate results in exponential decay (iv) The prey’s contribution
to the predators’ growth rate is proportional to the available prey as well as to the size of
the predator population. Ayala etal [21] studied the theoretical models through experimental
tests. Later Albrecht etal [22], Gopalaswamy [23], Brown etal [24] studied the stability of two
species systems.

The systems of non linear differential equations are perfect and an abstract representation
of the real problem and attracted the attention of mathematicians [3], [4], [7] and [9] and
ecologists. May [25] studied the nonlinear aspects of competition between three species.
Schuster etal [26] and Zhang Jinyan [27] studied three species systems.So it is of great
interest to formulate a mathematical models on Two Species and Three Species Ecological
systems and find their approximate analytical solutions. In general construction of analytic
approximations of nonlinear problems with strong nonlinearity is not easy and constructed
Solutions are mainly determined by the type of nonlinearity and the corresponding technique.
The region of convergence of obtained solutions depend on physical parameters rather than
the analytical technique.

Though numerical techniques can be used to solve the nonlinear system of differential
equations the functional form of reasonably good solution, which is of vital use for detailed
study of the system, can be constructed by Homotopy methods. In general it is difficult to
obtain analytic approximations of nonlinear problems with strong nonlinearity. Traditionally,
solution expressions of a nonlinear problem are mainly determined by the type of nonlinear
equations and the employed analytic techniques, and the convergence regions of solution
series are strongly dependent of physical parameters.

The Homotopy analysis method HAM, initially proposed by Liao in his Ph.D. thesis [15], is a
powerful analytic method for nonlinear problems. A systematic and clear exposition on HAM
is given in [16]. In recent years, this method has been successfully employed by many authors
Sami etal [32], Francisco M. Fernandez [33], Faghidian [34], Shijun Liao [35], Zoua L [36], Rafei
M [37], Cheng-shi Liu etal [38], Vipul K. Baranwal etal [39] to solve many types of nonlinear
problems in science and engineering.

The references cited may not be exhaustive since much literature is available on methods
for solving nonlinear systems by approximate analytical solutions in general and Homotopy
methods in particular. This chapter is organized as follows. In section 2, outline of
Perturbation method, Adomian decomposition method for system, Homotopy perturbation
method, Homotopy analysis method and Homotopy analysis method for system to find
approximate analytical solutions of non linear differential equations is presented. Section
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3 is concerned with the two species systems and present approximate analytical solutions
obtained by using perturbation method, Homotopy perturbation method and Homotopy
analysis method. In section 4, Three species ecological systems are considered and are solved
by using perturbation method, Adomian decomposition method and Homotopy analysis
method. While remembering the famous words “In learning Science examples are useful
than rules” of Isaac Newton numerical examples are presented to illustrate the simplicity and
accuracy of the methods in section 5. Section 6 presents the summary and conclusions.

2. Methods

2.1 Perturbation method

Perturbation method is a widely used method to solve non linear differential
equations.Consider a system of nonlinear differential equations of the type x1(f) =
fi1(x1,x0,x3,t) + €91(xq,x2,x3,1),%2(t) = fo(x1,%0,x3,t) + €90(xq,x2,x3,1),%3(t) =
fa(x1,x2,x3,t) 4+ €93(x1, X2, x3,t) where the functions fy, f>, f3 are linear and the functions
91,82, 93 are nonlinear and ¢ is a small parameter, satisfying the initial conditions x1(0) =
a,x2(0) = b,x3(0) = c. The solutions x1(t), x2(t), x3(t) are expressed as a power series of ¢
as xq (t) = xl,o(t) + sxm(t) + ele,Z(t) + .. xz(t) = leo(t) + EXle(t) + EZXQ,Q(t) S X3(t) =
x30(t) + ex31(t) + €2x32(t) + ... . These series will converge rapidly if ¢ is very small.
The terms x10(f),x2,0(t), x30(t) are the solutions of the corresponding linear equations
X1(t) = fi(x1,x2,x3,t),%2(t) = fa(x1,x2,x3,t),%3(t) = f3(x1,x2,%3,¢) and are known as
the generating solutions. The terms x71(f), xp1(¢), x31(t), x12(t), X2,2(t), x32(t) are called
correction terms. It is an established fact that analytic approximations of nonlinear problems
often fail for strong nonlinearities and the perturbation approximations work only for weak
nonlinearities.

2.2 Adomian decomposition method for system of differential equations

The decomposition method was developed by G. Adomian [5] to linear and non-linear
differential and partial differential equations. With the assumptions like weak non-linearity
and small perturbation, the solution of the simpler mathematical problem may not be a good
approximation to the solution of the original problem. The advantage of the decomposition
method is that it provides analytical approximation to a wide class of non-linear equations
without linearization as in perturbation, closure approximation or discritization methods.
In this section, we describe the Adomain’s decomposition method for non-linear matrix
differential equation. Consider a matrix differential equation FX(t) = G(t), where F
represents a general non-linear ordinary differential operator involving both linear and
non-linear terms, X(t) and G(t) are square matrices. Decompose the nonlinear operator into
M + N + R, where M is easily invertible operator and R is the remainder of the linear operator
and N represents non-linear operator. Thus the equation

FX(t) = G(1) (1)
may be written as
MX(t) + RX(t) + NX(t) = G(t) ()
ie, MX=G-—RX—-NX
ie, M 'MX =M"1G6—- M 'RX - M~INX 3)
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since M is easily invertible operator. If this corresponds to an initial value problem, the
integral operator M~ ! may be a definite integral from fg to t. Solving (3) for X yields,

X=E +Et+M'G-M'RX-M INX (4)

The non linear term NX will be equated to }_,> ; A, , where the A;’s are special polynomials,
which can be defined further by (7), and X will be decomposed into } ;> ; X;;, with X the
initial approximate matrix identified as E; + E; + M ~1G. Thus (4) can be expressed as

Xp=Xo-M'RY X, —M 1Y A, )
n=0 n=0

n=0

Consequently we can write, the matrix approximations,
X;=-M1RXg - M Ay, Xo = —M 'RXy — M 1Ay, .., X1 = —M 'RX,, — M 1A, (6)

The matrix polynomials A, are generated for each non-linearity so that Ay depends only on
Xp, A1 depends only on X, and X;, A, depends on Xp, X; and X; and so on. All of the matrix
components X, are calculable, and thus X = ) >, X;,. If the series converges, then the nth
partial sum @, = Z?:_Ol X; will be the solution since ®,, — Z?:_Ol X; = X. To calculate
the matrix polynomials A;’s consider an equation for which X(t) is the solution, containing a
non-linear term NX = Q(X) = Y77 An. These A;; matrix polynomials are defined as

Ap = Q(Xp), A = (X198 —1)Q(Xo)
Ay = (X280 _1)Q(Xg) + (eX19/8%0 — 1) (eX24/4%0 — 1) (Xy) @)

Thus Y7 jA; = Q(Xo) + (X — X0)dQ/dXy + ... That is, the partial sums consist of the
essential terms of a Taylor expansion about the function Xj(¢) rather than about a point. Thus,
addition of the first (n+1) terms of the Ay, Ay,...,A;, approaches

(eXd/dx0 _1)Q(Xp). With the product terms, products of n! occur in the denominator which
also can be ignored after some n. Thus A;, can be written as

n
Ayn = B4Q(Xo),where B, = Cy Y | Bj,n > 1, By =1, Cy = (¢X¥/ %0 —1) ®)
j=0

2.3 Homotopy perturbation method

Various perturbation methods applied to solve nonlinear problems are based on the strict
assumption of the existence of a small parameter which is not satisfied in many non
linear problems. To overcome this difficulty in 1999, ] H He [14] proposed a method
called Homotopy perturbation method which is a combination of the classical perturbation
technique and Homotopy technique. To explain the basic idea of the Homotopy perturbation
method for solving nonlinear differential equations, we consider the following nonlinear
differential equation

A(u)—f(r)=0,re Q )
satisfying the boundary condition
B, 3y =0, rer (10)
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where A is a general differential operator , B is a boundary operator, f(r) is a known analytical
function, I is the boundary of domain () and % denotes differentiation along the normal
drawn outwards from (). The operator A can be divided into a linear part L and a nonlinear
part N as

L(v)+ N(v) — f(r) =0 (11)

Construct a Homotopy v(r,p) : Q x [0,1] — R where the embedding parameter p €
[0,1],7 € Q, the initial guess ug satisfying

H(v,p) = (1 —p)[L(v) — L(ug)] + p[A(v) = f(r)] =0, (12)

The above equation is equivalent to H(v, p) = L(v) — L(ug) + pL(uo) + p[N(v) — f(r)] = 0.
As p changes from 0 to 1 the initial guess ug(r) of v(r,p) goes to u(r). In this context
L(u) — L(up) and A(v) — f(r) are homotopic in the topological sense. Now the solution of
(12) is of the form v = vy + pvq + p?vy + ... The approximate analytical solution of (9) is given
by u =lim, 10 =} v;. This series is convergent for most cases, however, the convergent
rate depends upon the nonlinear operator A(v) and 1. From [12] the series converges if (i) the
second derivative of N(v) with respect to v must be small, because the parameter p may
be relatively large,( i.e. p — 1) and (ii) the norm of L_la—lz\]] must be smaller than one.
perturbation techniques use perturbation quantities to transfer a nonlinear problem into an
infinite number of linear sub-problems and then approximate it by the sum of solutions of the
tirst several sub-problems. The existence of perturbation quantities is obviously a cornerstone
of perturbation techniques, however, it is the perturbation quantity that brings perturbation
techniques some serious restrictions.It is not necessary for every nonlinear problem to contain
such a perturbation quantity. This is a major restriction of perturbation method.

