We are IntechOpen,
the world’s leading publisher of

Open Access books
Built by scientists, for scientists

6,900 186,000 200M

ailable International authors and editors Downloads

among the

154 TOP 1% 12.2%

Countries deliv most cited s Contributors from top 500 universities

Sa
S

BOOK
CITATION
INDEX

Selection of our books indexed in the Book Citation Index
in Web of Science™ Core Collection (BKCI)

Interested in publishing with us?
Contact book.department@intechopen.com

Numbers displayed above are based on latest data collected.
For more information visit www.intechopen.com

Y



8

Antisymmetrized Molecular Dynamics with Bare
Nuclear Interactions: Brueckner-AMD, and Its
Applications to Light Nuclei

Tomoaki Togashi! and Kiyoshi Kato?

YFaculty of Advanced Life Science, Hokkaido University

2Division of Physics, Graduate School of Science, Hokkaido University
Japan

1. Introduction

Ab initio calculation starting from the bare nuclear interactions is one of recent major
theoretical subjects in nuclear physics. One hopes to understand the property of nuclei
based on the nuclear forces against the background of the progress of the fundamental
understanding of bare nuclear interactions and the study of unstable nuclei far from the beta
stable line, which are expected to have structures different from stable nuclei. Nowadays, one
can obtain the three-, four-, or few-body wave functions starting from the bare Hamiltonian by
applying many kinds of few-body exact methods (Kamada et al., 2001). It is difficult to apply
such methods directly to heavier nuclei in viewpoint of computational costs at this stage,
therefore, in many of ab initio approaches, the effective interaction is constructed based on the
bare interaction by applying, for example, the unitary correlated operator method (UCOM)
(Neff & Feldmeier, 2004) and so on. As one of remarkable achievements in ab initio approaches,
the quantum Monte Carlo method (Wiringa et al., 2000) has presented the appearance of the
two-alpha (*He) cluster structure in $Be starting from the bare interactions. That suggests that
one has the ability to discuss cluster structures based on the bare nuclear forces.

The existence of cluster states appearing around thresholds, which are weakly bound systems
of subunits consisting of several nucleons to be strongly correlated each other, is predicted
by the Ikeda diagram and the cluster models (Ikeda et al., 1972). The cluster states in
some excited states of a light nucleus can be described as the states different from the
mean-field-like structures. Cluster models in nuclear physics are able to describe these states
successfully. In unstable nuclei, it is expected that mean-field-like and cluster-like structures
coexist because their ground states often exist around the thresholds of decaying particles.
The antisymmetrized molecular dynamics (AMD) (Kanada-En’yo et al., 1995) to be one of
the recent developments of the cluster model has succeeded in understanding and predicting
many properties of unstable nuclei. AMD can describe the nuclear structures without any
assumption of configurations as the results of the energy variation in quantum mechanics.
However, it is difficult for the bare nuclear interactions to be applied straightforwardly to
the AMD framework because of the singularity and complexity in the interactions. Hence,
AMD calculations have been performed with phenomenological interactions represented by
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the simple forms and adjusted parameters to be suitable for the wave functions of AMD so
far.

For the purpose of the fundamental understanding of nuclear structures, we have recently
developed a new AMD framework, “Brueckner-AMD” (Togashi & Kato, 2007; Togashi et al.,
2009), which makes AMD available to us with bare nuclear interactions. It is the basic idea
of Brueckner-AMD that the effective interaction with no singularity to be applicable to the
AMD wave functions is constructed starting from the bare interaction. Instead of the unitary
transformation of the bare Hamiltonian, we introduce the effective interaction, G-matrix,
based on the Brueckner theory to be combined with the single-particle orbits and energies
solved by the AMD+Hartree-Fock (AMD-HF) method (Doté et al., 1997). In this framework,
the G-matrix and single-particle states of AMD can be solved self-consistently so as to reflect
structural changes of nucleus to the effective interactions. In that sense, Brueckner-AMD is a
kind of ab initio calculations.