2.4 Homotopy analysis method

From the literature it is observed that if a nonlinear problem has a unique solution, there
may exist an infinite number of different solution expressions whose convergence region
and rate are dependent on an auxiliary parameter. Homotopy analysis method was first
proposed by Liao [15] based on Homotopy, a fundamental concept in topology and differential
geometry. The HAM is based on construction of Homotopy which continuously deforms an
initial guess approximation to the exact solution of the given problem. An auxiliary linear
operator is chosen to construct the Homotopy and an auxiliary linear parameter is used to
control and adjust the region of the convergence region and rate of the solution series, which
is not possible in the other methods like perturbation techniques, Homotopy perturbation
methods, decomposition methods. The Homotopy analysis method provides the greater
flexibility in choosing initial approximations and auxiliary linear operators. Moreover, unlike
all previous analytic techniques, the Homotopy analysis method provides great freedom to
use different base functions to express solutions of a nonlinear problem so that one can
approximate a nonlinear problem more efficiently by means of better base functions. Thus,
this method is valid for nonlinear problems with strong nonlinearity. Furthermore, the
Homotopy analysis method logically contains some previous techniques such as perturbation
method, AdomianSs decomposition method, LyapunovSs artificial small parameter method,
and the J-expansion method. Thus, it can be regarded as a unified or generalized theory of
these previous methods. Consider the following non linear problem

N(u(x,t)) =0,t >0 (13)
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where N is a nonlinear operator and u(x, t) is unknown function of the independent variables
x,t. The zero order deformation equation

(1= q)Lip(x,t,q) —uo(x, )] = ghH(x, )N (¢(x, 1, q)) (14)

where ¢ € [0.1] is the Homotopy or embedding parameter, # # 0 an auxiliary
parameter,H(x,t) # 0 is an auxiliary function, L is an auxiliary linear operator, ug(x,t) an
initial guess of u(x, t) and ¢(x, t, q)is an unknown function. By substitutingg = 0 and g = 1in
(14) it can easily be observed that ¢(x, t, ) deforms continuously from the initial guess ug(x, t)
to the exact solution u(x, t) as the embedding parameter q increases from 0 to 1. By expanding
¢(x,t,q) in a Taylor series, we get

4>(xtq)—uoxt+ium (15)
=1
where u, (x, t) = ni' amqba(q 'q) (16)

The convergence of the series (15) is controlled by /1 . Assume that the auxiliary parameter h
the auxiliary function H, the initial approximation ug(x, ) and the auxiliary linear operator L
are so properly chosen that the series (15) converges at g = 1. Then, exact solution of (15) is
given by

u(x, t) = uo(x,t) + Y um(x, t)q" (17)
m=1
Now the functions u, (x, t) for m = 1,2,3, ... are determined by differentiating the zero order
deformation equation (14) m times with respect to the embedding parameter g, dividing by
m! and then setting ¢ = 0 we get the m!" order deformation equation

L[um (xrt) - Xmum—l(xrt) = hH(t)Rm(um—l(xrt)) (18)

where Ry (ttm-1(x,1) = 5y, awalfn(f{t’q) (19)

um = {uo(x, t),ur(x, 1), us(x,t), ..., um(x,t)} (20)
o,m<1

Am = {1, otherwise 1)

For any given operators L and N we get the m" order deformation Equation (18) and solving
it we get uy, (x, t) for different m. The solution of problem (13) is obtained by substituting the
obtained u, (x, t)Ss in (17) and choosing a suitable value of & for the convergence of the series.

Homotopy analysis method is based on the following assumptions: (i) There exists the
solution of the zero'" order deformation equation in the whole region of the embedding
parameter g € [0,1]. (ii) All the higher order deformation equations have solutions. (iii) All
Taylor series expanded in the embedding parameter g converge at 4 = 1. Till now, there
are no rigorous theories to direct us to choose the initial approximations, auxiliary linear
operators, auxiliary functions, and auxiliary parameter are available in the literature though
some fundamental rules based on practical problems such as the rule of solution expression,
the rule of coefficient ergodicity, and the rule of solution existence, which play important roles
within the Homotopy analysis method are available.
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2.5 Homotopy analysis method for system of differential equations
Consider the system of differential equations
Ni(xi(t))) = vi(t),i=1,2,3,..,n (22)

where N; are nonlinear operators, ¢ denotes the independent variable, x;(t) are unknown
functions, and y;(t) are known analytic functions representing the nonhomogeneous terms.
Equation (22) becomes a homogeneous equation if y;(#) = 0. The zeroth-order deformation
equation is constructed as

(1= q)L{gi(t, q) = xio(t)] = qh{N;(¢i(t,9)) — yi(t) } (23)

where g € [0, 1] is an embedding parameter, /1 is a nonzero auxiliary function, L is an auxiliary
linear operator, x;o(t) are the initial guesses of y;(¢), and ¢;(t, q) are unknown functions. It is
important to note that one has great freedom to choose the auxiliary objects such as  and L
in HAM. Obviously, when g = 0 and g = 1, both

¢i(t,0) = x;0(t); Pi(t, 1) = x;(t) (24)

hold. Thus, as q increases from 0 to 1, the solutions ¢;(t, g) vary from the initial guesses x; o (t)
to the solutions x;(t). By expanding ¢;(t, q) in Taylor series with respect to g, we get

¢i(t,q) = xi0(t) + L1 Xim (£)g"™ (25)
where Xim(t) = %a'”gﬁ,q) lg=0 (26)

If the auxiliary linear operator L, the initial guesses x; (t), the auxiliary parameters /, and the
auxiliary functions are chosen properly such that the series (25)converges at g = 1 and

¢i(t,1) = x;(t) = x0(t) + Y Xim () (27)
m=1
will be one of the solution of the original nonlinear equation. For the choice of h = —1, (23)
becomes
(1 —q)Llgi(t,q) — xio(t)] + g {Ni(¢i(t,q)) — yi(t)} = 0 (28)
Define the vector
i (t) = [x;0(t), %1 (£), oy Xi ()] (29)

The m'order deformation equation is obtained by differentiating the equation (23) with
respect to the embedding parameter g, m times , then setting 4 = 0, and finally dividing
them by m! and is given by

Lx(i,m) — xmXim-1(t) = hH(t)Ri,m(7i,mfl) (30)
m—1 Ay .
where Ry (¥ im_1) = (mll)! . {Nl[g)r}»(ntﬂ” w0} | g =0 (31)
0,m<1
and Xm = {1, otherwise (32)

Itis evident that x; ,,_1 (f) (m > 1) is governed by the linear equation (30) with the linear initial
or boundary conditions that come from the problem of consideration.
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3. Two species ecological systems

Consider a two species ecological system represented by Lokta Volterra equations of the form
Ni(t) = Ni(t)[a1 — bri N1 (t) — b1aNa (1) (33)
Na(t) = Na(t)[az — bar N1 (t) — baaNa (1) (34)

where Nj(t), Nx(t) denote the densities of the two species , a1,by1,az, by are the logistic
parameters for the first and second species and byy, by arise from from the inhibiting effect
on the growth of the first species due to the presence of the second and from the effect
on the growth of the second species due to the presence of the first species. Assume that
the per capita growth rate of each population at any instant is a linear function of the
densities of the two competing populations at that instant. Each population would grow
logistically in the absence of the other. In 1977 [17] obtained the exact solutions of the
Lokta Volterra equations ri1(t) = nq(t)[a; — cina(t)], nia(t) = ny(t)[—ap — canq(t)] when
a1 = ap. The form of exact solution of this system when all the coefficients a4, ay, ciandc,
time varying and ai(t) = a(t),c1(t) = cp(t) Wilson [18]. With another assumption
[a1(t) —ax(t)]cqr(£)ca(t) = co(t)c1(t) — c1(t)ca(t) Burnside [19] gave the exact solution. Murty
and Rao [3] constructed approximate analytical solution of ri1(t) = nq(t)[ay — biyni(t) —
biony(t)], 1ip(t) = np(t)[—ay — bpyny(t)] with the assumption that the prey population nq ()
interfere with one another but not the predators n,(t). As all these assumptions may not
depict the real world phenomena it is important to find the approximate analytical solutions
of the system of equations (33-34) because of their non linear nature.