The appearance of alpha clusters has been studied in many light nuclei for many years. It
is well known that the alpha particle, *He, which is the unit of alpha clusters, has the strong
stability as its threshold energy for a nucleon is about 20 MeV, while normal nuclei have about
8 MeV. Theoretical few-body studies (Kamada et al., 2001) have proven that the tensor force
in the bare nuclear interaction, which has the operator: S = 3(o1 - #) (03 - #) — 071 - 0 where
01 represent the Pauli matrices, contributes more than half of the binding potential energy
of the alpha particle, and the correlations induced by the tensor force play an important
role in the structure of *He (Myo et al., 2009). Therefore, it is considered that the peculiar
stability of the alpha particle supported by the tensor force contributions induces the strong
correlations to realize the alpha clusters. However, the reason for the stability of alpha clusters
in a nucleus has not yet been clarified, and it is still one of the central problems in nuclear
theories at present. Although the recent ab initio approach (Wiringa et al., 2000) has provided
the result of the alpha-alpha cluster structure in ®Be as previous mentioned, it has been
difficult to explain the reason why the alpha-alpha cluster in ®Be appears for the complicated
wave function solved from the bare Hamiltonian. Therefore, as our works, we present the
prescription to simulate and visualize the development of alpha-alpha clustering in ®Be, and
elucidate its mechanism of the clustering as the result of effects of nuclear interactions in the
Brueckner-AMD framework.

In this chapter, we plan to introduce the formulation and applications of Brueckner-AMD. In
the second section, we present the formulation of Brueckner-AMD and focus on the details
of the way how to solve the G-matrix in this framework. In the third section, we show
the applications to several light nuclei and the study of alpha-alpha clustering in ®Be in
Brueckner-AMD. Finally, in the forth section, we conclude our works in this chapter.

2. Formulation

In this section, we explain the formulation of Brueckner-AMD. In the first subsection 2.1, we
explain the concept of Brueckner-AMD, in which the G-matrix within the AMD framework
can be calculated straightforwardly. In the second subsection 2.2, the detail of the way how to
solve the G-matrix in Brueckner-AMD and its explicit examples are presented, and then the
energy variation method in Brueckner-AMD is explained in the third subsection 2.3.
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2.1 G-matrix in Brueckner-AMD

In this framework, we use the A-nucleons wave function of AMD, which represents the Slater
determinant of Gaussian wave packets to be satisfied with the Fermi statistics in quantum
mechanics as

1 ; L 20\ 374 A
@)= —=det{1Z)- )}, (7120 = (%) e —v(r—ﬁ> T S

where |Z;) and |x;) represent the spatial and spin-isospin parts of a nucleon, respectively. The
spin-isospin functions |x;) are given by spin-up (or spin-down) protons (or neutrons) in this
work. The complex vector Z; represents the position of a nucleon in the phase space.

The bare nuclear interactions have the high repulsive potential at a short distance and the
non-central potentials to induce the admixture of high orbital angular moments (Wiringa
et al., 1995). Every pair wave function in AMD is too simple to describe their induced
nucleon-nucleon correlations. Therefore, we construct the effective interactions to be
applicable to AMD, G-matrix (G), starting from bare interactions as

G=0+10 Q G, )
5a+5ﬁ_(t1+t2)

where 9, Q, ¢ and f; represent the bare interaction, the Pauli projection operator, the
single-particle energy and kinetic operator, respectively. The above equation called
“Bethe-Goldstone equation” denotes an infinite sum of scattering processes of two nucleons
in the medium. In this equation, several methods of choosing the energy denominator of the
propagator have been proposed. Here, we adopt the “QTQ(gap) choice” (Baldo et al., 2001)
where only kinetic energy appears and there is no single-particle potential in intermediate
states, as seen in Eq. (2). In the nuclear matter theory, it is known that the convergence of the
hole-line expansion in the QTQ choice is inferior to that in the “continuous choice” (Baldo et
al., 2001). However, at this stage, we check the adequacy of the QTQ choice in finite nuclei.

In the Brueckner theory, single-particle orbits and energies are needed to determine the
G-matrix self-consistently. The single-particle orbits and energies in AMD can be defined
by the AMD+Hartree-Fock (AMD-HF) method (Doté et al., 1997). Following AMD-HF, we
construct an orthonormal basis {f,} for single-particle orbits by diagonalizing the overlap
matrix Bj; expressed as

Bij=(Zi|Z;) {xilxj), 3)
and then we have . -
ZBU “Cip =1 Cips Z iv Cia = %p.a (4)
]
Z p|Z I xi) <fp|ﬁ7>:5p,q- 5)

The Hartree-Fock Hamiltonian matrix can be written with { fp}:

hog = (fplE1f) + XA fo el Gl fa fr — fr fa)- (6)
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Then we obtain the single-particle orbit as the solution { f, } for the following equations:

thq "8qa = €a " pas Zg;‘,x S4B = Oup (7)
q q

_ C; . .
MUZ;&MM:Z«;¢%®%%%%MN:;QM%%W%

j

(falfp) = Oup- 8)
And then the single-particle energy is solved as
506:<fa’f‘fa>+2<faf7’é|faf7_fvftx>~ )
v

In Brueckner-AMD, both the single-particle energies (e4) of the wave function and the
G-matrix (G) are determined self-consistently. That means that the G-matrix within the AMD
framework can be determined theoretically without any corrections.

2.2 Details of the G-matrix calculation
2.2.1 How to treat the Pauli projection operator

The Pauli projection operator Q in the Bethe-Goldstone equation, Eq. (2), is introduced in
order to take account of the Pauli principle in the scattering processes in the medium. In this
framework, the Pauli projection operator Q is represented as

Q=1-P=1-Y |fafp)(fuSpl (10)

x<p

where P is the projection operator for occupied states. In the nuclear matter, the occupied
states are represented as the Fermi gas states below the Fermi momentum kr and the operator
Q can be defined in terms of kr. In Brueckner-AMD, the occupied states are composed of
single-particle orbits with AMD single-particle wave functions, and so it is hard to solve the
Bethe-Goldstone equation directly because of treating the Q-operator. Therefore, following
the prescription formulated by Bando et al. (Bando et al., 1970), which presents an appropriate
means of treating Eq. (2) in the finite nuclear systems, we calculate the G-matrix in the
following two steps: First, ignoring the Q-operator (Q — 1), we solve the equation for G:

) 1 A

G'=0+0 — 11
ex +ep— (b + 1) )
Second, we solve the following equation to take into account the Q-operator:
G=G"+¢&° Q-1 ¢ (12)
e +ep— (1 +1)
The explicit form of Eq. (12) becomes the algebraic equations as
(oo foi | GO fu fp — fp fo) ;
Q;B{éﬁllx%],ﬁ—i_ 6(7050/“,5) <f0¢fﬁ|G|f’Yof5o_f(5of’Yo>
:<f’hf51|Go|f’70f§0_f5of%>/ (13)
e(000, 0B) = ey + €5, — (fu | E| fu) = (fp | E| fp)- (14)
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2.2.2 How to solve the Bethe-Boldstone equation

In order to see the way how to solve Eq.(11), we use another expression of the Bethe-Goldstone
equation with wave functions as

Q )
S
tatep—(hth) T
Q
en +eg — (f1 + )

Y = ¢+

= ¢+ 0 Pur, (15)

where the following relationship is used:

(@i | Glox) = (@ij| 0] ¥ ) - (16)

In the above equations, y;; and ¢y represent the solution of the Bethe-Goldstone equation
and the two-body part of the AMD wave function, respectively. As any analogy of Eq. (15),
the equation for GY, Eq. (11), becomes

1

0 A o0
= + P el , 17
where 1p,91 represents the solution of Eq. (11) and it has
(@ij | GOl pra) = (@ij | 0| ;) - (18)
Then, Eq. (17) can be solved as the differential equation for every pair (kl) of particles:
2 0Js S 07Js
[Tt =] {01, @rom (73 ZE") =90 (r) } = 5 Vi () 605, (), (19)

l//

where T,,; represents the relative kinetic energy operator and w = ¢, + ¢ g — Tem (ij : kI). In
this case, T,,; can be expressed as
. 1d: R +1)