3.1 Two species system - perturbation method

The equilibrium point of (33) is given by

Ny = [a1bx — azb12]/[b11b22 — b2 b12] (35)
Ny = [aab11 — a1ba1]/ [b11b22 — b1 b2 (36)
Define new variables by
X(t) = Ny (t) — Ny (37)
Y(t) = Na(t) = N3 (38)

i.e., the variables X and Y represent densities of the two populations deviating from the
equilibrium point. Now the equations (33) become

X(t) = =bi Ny X(£) = biaN{ Y (t) — b1 X3 () — bip X(£) Y () (39)
Y(t) = —byt N3 X(£) — baN{ Y () — byp Y2(£) — by X ()Y (1) (40)

By introducing the parameter y in to non linear terms of the above equation we get
X(t) = =biy Ny X(£) = biaN{ Y (t) — pbpy X2 (£) — ubio X ()Y (1) (41)

Y(t) = by N3 X(t) — bpaNT Y (£) — pbyp Y2 (t) — by X ()Y (¢) (42)
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We seek solutions of the (33) in the form
X(t) = Xo + uXq () + w2 Xo (t) + ... (43)
Y(t) = Yo+ uYi(t) + 12Ya(t) + ... (44)
By equating like powers of y after substituting (41),(42),(43),(44) in (37), (38),(39), (40) we get

Xo(t) = —b11 Ny Xo(t) — b1aN; Yo(t) (45)
Yo(t) = —by1 Ny Xo(t) — bpo Ni Yo () (46)
X1 (t) = —by Ny X1 (t) — b1aNj i (£) — by X3(t) — b1aXo(£) Yo (t) (47)
Y1(t) = —boy Nj Xq(t) — bpa N7 Y1 (t) — bpa Y3 () — by Xo () Yo(t) (48)

By applying the initial conditions X(0) = pg, Y(0) = g, zero initial conditions for correction
terms and by using Laplace transforms the solutions of the above equations are given by

1

«—p
1

a—p
where A1 = b22N2*PO - blzNiqu, A2 = bllNiKQO — b21N§p0, 0N = _Bl + 4/ B% - 4C1/2,
B = —Bi —\/Bf —4C1/2, By = (b;1N{ + by Ny, Ci = (b11bpa — by1b12) Ny Ny

Now X (t) and X, (t) are given by

Xo(t) = [po(ae®® — peft) + Ay (e — o)) (49)

Yo(t) = [0 (ae™t — pePt) + Ap (et — )] (50)

X1 (t) = Piae® + PpePt + P3e?t + Pye?Pt + psela Pt (51)

Yi(t) = Qrae® + QaePt + Q32 1+ Que?Pt 4 Qgele )t (52)
where the constants P;, Q;(i = 1,2,3,4,5) are given by

P = D106+L1 DzDé+M1 + D3DC+N1
Pa(p-a)  (a-p)(w-2p)  B(A—a)
P, — DB+ Ly Dy + My n D3 + Ny _ 2D+ L4 _ 2D, B + My
TT(B-w(p-20)  pla—p)  alw—p) 7 wa—p) " p2F—a)’
o Ds3(a+B)+ Ny _ Eia+ 1Ly Era + M Eza 4+ Np
S S Ty B B I1-J)
Q _ El‘B—l—LZ Ezﬁ—i—Mz Eng—l—Nz Q _ 2E11X—|—L2 Q _ ZEle—l—Mz
TB-w-20)  pla—p)  ala—p) T a@a—p) Tt B2 -w)’
o ES(“—i_ﬁ) +N2 _ * * _ * *
Q5 = andL1 = bzzNz D1 — b12N1 El/ M1 = b22N2 D2 — b12N1 E2

ap
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Ny = bpyN; D3 — b;pNyE3, Ly = by1N{Eq — by1 Ny Dy, My = by1 Ny Ex — b1 Ny Dy,

N = by1Nj E3 — by N3 D3 where Dy = —by1B3 — b13ByCy, Dy = —by1 B3 — b1pB3C3
D3 = 2b11ByBs + b12(BaCs + B3Ca), Ey = —bxnC3 — b1aBoCa, Ep = —bpC3 — by B3Cs,
E3 = 2b2CyC5 + b1 (B2C3 + B3Ca)

_apo+ Ag _ Bpo+ Aq _ago+ Ap ~ Bgo + Az
Bh=——— B=—"—"""7-0=—"7>,G=—"—"—"-—
a—p «—p a—p a—p
Now the second order approximation is given by X (t) =~ Xo(t) + X1 (t), Y(t) =~ Yo (t) + Y1 (t).
Now the approximate analytical solution in terms of N1 and Nj is given by

a1byy — axbyp por + A1, u poB+ A1, g
Ny (t) ~ + [+ Bt p, - P T
1) by1b2y — bo1byo P (« —B) ] P2 (o —B) ]
+ P3820d' + P4€2ﬁt + P5€(“+‘B)t
azby — a1by qox + Az ut qop + Az, g
Na(t) ~ + Q1+ T e+ [Qp — P22 e
2(t) b11bop — bo1byn & (a+B) ] Q: (a—p) ]

+ Q3€20éf + Q462ﬁt + Q5e(£¥+ﬂ)t

The accuracy of the solution can be improved by finding higher order approximations.

3.2 Two species system - Homotopy perturbation method

Now we consider Lokta Volterra system (33) with the conditions that b1; = 0 and by, =0
Ni(t) = Ni(t)[a1 — biaNa(t) (53)
No(t) = Na(t)[az — by Ny (1)] (54)

and apply the Homotopy Perturbation Method to construct a Homotopy of the above
resultant system (53),(54) as follows

(1= p)(01 = Ny,) + p(01 — v1(t)[a1 = brpva(#)]) =0 (55)
(1= p) (92 — Nog) + p(02 — v2(t)[a2 — by 01 ()]) = 0 (56)

(. denotes differentiation with respect t) the initial approximations are given by
v1,0(t) = Ny, (t) = N1(0) (57)
v2,0(t) = N, (t) = N2(0) (58)

and

v =010+ poi1 + pPorp + pPors + Hptore + (59)
vy = g0 + pUat + PPO2p + pPoas + P v+ (60)
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where the functions v;; (i = 1,2,j = 1,2,3) are to be determined. By using equations

(57),(58),(59),(60) in equations (55), (56) we get

(1= p)[(91,0 + po11 + P*012 + P3o1 5 +...) — N1 (0)] + p[(d10 + po11 + P*012 + P30y 5 + ...)

— (v1,0 + pors + pPo1n + pPo13 + ) (a1 — biovag + poat + pPUan + pPuas + ) =0

(61)

(1 - P) [(02,0 + poy1 + Pz?ﬁ?_/z + PS’(}f)_/g + ) — Nz(O)] + p[(f)z,() + pooq + Pzﬁz,z + P3@2,3 + )

— (02,0 + o1 + PPv2p + PPv23 + ..) (@2 — byv1g + pors + pPU12 + PPO13 + ) =0

i.e., (01,1 — a1 Ny, + b1aNyyNoy ) p + (012 — agvr, + biaNy 0, + biaNoyvr, ) p>+

(01,3 — @101, + b12N1, 02, + b1oNo 015 + b1201,109,1)P° = 0

(02,1 — 42N, + bo1 N1y Noy ) p + (02,2 + a202, — b1 N1y, — by Npyoy, ) p>+

(02,3 — Noybp101,2 — b21011021 + v22(a2 — by Ny, ))p° = 0

By considering the initial conditions vjj = 0,1=1,2,7j=1,23
01,1 — a1Ny, + b12Ny Noy = 0012 — a101; + b1a Ny 2, + b1aNpyvg, =0
02,3 — Noyb21012 — 021911021 + 022(a2 — b1 Ny ) = 0
0p1 — aa Ny, + bp1 N1yNoy = 0,025 + apvp, — bp1 Ny 0o, — bp1 Ny, =0
02,3 — Noyb21012 — 021911021 +022(a2 — ba1 Ny ) = 0

From the above equations we get

011 :alNlot — blZNlo Nzot

1
U1,2 =§N10 [—2a1b12 Ny, + a3 + bypas Ny, — bipboy Ny, Ny, + b%zszo]tZ

1
13 = — gNlo [4a1b12b21N10N20 — 3611[?%21\]220 — 36!1[7126!2]\]20 i— a‘i’%—

b12a5 Ny, + b%zNSO — 4b3,by1 Ny, szo]t?’

U1 = — leNzOt - b21N10N20t

1
02,2 =§N20 [26121921 Nlo — ﬂ% — b21ﬂlN10 + b12b21N10 Nzo + b%lleo]tz

(62)

(63)

(64)

(65)

1
023 :gNzo [4a2b12b21N10 Nzo - 4b12b§1N120N220 - 3a1a2b21N10 - 3&117%11\]10 - 2a1b12b21N10 NZQ

+ b%2b21N10 Nf)?'o + a%bﬂNlO + 3a§b21N10 — 3112b%1N120 + bglN%O — llg]i'3
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Now the approximate analytical solution containing four terms by using Homotopy
Perturbation method is given by

Ni(t) = pi_fr:l v1(t) = v1,1(t) +012(t) +01,3(t) +014(8)

Na(t) = lim v3(t) = v21(F) + v22(t) +023(t) + v24(t)
p—1
The accuracy of the solution can be improved by considering more terms in the above solution
expressions.

3.3 Two species system - homotopy analysis method

Consider the system of differential equations representing a two species ecological system
(33),(34) satisfying the initial conditions

N1 (0) = 4, N>(0) = 10 (66)

According to Homotopy Analysis Method, the initial approximations of (118) are satisfying
the initial conditions

Ni0(0) =1,N(0) =2 (67)

and the auxiliary linear operators £ fori = 1,2 are

Llpi(t,q)] = w, i=1,2, with £([C;] = 0. (68)

and the nonlinear operators

Mlgi(t )] = 2LED) o ey —bugn(tg) —baps ()] =15 (69)

ot
Nalgi(t, ) = 228D g 1,00z — b () — brada(b )] = ga(6) (70)
The zeroth-order deformation equation is constructed as
(1 9)L{1(t,0) ~ Lo(®)] = M (1 (9)) ~ 2(0)} @
(1~ q)galt q) ~ Do(8)] = gh{Na(9a(t,)) — £2(8)} 7

where g € [0, 1] is an embedding parameter, /1 is a nonzero auxiliary function, £ is an auxiliary
linear operator, Ny o(t), Npo(t) are the initial guesses of Ny (t), N2(f), and ¢;(t,q) are unknown
functions.

3.3.1 Solution as polynomial functions

Now, by taking polynomials as base functions the m"order deformation equations are given
by

E’[Nl,m<t> - Nl,m—l(t)] = thl,m<ﬁ1,m—1) (73)

L[Ny (t) = Nopu_1 ()] = qhRom(N 1) (74)
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As g increases from 0 to 1, the solutions ¢1(t,q),¢2(f,q) vary from the initial guesses
Njo(t), Nao(t) to the solutions Ny (t), Na(t). where

Rl,m(ﬁl,m> = Nym—1— 01Ny 1 (t)+

m—1 m—1
i= i=

b1y Z_: Ny (t) N1 m—1-i(t) + b1n Z_: Ny, (t)No,y—1—i(t) (75)
=0 =0

Rz,m(ﬁz,m) = Nom—1— 2N 1 (t)+

1 1

m— m—
bo1 Y Noi(£)Nyy—1—i(£) + b Y Npi(£)Npm—1-i(t) (76)

subject to Ny, = 0, Ny, =0

where the dot denotes differentiation with respect to the variable . The solution of the '™
order deformation equation for m > 1 is given by

Ny () = XaNpm—1(t) + hL " [Ry (N y )] (77)

Nom () = xaNam—1(t) + L R (N g 1)) (78)
0o,m<1

and xm = {1, otherwise (79)

The integration constants c; are determined by the initial condition. Now the successive
approximations are given by

Ny, (t) = [—ay + b1y + 2b12]ht (80)
NZ,l(t) = [—2ap + 2byy + 4byy |kt (81)
Nio(t) = [—ay + byy + 2bpp)ht + [—ay + byy + 2byp|h?t + {[—ay [—a1 + by + 2bo]+

2[—aq 4 b1y + 2b1a)bi1 + bio[2[—ap + byt + 2bp] + 2[—aq + b1y + 2b12]] H(H2 42 /2) (82)
Nop(t) = [—2ap + 2bp1 + 4byolhit + [—2a5 + 2by + 4boo | W7t + {[—ap[—2a5 + 2by1 + 4by]+

[—802 + 8b21 + 16b22]b12 + b21 [2[—611 + b11 + 2b12] + [—2&2 + 2b21 + 4b22]]}[(k2t2/2) (83)

Now the analytic solution via the polynomial base functions of the system has the general
form

M) = L a0, Na(t) = X e (1"

The above expressions represent a family of solution expressions in the auxiliary parameter /.
By using h-curves [16] valid regions of a convergent solution series can be determined.
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3.3.2 Solution as exponential functions

Now, by taking exponential functions as base functions, the initial approximations of (33),(34)
satisfying the initial conditions

N1(0) =1,N(0) =2 (84)
and the auxiliary linear operators £ fori = 1,2,3 are
20, (t, . . _
Llpi(t,q)] = M +¢i(t,q), i = 1,2, with L([Cie™"] = 0. (85)
The solution of the m!" order deformation equation for m > 1 is given by
t
N1y (t) = xaN1 1 (t) + he™* /o erH(T)Rm(N?Lm—ﬂdT +Cre! (86)
t
Nou(t) = x2aNo 1 (t) + he™* /o erH(T)Rm(ﬁz,m—ﬂdT +Cpe™! (87)
0o,m<1
and xm = {1, otherwise (88)

The integration constants c; are determined by the initial condition. Now the successive
approximations obtained by taking H(7) = 1 in the above equations are given by

N1 (t) = [—a1 + by +2bo]h(1 —e ™) (89)
Np1(t) = [~2a3 + 2bp1 + 4byp]h(1—e ") (90)
Nio(t) = [—ay + by + 2bpo] (1 — e7!) + [—ay + byy + 2byp]hPte ™!

{—a1[—a1 + by1 + 2b1p] + 2b11[—ay + b1y + 2b12 + bro[[—2a2 + 20y

+4by] + 2[—ay + byy + 23]} R (e + £ — 1)) 1)
Nop(t) = [—2ay + 2byy + 4byo (1 — e™") 4 [—2a5 + 2byy + 4byo |l te”™

{—a2[—2a2 + 2by1 + 4bno] + 4b1a[—2a5 + 2by; + 4byo] + by [[—2a2 + 2by

+4by] + 2[—ay + byy + 2bpp]|J}H (et + £ — 1)] (92)

Now the analytic solution via the polynomial base functions of the system has the general
form

Ni(t) = ) Nim(t), Na(t) = ) Now(t) (93)
m=1 m=1
By using h-curves [16] valid regions of a convergent solution series can be determined.

4. Three species ecological system

We consider a three species ecological system
L(t) = L(t)[PL — yD(t) + pW(1)]
D(t) = D(t)[Po + yL(t) — aW(t)] (94)
W(t) = W(t)[Ps — BL(t) + aD(t)]

where L(t), D(t) and W(t) denote the amount of litter, detritus and predators in the sea at
time t in the mangrove area respectively, a, B, v, P1, P>, P3 denote the parameters.
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4.1 Three species system - perturbation method

We making the following assumptions (i) W(t) preys on D(t), D(t) preys on L(t)and L(t) preys
on W(t) (i) W(t) preys on D(t)and L(t), in the absence of litter and detritus population of coastal
organisms decrease. D(t) preys on L(t), L(t) has sufficient bio chemicals, so in the absence of
detritus and predators Litter increases without limit.ie., (i) «, 8,y > 0 (ii) &,y >0, <0, P; >
0,P; > 0 and

Pia + P+ P3y =0 (95)

The equilibrium point for the system (94) is calculated by using the concept of generalized
inverse [2] and is given by solving the following system

Py = yD*(£) = BW* (), P, = —yL* () + aW*(£), Py = BL*()) —aD*(£) (%)

By solving the above system using algorithm [2] for the generalized inverse the equilibrium
point of (94) is given by

L* P3p— Py «  Pry— P «  Pa—DPp

= , D" = —rp, = 55— 97
DCZ_i_ﬁZ_}_,),Z 0(2+‘32—|-’)/2 a2+[32+,),2 ( )

Now we define the new densities deviating from the equilibrium point as
Ly(t) = L() — L%, Dy(t) = D(t) — D*, Wy (t) = W(t) - W* 98)

Now the system of equations (94)become

Ly(t) = —yLiDy(t) + BLW (t) — yLy(£) Dy (t) + BLy () Wi (t)

D1(t) = yD*L1(t) — aD* Wy (t) + yLq () D1(t) — aDy (£)W1(t) (99)
W(t)y = —BW*Ly(t) +aW*Dy(t) — BL1()W1(t) + aDy (H) Wy (t)

We introduce the parameter p in to the non linear terms of the above system we get the
following

Ly(t) = —yL*Dy(t) + BL*Wi(t) — pwyLa (t) D1 (t) + upL1(£)Wr(t)
Di(t) = yD*Lq(t) — aD* Wy (t) + pyLq (t) D1 (t) — paDy (£) W (t) (100)
Wi (t) = —BW*Ly (t) +aW* Dy (t) — pBL1 () Wy (t) + paDy (£) Wy (1)
We seek solutions of the (100) in the form
Li(t) = L1, (t) + pLy, (£) + p2 L, () + ..
Dy (t) = Dy, (t) + uD1, (t) + u?D1, (t) + ... (101)
Wy (t) = Wy, (t) + uWy, () + 2 W, (£) + ...