Trer = _M;Wr+ M 2 (20)

and Ty, (ij : kl) is the expectation value of the two-body center-of-mass kinetic energy:

g (Zg | Tom | Z7)
Tem(ij : kl) = (Zcm|Z > } (21)

where Ty, represents the two-body center-of-mass kinetic energy operator and | Z ) is the

two-body AMD wave function of the center-of-mass part: Zcm = (Zx+ 7)) /V2. Note that
the two-body AMD wave function is decomposed into the center of-mass and relative parts

and its relative one can be applied directly to Eq. (17). In Eq. (19), @1, (r Zrez ) represent the

two-body AMD wave function of the relative part | Zrel ) Z’ez (Zx — Z;)/\/2 for the partial
wave having the orbital angular momentum /y and 1ts z component m as

— 2 —
v 3/4 Zrel Zrel 2
7 Zrel ( rel> ex V] 7 kl + ki ; r Zrel lom ,
(22)
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where v,,; = v/2 and the explicit expression of ¢;,, (r ; 2£§l> is given later. yb?/l{) fn(r) is the
solution of Eq. (19) which has the dependence on (i, ,k,1,«, ) due to w and Plym (r ; Zﬁ’l>,

and Vl] ﬁ (r) is the potential for the two-body channel of total angular momentum ] and total
spin S with the transition between the angular momenta / and I” in the bare interaction 9,

s .
HGE /pm/ dQy %51 ?)Uy%] (), (23)

where y%] (Q)7) represents the eigenfunction of two-body total angular momentum.

Here, we present explicit expressions of Eq.(19). In the nucleon-nucleon interaction, two-body
total angular momentum J, total spin S, total isospin T, and parity are conserved. However,
due to the Fermi statistics of two nucleons, two-body states are restricted to the four states
under conditions of S+ T + | = odd where | is the two-body angular moment: in the case
of even parity (I = 0,2,4,---), the spin-triplet S = 1 state called “triplet-even (3E)” with
the isospin-singlet T = 0 and the spin-singlet S = 0 state called “singlet-even (1E)” with the
isospin-triplet T = 1; in the case of odd parity (I = 1,3,5,-- ), the spin-triplet S = 1 state
called “triplet-odd (30)” with the isospin-triplet T = 1 and the spin-singlet S = 0 state called
“singlet-odd (10)” with the isospin-singlet T = 0. Hence, the expressions of Eq. (19) for the
above four two-body channels with the lowest allowed angular momentum are presented in
the following.

At this stage, one has no unique nucleon-nucleon interaction and many varieties. However,
at least, nucleon-nucleon interactions have central (9.), spin-orbit (9;,), and tensor (9;) forces.
Here, we consider only the case of the interaction with the above three forces. For spin-singlet
states, the interaction has only the central force, and then, Eq. (19) for the singlet-even (1E)
with [ = 0 becomes

n 1 d? 0J=05=0 0J=05=0
(o) Lo (73 Z8) — 9302500 } = 0P () 90, e
and that for the singlet-odd (10) with | = 1 becomes

1d2 n2 15—
[~ =) { o (1 Z8) — 3500 ) = 000) w000 @9)

For spin-triplet states, nucleon-nucleon interactions include central, spin-orbit, and tensor
forces. Note that the orbital angular momentum [ state may be admixed with higher angular
momentum [’ state by the tensor force. Hence, Eq. (19) for the triplet-even (3E) with I = 0
becomes the coupled equation to I’ = 2 as

[~ 352t~ ] Loom (73 Z81) =9l 57100 b = 2v20 (1) iy 7 (1)
+o(r) pod o (),

P1d>  me6 0J=15=1 0J=15=1
_[_M?W7+Mr_2_w]¢2oj’” (r) =2v20(r) g0, ' (r)