By equating like powers of y after substituting (101) in (100) we get
Ly, (t) = —yL"Dy,(t) + BL*Wy, (t)
Dy, (t) = yLD*Ly,(t) — aD* Wy, (t) (102)

Wi, (t) = —BW*Ly,(t) + aW* Dy, (t)
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Lll (t) = _,YL*Dll (t) + IBL*Wll <t> - ’YLlo Dlo (t> + IBLlo Wlo (t)
D11 (t) = ’)/LD*Lll (t) — DéD*Wll (i’) + ,)/LloDlo (t) — 0{D10 Wlo (i’) (103)
Wi, (t) = =BW™Ly, (t) + aW* Dy, (t) — BL1, W, (t) + aD1, Wy, ()

The solution of the equation (102) with the initial condition L, (0) = C1, D1(0) = C, W1 (0) =
C3 by using Laplace transformation and the generating functions L (t), D1 (t), Wy (t) is given

by

GLB—Gol'y, .,
Liy (1) = (C1 — ) Cos(Kyt) + (ZE P2 T ysin(hy ) 4 24
K3 1 k1
C1D*y — C3D*a
D (1) = (€2 — 2)Cos(Kat) + (2L )iy ) + 22 (104)
1 1 ki
CW* e — CyW*B Qs

Wiy (1) = (G5 = Z)Cos(Kat) +

: )Sin(kit) + =

kq 1

where

k3 = L*D*y? + L*W*B% + D*W*a?, Q; = C;D*W*a? + G L*W*ap

+ C3L*D*ay, Qo = CiD*W*ap + CoL*W*B? + C3L*D* By, Q3 =

C1D*W*ay 4+ CoL*W*By + C3L*D*+?%; Cy,C, and Cj are the initial values of Ly, (t), Dy, (t)
and Wy, (f) respectively. Now the solutions of (103) with the initial condition L;(0) =
0,D1(0) =0, W1(0) = 0 are given by

Aq As  As  Agt, ..
Ly, (t) ==L Sin(2Kqt) + AyCos(2kqt) + {52 + =2 4+ 2871 Gin(kqt A
11() 2K1 11’1( 1)+ 2 OS( 1) {k1+2k:1)’+2k1} Zn(1)+{ 4+ 2k2}
Cos(kqt) + Ay
B B3 Bs B6t Bst
Dy, (t) :ﬁSlTl(ZKlt) + BzCOS(Zklt) {k + 2k3 }S n(klt) + {B4 —|— }
Cos(kqt) + By (105)
Dy . D; D Dgt Dst
Wi, (£) =~ Sin(2Kqt) + DaCos(2kit) + { == +—§+ i }Szn(klt)+{D4—|— 5 }
2Ky ky  2ky
Cos(kqt) + Dy
whereAlz%—é% 12k4’A2 3ker3_R3_&+W_W'A4 3k1§ k“’A5
X5 - R3k1/ A6 - X4 k2 ’ A7 = 4k4 + k4 7
Bl - 451 - W + 12k4/ BZ - 3k2/ B3 - 53 - _ + 3k2 3k4/ B4 3}]/(12 - k4/ B5 -
Y5 — S3kiBs = Yy — kz, By = 4k4 + ZS,
D1 = %— +12k4’D2 = k2/ D; = T T1+3k2 k4/D4 = SZT%_ZF;ID5 =

75— Tskj, Dg = Zy4 — k2/D7:M+ e

where X; = 2K{Ry — SyyL* — T{L*B, Xo = «’D*W*Ry — 2k1SoyL* + TyayL*D* +
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2k ToBL*, X3 = 2kiRpa®’D*W* + 2k ToayL*D* + 2k1SpaBL*W*, X4 = kiR4 — SzyL* +
T3ﬁL*, X5 = R30¢2D*W* — k1S4yL* + TzayL*W* + S3(XﬁL*W* + k1T4IBL*, X =
k1 Rya? D*W* + ky TyayL* D* + kq Sy BL*W*,

Yl = 2K152 - TlﬂéD* + RlD*’)’, Yz = Zkle’)fD* - ZlezDéD* + Rlﬂé,BD*W* + Tlﬁ’)’L*D* +
S1BPL*W*, Y3 = 2kiRoafD*W* + 2k; ToByL*D* + 2k1SofPL*W*, Yy = kiS4 — TsaD* +
R3yD*, Y5 = R4kiyD* + R30613D*W* — TykiaD* + Tg’y,BL*D* + S3ﬁ2L*W*, Y =
k1 RyaBD*W* + k1 TyfyL* D* + k1 S4B*L*W*,

Zl = ZKlTZ + SllXW* i le*ﬁ, ZZ = 2k1520¢W* + Tl’)/zL*D* + Sl’)fﬁL*W* + RlD(’)’W*D* -
ZkleﬁW*, Z3 = Zlez’)’zD*L* + 2k152,3'yL*W* + 2k1R2(X’)/D*W*, Z4 = k1T4 + SgDCV\,P)< -
R3pW*, Zs = SikiaW* + T39?D*L* + S3kivBL*W* + RaayW*D* — kiRyBW*, Zg =
k1 T4y*D*L* + k1 SyByL*W* + ki RgayD*W¥,

LK (C3p—C7)2—(C1K2—Q1)?
Ry = (G — %)(C&B_CZ’Y)/ R, = LRGP ;ZJ,Q (CH-Q Ry = %(C&B— Coy), Ry =

DK (C1y—C30)2— (Cok3—Qy)?
(% =€), 81 = (G = By — Con), §; = ZAOIZR R0 65 — G0y -

_w 12 (Cra—C C3k3 —
Caa), 83 = o (B —C2), Ty = (Go — F)(Coa—Cip), T 2 (Coam 2;531{3 (-0 T =

T (Cn—Cip), Tu = w5 (53—; ~C3).
Now the solution of (99) is given by

Ly(t) = Ly, (t) + L1, (£), D1 (t) = Dy, (t) + Dy, (), Wi () = Wy, (t) + Wy, (£)
Now the solution of the three species ecological system (94) is given by

PP CoL*B-GoL*
L= 2lpth +(Co— @+ Ay + 4 )Cos(Kt) + (SFFEET 4 e 4
2‘} Sin(2Kqt) + A2C05(2k1t) + Ql + Ay,

D= B (-G + 34 T B Cos(Kyt) + (QRLCD B+ 5 + )Sin(kt) +

2k3 AT)Szn(klt)

PR o) 2k2 3 %
TSzn(ZKlt) + B2Cos(2k1t) + Q2 + By,

PP D CWa—CiW 4+ Detyg;
W = azz_,fﬁz_:,‘[:z + C3 + D + stzt)COS(Klt) —+ (% + + 2k3 Wﬁf)Sm(klt) +

R-Sin(2Kqt) + D2C03(2k1t) +% 4+ D;.

These solutions are valid for larger deviations from the equilibrium point since the additional
correction terms improves accuracy. By taking the transformation

=L, +L* D=D;+D* W=W;, + W* (106)

where L*, D* and W* are the equilibrium points given by (97), the three species ecological
system becomes

Ly = [L* + Ly][—yD1 + BWi]
D; = [D* + Dy][—aW; + L] (107)
Wi = [W* + Wy][—BL1 + aD]

By defining a Liapunov function V/(t), positive definite function as

V(t) = dl[Ll — L*log(l + LI/L*)] + dz[Dl — D*log(l + Dl/D*>] +
d3[W1 — W*log(l + W1 /W*)]
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with dq,dy, d3 as positive constants, [dy — d1]y < 0, [d3 — da]a < 0and [dy — d3]p < 0 we can
observe that the three species ecological system is asymptotically stable since

V(t) = dlLl[_’)’Dl + 5W1] + dle[—Oéwl + ’)’Ll] + dil[—ﬁLl + DCDl] <0

4.2 Three species system - Adomian decomposition method

It is a well recognized fact that the enormous production of mangrove detritus provides a
necessary energy to drive the biological machinery of mangrove estuarine ecosystem besides
supporting to certain extent the coastal population. In the process of litter decomposition,
if the food material is not ingested by other animals, the decomposition process of litter
completes and this liberates nutrients into water and soil. Part of the detritus produced
in mangrove estuarine ecosystem may be carried to the adjacent coastal waters through
tidal fluxes. In fact here detritus serves a couple of purposes. (i) Regenerates nutrients by
undergoing complete decomposition process and (ii) Serves as a food source to estuarine and
coastal organisms like Polychaete, Crabs, Prawn, Fish and Zooplankton. Here after we call
all these consumers as predators. Now we are in a position to formulate the mathematical
model. If L(t), D(t) and W(t) denote the amount of litter, detritus and predators in the sea at
time t in the mangrove area respectively then the following assumptions are reasonable. (1) If
there is no litter from the mangroves the detritus formation decreases in a way proportional to
litter and if there is no detritus formation, the amount of litter increases exponentially within
a limited time. (2) If there are no bacteria, fungi and protozoa, the formation of detritus
decreases and the amount of litter increases in a limited time and (3) In The absence of
consumers like lower Carnivores and higher Carnivores, fish etc... the amount of detritus
increases and in the absence of detritus in the sea, the growth rate of above predators
decreases. These assumptions give rise to the following system of non linear first order
differential equations,

L= a1l — ‘BlLD,D =wapD 4 BoLD — v, DW, W = —asW + y3DW (108)

where a;(i = 1,2,3),8;(j = 1,2) and 74 (k = 2,3) are all positive constants. The presence
of both litter and detritus is beneficial to the growth of predators like fish and carnivores in
the sea. More specifically the predator species increases and the detritus decreases at rates
proportional to the product of the two. If they also satisfy the condition,

a1y3 —azpp =0 (109)

It amounts to saying that the growth of predators is directly proportional to the formation
of the detritus. The interior equilibrium point for the system (108) is calculated by pseudo
inverse concept [2] and on solving the system of equations

B1D =wa1, —PoL+712W =0y, 93D =a3 (110)

The possible equilibria are (i) Trivial equilibrium point L = 0, D = 0 and W = 0. (ii)
Equilibrium in the absence of predators Ly, = —ap/B2, Dw = a1/B; (iii) Equilibrium in
the absence of Detritus Lp = 0, Wp = 0(iv) Equilibrium in the absence of Litter D} = a3/y3
, WL = a/ 77 and (v)The interior equilibrium

L=—(a2B2)/(B3+73),D = (w11 +a373)/ (BT +13), W = (a272)/ (B3 +73)  (111)
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Equilibrium (ii) is the case when the entire litter is decomposed in to detritus which is usual
prey predator equilibrium, whereas (iii) is the equilibrium with no detritus and equilibrium
(iv) is the one with no predators. Neither all these three equilibria (ii), (iii) and (iv) nor the
trivial equilibrium are of much interest to us. Define densities of the three species deviating
from the interior equilibrium values given in (111) as

Li=L—aD, =D—bW, =W—c (112)
where a = —(a282)/ (B3 +73),b = (0181 + azy3) / (BF + 3 )and
¢ = (a272)/ (B3 + 73). From equation (108) we get
Ly = —ap1D1 — B1L1Dy
Dy = bByLy — byoWy + BoL1 Dy — 12D1Wy (113)
Wi = ¢y3Dy +v3D1Wy

The above equations can be represented by the system

X = E1XB+ ExXC + E1XF X + E,XB X (114)
L1 0 O 010] (001 0 0 0
Where X = |0 D; 0 |,E;=|001|,Eo= [100],B= |—aB; 0 0],
00 W 100] 010 0 —byy 0
0bBy 0 0 0 0 0B, 0
C=100 cys|,F1 = |—-B1 0 O0|,Fb = |0 0 3|. The initial conditions L(0) = pq,
00 0 0 —7 0 00 0

D(0) = pa, W(0) = p3 now become L1(0) = p; —a, D1(0) = pp — b, W1(0) = p3 —c and
these can be written in the matrix notation as

;000 0 0 pr—a 0 0
0 Di(0) 0 |=| 0 po—b 0 (115)
0 0 W0 0 0 p3—c

Now, applying Adomain’s decomposition method to the system (114), we get MX = E{XB +
EbXC+ E1XF X+ E2XEBX = RX + NX, where RX = E;XB + E> XC, the linear term and
NX = E; XF, X 4+ E; XF, X is the non-linear term of the system, and M denotes the differential
operator. Therefore,

X = M YRX] + MLNX] (116)
Where X =) 7 X, and NX =) 1 Ay. Thus (116) will become
Y Xp=MUYE Y XB+E Y X,C}+M 'Y A,
n=0 n=0 n=0 n=0
Now the components of X;, are therefore easily identified as,
Xo :diag[pl—a, pa—b, pg—c] (117)

X; = MY E1XoB + E; XoC] + M1 Ay
X, = MY E; X4B+ ExX1Cl+ M~ 1A,
Xy = MVE1X,_1B + EpX,1C] + M A, 4
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Now the polynomials A, for the above non-linear equations are calculated by using (7) and
are given by

Ao = E1 XoF Xy + Ex XoEB X)

Ay = Xq[E1Fi X + E1XoFy + E2 B Xo + Ex XoFa] 4 (X3/21)[2E1Fy + 2E, ]

Ay = Xo[E1F X + E1XoF, + ExBXo + E2 XoFo] + (X3/20)[2E1Fy 4 2E2F] + X1 Xo[2E1 Fy +
2E, ).

Thus, the initial approximation matrix X is given by (117) and special polynomial
Ap = diag[Q1, Q2, Q3] where Q1 = —B1(p1 —a)(p2 —b), Q2 = (p2 — b)[Ba(p1 —a) — 12(p3 —
c)], Qs = v3(p2 — b)(ps —¢).

The second approximation X is given by

X; = MTUE1XoB + EaXoC] + M~ Ag=diag[(Q1 + Qu)t, (Q2 + Qs5)t, (Q3 + Qs)t] where
Qs = —ap1(p2 —b), Qs = b[Ba(p1 —a) — 12(p3 — )], Q6 = cr3(p2 — b).

The third approximation X; is given by X, = M~[E;X;B + E; X;C] + M1 A;.

The special polynomial A; is given by

(Q1 + Q4)Q7t (Q2 + Qs5)Qst+ (Qs + Qs)Qot+

Ar=diag —B1(Q1 + Qu)*2, ((B2 — 72)(Q2 + Q5)*2), 13(Q3 + Q5)*t? Where Q7
—Bi(pr —a+p2—0),0 = (p2—-0b)(B2—72) — 12(p3 —¢c) — B2(p1 —a),Q =
Y3(p2 —b+p3 —0)).

Therefore X, = diag[(Qiot* + Qust?), (Quit? + Quaf’), (Quat? + Qist>)],where

Q10 =[(Q14+Q4)Q7 —aB1(Q2+Q5)]/2, Q11 =[(Q2+ Q5)Qs +b(B2(Q1 + Qa) — 12(Q3 +
Q6)]/2, Q2 = [(Q3+ Q6)Qo + 13¢(Q2 + Q5)]/2, Qi3 = [—B1(Q1 + Qu)?]/3, Qu =
[(B2 — 712)(Q2+ Q5)%]/3, Q15 = [13(Q3 + Q6)?]/3.
The fourth approximation X3 is given by X3 = M~1[E; XB + E;XoC] + M~ 1 A,. Where the
special polynomial A, is given by Ay=diag(q1, 92, 93], Where
g1 =QrQi3t* +[Q7Q13 — 2B2(Q1 + Qu) Qo] —
[B2Q%0 +2B2(Q1 + Qa)Qu3)]t* — 2B2Q10Q13t° — P2Q75t°
92 =QsQu1t* + [QsQ1a +2(B2 — 72)(Qa2 + Q5)Qu1]t® +2[(B2 — 712) Q%1 + (B2 — 72)
2(Q2 + Qs5)Qualt* + (B2 — 712)(Q2 + Q5) Q11 Quat’ + (B2 — 72) Qiut,
93 =QoQ1at? + [Qo Q15 +273(Q3 + Q6) Q2] 2+

[13Q%, +273Q15(Q3 + Q6)]t* +273Q12Q15t° + 713Q35°

then the fourth approximation X3 is calculated and is given by

Quet® + Quztt Qo + Qo Quet® + Qoyt?
X3 = diag | +Qist® + Q19t°, +Qo3t° + Qo4t®, +Qogt® + Qogt®
+Qoot” +Qost” +Qsot”

Where

Q16 = [Q7Q10 — aB1Q11]/3, Q17 = [Q7Q13 — 2B2(Q1 + Q4) Q10 — aB1Q14) /4,

Qis = [—B20Q%) — 2B2(Q1 + Qa)Q13]/5, Q19 = [—2B2Q10Q13]/6, Q20 = [~P2Q%;]/7, Qo1 =
[QsQ14 + bB2Q10 — b12Q12]/3, Q2 = [QsQisa + 2(B2 — 72)(Q2 + Q5)Q11 + bB2Q13 +
b(B2Qiz — 12Q15)]/4, Qs = [(B2 — 712)Q% + 2(B2 — 712)(Q2 + Q5)Q14]/5, Quu =
2(B2 — 12)Q11Qual/6, Qs = [(B2 — 12)Q34]/7, Qo6 = [13¢Qu1 + QoQ12]/3, Q7 =
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[Q9Q15 + 273Q12(Q3 + Qo) + 73¢Q14]/4, Qos = [13Q3, + 2713Q12(Q3 + Q6)]/5, Q9 =
[293012Q15)/6 and Q39 = [73Q%]/7

Thus the approximate analytical solution of (114) is given by

X~ Xo+X; + X + X3 ie.,
Ly = (p1—a) + (Q1 + Qa)t + Quot* + (Qi3 + Qi6) > + Qurt* + Qist” + Quot® + Qaot’
Dy = (p2—b) + (Q2+ Qs)t + Quit* + (Qua + Qu1) > + Quot* + Qa3t® + Qoat® + Qost”
Wi = (p3 —¢) + (Q3+ Qe)t + Qu2t* + (Qi15 + Qo) + Qozt* + Qust” + Qaot® + Qzot”

In terms of original densities of the three species L(t), D(t) and W(t) the approximate solutions
are given by

L(t) = p1+ (Q1+ Qu)t + Quot* + (Q13 + Que) > + Quzt* + Qust® + Q19t° + Qpot”
D(t) = pa+ (Q2 + Qs)t + Qu1t? + (Qua + Q1) + Quot* + Qo3> + Qoat® + Qost”
W(t) = p3+ (Qs + Qe)t + Quat? + (Q15 + Qa6) > + Qort* + Qagt® + Qoot® + Qpt”

The accuracy of the solution is increased by finding the higher iterations. In the absence of
predators, the transformation L = Ly —ap/B> and D = Dj + aq/pq in (108) yields the
following system of equations

Ly = a1(Ly —aa/Ba) — B1(L1 — aa/B2) (D1 + a1/ p1)
Dy = az(D1 +a1/B1) + B2(L1 — a2/ B2) (D1 + a1/ B1).
By defining a positive definite function V; (f) as
Vi(t) = di[(—a2/B2)1og(1 — PoLi/az) — L1] + da[(a1 /1) log(1 + p1D1/a1) — D]

In the absence of predators system (108) is asymptotically stable if there exists positive
constants dy and dy suchthat [Bydy — Bod] < 0 since