+of(r) =300 (r) — 209 (r) ] ogy 0 (1) (26)
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For the the triplet-odd (30) with [ = 1, the cases of | = 0,1, and 2 are considered. And then,
Eq. (19) for the 30 with | = 0 and / = 1 becomes

P1d> K2 Frel) _ ,0]=05=1
—airaa* wz <) Lo (1 Z8) -l T 0}
0/=0S=1
= [08(r) = 207 (1) = 40 () [ ¢, " (1), 27)
that for the 30 with | = 1 and [ = 1 becomes
1d> K2 Frel) _ 40J=15=1
= aran a9 {ow (n Z0) -0 )
0/=15=1
= [080(r) = 02 (r) + 20 (1) 19y (1), (28)
and that for the 30 with | = 2 and | = 1 becomes the coupled equation to I’ = 3 as
1d> o nt2 0]=25=1 6\/— 0]=28=1
v ar e @) Lo (7 Z8) - o200 = 2 o) w20

2 g0 ]=25=1
Hof () + o7 (r) = 5o 195, TN (),

n 1 d? h212 0]=25=1 61/6 0]=25=1
_[_M?WHLM W | Y31, (r) = — 5 v 1) i (r)
8
Hofr) — 402(r) — S0 (1) 13575710, @)

In the following, we explain the partial-wave expansion of the two-body AMD wave function
of the relative part in Eq. (22). It becomes

7 3/4
<r|Zrel>_< 17/_1:21) exp

where the complex vector Z’El = 7r +iZ;. Here, the term “exp [2,/vrel Z,Zfl . 7"} ” can be
expanded as multipole:

exp[Z\/_vrelZﬁl -?]:(zm)z YT CVaZrr) i i, Qv aZir)

I, I, my, my

Ylﬁml (ZR) Yi;mz (ZI) Yllml (i’) leﬂ’lz (i\’) 4 (31)

Zrel2
— Uy P2 — —] exp [2«/1/7,3 Zrez : *} , (30)

where Zg | = |ZR,1| and Zg | = ZR,1/|ZR,[|. In Eq. (31), we use the formulas

—

explik-7] =4m Zil j1(kr) Y1, (k) Yo, (7),

exp[k-7 Zh kr) Yo, (k) Y (), (32)

where J;(r) = (—i)! j;(ir). We use the following formula for the product of two spherical
harmonics with 3-j symbols:

) (2l +1) 2lz—|—1 2l +1 1 b 1 11,1 %
iy () i () — EJl B (1 ) (80) it 69
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ZRi

Fig. 1. The vectors Z]Zfl = Zr +iZ;and Z”l Z’ + zZ’ in the body-fixed frame we adopt in
this framework are schematically shown.

Thus, in the calculations of <Z”l |10 Z”l) the state of |Z,C‘lel ) can be expressed as the
expansion of angular momental states | Im):

—»‘ Zrel Z Pim (1’ Zrel) Um>

3/4 relZ
2v Z
— (_rel> exp [_%l 72 _

Zz,m (2\/@# 7re ) Im),  (34)

7T

where

2 (13 Z81) = (4% Y V@ 1)@ 1) Jy (Zrr) - 2 i, (Zir) x

Ii, I, my, my

5 - i I, 1 111
Yltml(ZR)lemz(Zﬂ\/Zl—i-l( 12 ><1 2 ) (35)

my my m 000

In the case of the rotational-invariant operator, for example, nucleon-nucleon interaction,
its expectation value may be calculated in the arbitrary body-fixed frame because

<Zl.’€l 10| Z’€l> = <Z{]-€l | RT(Q)OR(Q) | Zﬁ” where R(Q) is the operator of rotation by the
arbitrary Euler angle (). Here, we adopt the body-fixed frame shown in Fig. 1 where Zy is

fixed along the z-axis with the angle Zr = (0r =0,9r =0) and 7 1 is in the xz-plane with the
angle Z; = (61, ¢; = 0).
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2.2.3 G-matrix calculations with correlation functions

In order to explain the way how to calculate the G-matrix element, we provide another
viewpoint of Eq. (15):

Q
€y + €8 — (f + 1)