Vi(t) = —dq[L1L1/(Ly — aa/B2)] — d2[D1D1/ (D1 + a1/ B1)] = L1D1(Brd1 — Padz) <0

Similarly in the absence of litter, by defining a Liapunov function V;(t), a positive definite
function as

Vo (t) = da[(az3/3)log(1 + y3D1/a3) — Di] +d3[(az/72) log(1 + y2D1/ap) — Wi]

it is observed that the system (108) is asymptotically stable if there exists positive constants
dy and dg suchthat [y,dy — y3d3] < 0. By defining a Liapunov function V3(t), a positive
definite function as

V3(t) = di[alog(1 + Li/a) — L] + da[blog(1 + D1 /b) — D1] + dz[clog(1 + Wy /c) — Wi]

It is observed that the system (108) is asymptotically stable if there exists positive constants
dq,d, and d3 such that [,Bldl — ﬁzdz] <0, [’)’2612 — ’)’3d3] <0.
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4.3 Three species system - Homotopy Analysis Method

Consider the system of differential equations representing a three species ecological system
L(t) = L(£)[Py — yD(t) + pW(t)]

D(1)[Py + yL(t) — aW (1) (18)

W(t) = W(t)[Ps — BL(t) +aD(t)]

o
—
~
~—
I

satisfying the initial conditions
L(0) =0.2,D(0) = 0.3, W(0) =0.5 (119)

According to Homotopy Analysis Method, the initial approximations of (118) are satisfying
the initial conditions

Lo(0) = 0.2, Dy(0) = 0.3, Wy(0) = 0.5 (120)

and the auxiliary linear operators £ fori = 1,2,3 are

Ligi(t,q)] = w i —1,2,3,with £([C;] = 0. (121)

and the nonlinear operators

Nt )] = LD )P - paltg) + ) =) (122
Mol )] = 28D gk Bt vn () —apst ) = 2()  (23)
Mol )] = B8 ) ipy () —apalta) = e (29
The zeroth-order deformation equation is constructed as
(L=q)Lp1(t,9) — Lo(t)] = gh{N1(¢1(t,9)) — &1(t)} (125)
(1 —q)L[¢p2(t,9) — Do(t)] = gh{Na(¢2(t,q)) — g2(t) } (126)
(L —q)L[¢ps(t,q) — Wo(t)] = qh{N5(¢3(t,q)) — g5(t)} (127)

where g € [0, 1] is an embedding parameter, /1 is a nonzero auxiliary function, £ is an auxiliary
linear operator, Lo(t), Do(t), Wo(t) are the initial guesses of L(t), D(t), W(t), and ¢;(t,q) are
unknown functions.

4.3.1 Solution as polynomial functions

Now, by taking polynomials as base functions the m"order deformation equations are given
by

LILn(t) = L1 ()] = ghRy (T 1) (128)
LIDu(t) = Dy 1(8)] = ghRay(D 1) (129)
LW () = Wy 1 (£)] = ghR3 (W, 1) (130)
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As g increases from 0 to 1, the solutions ¢4 (t,q), ¢2(t,q), $3(t,q) vary from the initial guesses
Lo(t), Do(t), Wo(t) to the solutions L(t), D(t), W(t). where

m—1 m—1
Rip(L ) = Lono1 = PiLy1 () +7 Y Li()Dyr1—i(t) = B Y Li(E)Wy1_i(t)  (131)
i=0 i=0

_>
L

m—1 m—1
Ropm(Lm) =Dy — PaDy1(t) +v Y Di(t)Lyy—1—i(t) +a Y Di(t)Wy—1i(t)  (132)
i=0

i=0
m—1 m—1

Ry (W) = Wyt — PyWo 1 () + B Y. Wi(B)Ly_1—i(t) —a Y Wi(E)Dyq_s(t)  (133)
i=0 i=0

subjectto Ly, =0,D1,, =0,W1,, =0 (134)

where the dot denotes differentiation with respect to the variable t. The solution of the m*"
order deformation equation for m > 1 is given by

Lin(£) = XaLyn-1.(8) + hL Ry (T 1)) (135)

Din(t) = x2D—1(8) + L™ [Ro (D yu1)] (136)

Win (£) = XaWou—1 (£) + L Ry (Woy_1)] (137)
0,m<1

and xm = {1, otherwise (138)

The integration constants c¢; are determined by the initial condition. Now the successive
approximations are given by

Ly (t) = [<0.2P1h + 0.067h — 0.1Bh]t (139)
Dy (t) = [~0.3Poh — 0.06vh + 0.150h]t (140)
Wi (t) = [—0.5Psh + 0.1Bh — 0.15ah]t (141)

Lo(t) = [<0.2P; + 0.06 — 0.1](ht) + [—0.2P; 4 0.06y — 0.18] (ht) + [0.2P? — 0.12P; v+
0.2P; 8 — 0.06P,7y + 0.00672 + 0.03ay — 0.06B7 + 0.1P3 + 0.0382 + 0.03a8] (H>t>/2)  (142)
D;(t) = [—0.3P, — 0.067 4 0.15a] (ht) + [—0.3P, — 0.067 + 0.15a) (h*t) + [0.3P2 + 0.12P,y—
0.3Poa + 0.06P;y — 0.006> + 0.038 — 0.06ay — 0.15P3 + 0.03a + 0.03a%] (K212 /2)  (143)
Wy (t) = [~0.5P3 — 0.18 — 0.15&] (ht) + [—0.5P3 + 0.18 — 0.15&] (h*t) + [0.5P% — 0.2P3 B+
0.3P3a — 0.1P; B + 0.0387 — 0.03% — 0.06aB + 0.15P,a + 0.03ay — 0.03a%](K?t2/2)  (144)

Now the analytic solution via the polynomial base functions of the system has the general
form

L(t) = ilai’m(h)tm’ D(t) = ilaglm(h)t’”, W(t) = ilagfm(h)tm

The above expressions represent a family of solution expressions in the auxiliary parameter
h. By using h-curves [16] valid regions of a convergent solution series can be determined.
Accuracy can easily be obtained by finding more terms by using symbolic computation
softwares such as Maple and Mathematica.
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4.3.2 Solution as exponential functions

Now, by taking exponential functions as base functions, the initial approximations of (118)
satisfying the initial conditions

Ly(0) = 0.2,Dy(0) = 0.3, Wp(0) = 0.5 (145)
and the auxiliary linear operators £ fori = 1,2,3 are

Lpi(tq)] = W + ¢i(t,q), 1 =1,2,3,with L([Cie™'] = 0. (146)

The solution of the m!" order deformation equation for m > 1is given by
Ls(t) = xaL_1(£) + he ™! /0 TH(T)Rn(T yyy )T + Cre~ (147)
Dun(#) = xaDye_1(£) + he ™ /0 TH(T) R (D yy_1)dt + Cpe™! (148)
Wi (t) = xo W1 (t) +he™! /Ot eTH(T)Rm(W}mfl)dT + Cze™! (149)
and xm = {1,0(;:;5@0156 (150)

The integration constants c¢; are determined by the initial condition. Now the successive
approximations obtained by taking H(t) = 1 in the above equations are given by

Li(t) = [-0.2P; +0.067 — 0.18]h(1 —e 1) (151)
D;(t) = [~0.3P, — 0.06 + 0.15a]h(1 — e~ ") (152)
Wi (t) = [-0.5P3 +0.18 — 0.15a]h(1 — e~ ") (153)

Lo(t) = [~0.2P; +0.067 — 0.1B]h(1 — e~ ) + [~0.2P; +0.067 — 0.18] (h*te™ ")+

[0.2P7 — 0.12Py + 0.2P; B — 0.06 P,y + 0.0067* + 0.03ay — 0.06 + 0.1P3 8+

0.0382 +0.03aB][h2(1 — et —te™ )] (154)
D (t) = [-0.3P, — 0.067 + 0.15a]h(1 — e~ ") + [~0.3P, — 0.067 + 0.15a] (h*te~ )+

[0.3P2 +0.12P,7y — 0.3Pya 4 0.06P;y — 0.006* + 0.03B — 0.06ay — 0.15P3a+

0.03aB + 0.03a?][H*(1 — e~ — te™ )] (155)
Wy (t) = [~0.5P3 — 0.18 — 0.15a]h(1 — e~ *) 4 [~0.5P5 + 0.18 — 0.15a] (h*te ")+

[0.5P2 — 0.2P38 + 0.3P3& — 0.1P; 8 4 0.03By — 0.038% — 0.06a + 0.15P,a+

0.03y — 0.03a2][h?(1 — e~ F —te™1)] (156)

Now the analytic solution via the polynomial base functions of the system has the general
form

L(t) = ile(t),D(t) - ilnmm,wu) - ilwmu) (157)

By wusing h-curves [16] valid regions of a convergent solution series can be
determined.Accuracy can easily be obtained by finding more terms by using symbolic
computation softwares such as Maple and Mathematica.
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5. Examples

Example 1. Consider a homogeneous system of equations
X1 = —102x1 +88xp, xp = 88x1 + 102x, (158)
where . represents derivative with respect to t with the initial conditions
x1(0) =1,x,(0) =3 (159)