Yk = Pk + G-ou=Fa-ou, (36)
where we call F; the “correlation function” defined schematically as F; = /@i which
represents nucleon-nucleon correlations induced by the interaction. From Egs. (16) and (36),
one can obtain the G-matrix element as

(9ij |G low) = (@i - Fa | pur ) - (37)
The equation for GO has the analogy to Eq. (37):
(@i |G Lor) = (@i 0-F | ouar ), (38)

where the correlation function F 11 1s defined as F kl = 'Pkl / @i by using the solution 'Pkl of Eq.
(17). Hence, GO for each | and S channel becomes

0JS S
G l]l’ lzvl{lu Fkl l”l ](w,r), (39)

where the correlation function is given by w?’l{] fn (r) and @, (r; Zﬁl ) in Eq. (19) as

Fkl [1/1 J(w,r) = lP?fz{fn( )/ ®rym (7 Zrez) . (40)

Note that the above correlation function has the dependence on (i,j,k, I, &, ) through
Plom <r; Zﬁl) and w = ey +eg — Tem(ij : kI) of Eq. (19). The correlation function of Eq.
(40) is approximated as m = 0 in 1/)?,1{) fn (r) and @, (r; Z,Zfl ) because we find that it has little

dependence on m. In order to carry the practical calculations, we determine G° with explicit
operators as follows:

08, = Z GO% ) A(N)(Ry-Sy), (41)

where (R) - S,) is a scalar product of an orbital tensor R, and a spin tensor S, of rank A.
The components of A = 0,1, and 2 correspond to the central, spin-orbit, and tensor forces in a
potential, respectively. And then, one can utilize the following equation

. 21 +1)
o) = QTR T (SIS, TS

) Y (1)) 7075 (2] + 1) W(Ilpl'SS; A]) G° {51,( ), (42)
]

where the expressions with double bars such as (Iy|| Ry ||!') represent the reduced matrix
elements and W ([yl’SS; A]) is the Racah coefficient. In this calculation, the angular momenta [
and I’ in Eq. (42) are taken as the allowed lowest values for each two-body channel: [y =1’ =0
in the 1E and 3E central force, [y = I’ = 1 in all forces of the 10 and 30 channels, [ = I’ = 2
in the 3E spin-orbit force, and Iy = 0, I’ = 2 in the 3E tensor force. As a result, GY becomes

GO =GY_o(r) +G_ (L -S+GY_,(r)S1a. (43)
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Note that G° has the dependence on gi, ik 1, ,BA) drived from the correlation function of Eq.
(40). By using the matrix element for G, ( f, f5 | G°| fa fg — fpfa ), one can obtain the G-matrix

element ( f,f5 | G| fufp — fpfa) from Eq. (13).

The G-matrix has the dependence on the bra state (i,j) and difficulty to treat the case of
superpostion of wave functions. In addition, the G-matrix is given by the matrix element
not to be easy to analyze its properties. Hence, in the following, we present the practical
alternative. In Eq. (19), we use Ty, (kl) instead of Ty, (ij : kl) in w as

(Z" | Tem | Zi7")
(Zi | Zg)

Tem(kl) = , (44)

which reprents the expectation value of the two-body center-of-mass kinetic energy for only
the ket state. We solve Eq. (19) using wy = &, + g — Tem(kI) instead of w, and then, by using
its solution, we determine the correlation function FJ) [l]’?o |(woq, r) with no dependence on the
bra state (i,j). One can obtain the alternative of the G'-matrix, { f,f5|G'?| fa fg— fpfa), b

applying Egs. (39) and (42) with the correlation function F)) [l],“lg |(wp, ). Here, we consider
the ratio of the G-matrix element solved by ( fufz | GO fu fp — fpfa) with F}) [l]/? (w,r) from

Eq. (13), (f,xfﬁ ] G |f,xfﬁ flgfa> to the matrix element (f,xfﬁ ] G0 |faf/3 fﬁfa>

b _ (fufp| G| fafp — fofu)