Now apply the Homotopy Analysis Method to solve the equations (158) by expressing the solutions
x1(t) and xp(t) by a set of base functions {t"/n = 0,1,2..} as x1(t) = Yo7 yant", x2(t) =
Yoo but" where ay and by are coefficients which are to be evaluated. We choose the initial
approximations as x10(t) = x1(0) = 1, xp0(t) = x2(0) = 3 and the auxiliary linear operator as

L{¢i(t;q)] = a‘P’(tq) ,i = 1,2 with the property L[C;] = 0, where C;(i = 1,2) are integral constants.
Define a system ofnonlznear operatorsas  Ni[¢;(t;q)] = a‘Pl(t 1) 4 102¢1(t;q) — 88¢a(t; q),
No[pi(tq)] = a"bl(t 1) — 88¢1(t;9) — 102¢2(t;q). Now the zeroth order deformation equation as

(1= q)Ligi(t;q) = xio(t)] = qhiNi[¢i(t;9)],i = 1,2 (160)

From the definition of Homotopy we get ¢;(t,0) = x;o(t), ¢i(t,1) = x;(t). It can be understood that
as q increases from 0 to 1 initial approximation ¢;(t;q) approaches the solution x;(t) for i =1,2. Now
$i(t;q) = xi0(t) + Xop—y Xim (£)q"™ where

1 9¢;(t;
xi,m(t) = % (P(—;;mq)

lg=0 (161)

Define the vector ?i,n = {xio(t),x;1(t), -, x; n (£)}. The m'"* deformation equation is given by
LI (£) = xmXim—1(8)] = BiRipy X i (162)
subject to the initial condition x1 9 = 0, x2,0 = 0 where

R1,m 7i,m = X1,m—1 + 102x7 5,1 — 88xp,1—1
Rom 7i,m = Xpm—1 — 88X -1 — 102x ;1

Now the solution of the m'" order deformation equation 162 for m > 1 is
Xim (£) = XmXim—1 () + HL ™[Ry (¥ i 1)) (163)
Now get the successive approximations as

xlll(t) = —120]’lt, lel(t) = 280ht, (164)
x1(t) = —120ht — 120k*t — 18400K%t?, x,1(t) = 2800kt + 280Kt + 21600K%*t>  (165)

Now by taking h = —1 (without plotting the h-curve)the solution of (158)is given by

)= Y xpp(t) = —e 2% 127 (1) = Y 2 (1) = €200 4 26740
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Example 2. Consider the system of nonlinear ordinary differential equations
xp = —1002x; +1000x5, xp = x1 — xp — x3 (166)
with the initial conditions
x1(0) =1,x(0) =1 (167)

Now we apply Homotopy analysis method and take the initial approximation of the solution of the above
system as

x1,0(t) = x1(0) =1, x20(t) = x2(0) =1

and the auxiliary linear operator as L{¢;(t; q)] = a¢i£f;q) ,i = 1,2. Define nonlinear operators as
a¢; (t;
Nilpi(0)] = 225D 1 100291 (154) — 10009 5:9)
00, (t;
Nalpi ()] = 2D (10) 4 galtsq) + galti0)?
Now the zeroth order deformation equation as
(1= )Ligi(t;9) = xi0(D)] = hiRip(Xiy-1) =12 (168)
where
m—1
Ri(% 1) = F1m-1 + 1002211 — 1000 Y 3,0 1j(F)
j=0
m—1
Rz,m(7i,m—1) = Xo,m—1— X1,m—1 — 2 xz,m—l—j(t)
j=0
where the ".” denotes differentiation with respect t. Now the solution of the m'* order deformation is
given by

Xim(t) = XmXim—1(t) + h/Rz‘,m(7z‘,m—1)dt +C;, i=1,2
the integration constants Ci (i = 1,2) can be determined by the initial conditions.

x11(t) = 2ht, x1 5(t) = 2ht + 202t 4+ 2K% + ...
xXp1(t) = ht,x15(t) = ht + B>t + K> + ...

Now by taking h = —1 the successive approximations are computed as (The proper value of h can be
chosen by plotting h-curve of x;(0) and %;(0) as discussed in [16]

4
x11(t) = —2t,x15(t) = 282, x13(t) = —§t3...

1 1
xp1(t) = —t,x10(t) = §f2,x1,3(f) = —gf3---
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Thus the solution of (166) is given by

xq(t) = i X1,m(t) = i (_:f,)m =e X (169)
m=0 m=0 :
0ot) =) xut) =), (;,)m =e! (170)
m=0 m=0 2

The solutions (169),(170) obtained by Homotopy analysis are coinciding with the exact solutions of
(166) satisfying the initial conditions (167).

Example 3. Consider the system of nonlinear ordinary differential equations
X| = Xp, Xp = X3, X3 = —6x] —2.92x) — X3 + x7 (171)
satisfying the initial conditions
x1(0) = 0.2,x(0) = —0.3,x3(0) = 0.1 (172)

Now we apply Homotopy Analysis method expressing the solutions x1(t), x5 (t) and x3(t) by a set of
base functions {e(=") /n > 0} and take the initial approximation of the solution of the above system
as

x1,0(t) = x1(0) = 0.2, x20(t) = x2(0) = —0.3,x30(f) = x3(0) = 0.1

and the auxiliary linear operator as L[p;(t;q)] = W + ¢i(t,q), i = 1,2,3 with the property
L[Cie~! =0],i = 1,2,3 where C;(i = 1,2,3) are integral constants. Now the first approximations of
solutions are given by

x11(t) = 0.3h —0.3he™ !, xp1(t) = —0.1h + 0.1he ™!, x31(t) = 0.404h — 0.404he "

Second approximations of solutions are given by

x12(t) = 0.3h — 0.3he™F + 0.1h% — 0.1h%e ™! + 0.2h%te !,

x21(t) = —0.1h +0.1he ™! — 0.404h? + 0.404h%¢~" + 0.304h%te !,

x31(t) = 0.404h — 0.404he " + 1.8728h% — 1.8728h%e ' — 1.4688h?te "

Now the solution of the system (171) can be expressed as v;(t) = Y or_o Yoo dimn(D)t"e ™, i =
1,2,3 where the coefficients d, ,, ,, depend on h and v;(t) = x;(t), i = 1,2,3. By plotting v(t) and
4(t) as discussed in [16] we can choose h = —1 for x1, h = —0.86 for xp, h = —1.1 for x3. We can
easily observe that higher order Homotopy Analysis Method solutions are very nearer to the solutions
obtained by RK-method and Adams bash forth predictor corrector method.

Example 4. Consider differential equation

X = —x? (173)
satisfying the initial conditions

x(0) =1 (174)

By applying Homotopy Perturbation method we construct Homotopy as

(1—=p)(§—%0) +pldp+¢*) =0 (175)
Now the initial approximation is taken as xo = 1. Let the solution of (175) is of the form
¢ = Po+ ppr + P2 + .. (176)
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By equating the like powers of p after using (176) in (175), we get

$o = Xo, 1 + Xo +CP% =0, ¢1(0) =0, ¢ + X0+ 2¢9¢P1 = 0, ¢2(0) = 0. If we take pg = x¢ = 1
then ¢1 = —t and ¢y = t>. Thus the second order approximation of the solution of (175) obtained by
using Homotopy Perturbation method is given by x(t) = ¢o + pd1 + p>¢po = 1 —t + 12,

Example 5. Consider the system of nonlinear ordinary differential equations
X1 = x1 —x1xp, Xp = —0.1x2 + x1x7 (177)

with the initial conditions x1(0) = 14,x,(0) = 18. By applying Homotopy perturbation method we
get the third order approximation to the solution as x| = 14 — 238t + 271.6t> + 20191.32¢3,

xy = 18 + 250.2t — 403.11+> — 20087.33t>. We can observe that higher order approximations agree
with the solutins obtained by RK-method and Adams bash forth predictor corrector method.

6. Summary and conclusions

In this chapter we studied the dynamics of Two species and Three species ecological systems.
Since Two species systems represent the various prey predator interactions and Three
species systems represent the behavior of the litter, detritus and predators in the mangrove
areas their respective dynamics are modeled by nonlinear differential equations. Heuristic
procedures for Perturbation method, Adomian decomposition method for system, Homotopy
perturbation method and Homotopy analysis method are presented so as to familiarize the
reader with the application of these important methods. Two species and Three species
models are solved by using the above stated methods. The Homotopy perturbation method
which was used to solve the nonlinear system of differential equations, governing the prey
and predator problem, is very easy and accurate to employ with reliable results. There is
less computation needed in comparison with the Adomian decomposition and power series
methods.

Homotopy analysis method was applied to solve both the Two species and Three species
ecological systems by considering both Polynomial base functions and exponential base
functions. The accuracy of the continuous solution obtained by using Homotopy analysis
method ia almost same as that of a numerical method. This is convenient for practical
applications with minimum requirements on calculation and computation and validity of the
Homotopy analysis method series solutions can be enhanced by finding more terms and/or
using the Pade technique. The functional form of the solution would be useful in the study
of the stability of the system. Owing to the generality, the considered two species and Three
species models exhibit very rich dynamics. From the illustrative examples it can be observed
that Homotopy analysis method is a powerful method for nonlinear problems and provides
us with a convenient way of controlling the convergence of approximation series, which is a
major advantage when compared with other methods.
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