= - , 4
T fufs |G fufs — fofa) )

which represents the effects of the operator Q and T¢, (i : k). By using the above value C’éﬁ ,

one can present the explicit form of the correlation function Fy; in Eq. (36) as

s s
Fi [} 1(wo,7) = Cgﬁ CF 115 Wewo,r). (46)

Hence, the G-matrix for each | and S channel becomes

S
Gl] l/ ; ‘/l/l// Pkl l//l ] ((,U(), 7’) . (47)

Applying Eq. (42) with Gl] ), (r) instead of G° l] Sl,( ), the G-matrix can be determined as

G = Gyr—o(r) + Go=1(r)L - S + Gr—a(r)S12. (48)

Note that the expectation value for the potential of Eq. (48) reproduces the G-matrix element.
As seen in the above discussion, one can obtain the G-matrix as the effective interaction with
the explicit form by using the correlation function of Eq. (46).

2.2.4 Explicit examples of G-matrix

In order to see the properties of G-matrix in Brueckner-AMD, we present the G-matrix in
the specific case. As the bare nucleon-nucleon interaction, we adopt the Argonne v8' (AV8)

(Wiringa & Pieper, 2002). AV8' is constructed by renormalizing the L2 and (L - §)? terms in the
Argonne v18 (AV18) (Wiringa et al., 1995), which is the high accurate bare nucleon-nucleon
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interaction, into the central, spin-orbit, and tensor forces. And the iso-spin symmetry and
independence breaking included in AV18 are ignored in the case of AVE'. In the following, we
switch off the electromagnetic interactions.

As a preparation, several explicit terms of the G-matrix in Eq. (48) are shown. For the
spin-singlet states, the G-matrix has only the central force given by the simple product of
the bare interaction multiplied by the correlation function. For example, the singlet-even (1E)
central force of the G-matrix becomes

GI(r) = 0{™(r) - Fy [ 2055 ) (wo, 7). (49)

The singlet-odd (10) central G-matrix is given as the same way as the above equation.
On the other hand, for the spin-triplet states, the non-central forces in the bare interaction
are renormalized into the central G-matrix through the correlation functions. Hence, the
triplet-even (3E) central G-matrix becomes

GC(3E)()—U(3E) F [] 1S 1 ]_'_2\/5 (3E) - Fy [] 12% 10], (50)

and the triplet-odd (30) central becomes

1 =05=1
GC(30)(1,) _ § { (0230) _ 201(20) — 4vt(30>) . Fkl [{/:11021 ]

15=1
+3(0f — o +20/) - Fa [[457)

=25=1 25=1
_|_5( 30)—{—0(30 <3o>) Pkl[{/:110:1]+6\/6 (30) Fkl[] ol ]}, (51)

5
where the (wy, r) dependence in the above right hands is omitted for simplicity. In addition, as
examples, for the 3E tensor and 30 spin-orbit G-matrices, their expressions where the (wy, )
dependence is omitted as the aboves are given:

15=1 1 15=1
Gt<3}z>( )_ Ut3E) Fy [] o ]—l— 2\/_( (3E) 3Ul<:}z) _2,0t(3E)) Fl[] o ], (52)
=05=1
GI(SSO)(r) { 2( (30) 201(30) _ 40;30)) - Fy [{’:11021]
—15=1
4 3(0f0 — vlSO) +20%) . By [l]/:llozl]

S— S
50 (30)_|_vlso) 30)) Fl[l]/ 211 1] 6\/80t30) F [] 231—11]} (53)

5°
In Brueckner-AMD, the G-matrix for each pair have dependence on not only the paricle pair
(k, 1) but also the single-particle orbits («, B) due to the dependence on wy = €4 + €x — Tem (kl)
in the correlation function. Therefore, in general, one cannot abstract the explicit form as
the interaction between particles (k,I). However, as the special case, in the system of 4He
consisting of the spin-up proton, spin-up neutron, spin-down proton, and spin-down neutron,
the G-matrix is given as the interaction between particles (k,/) because the single-particle
orbits | f, ) are equal to the one-particle wave funcions, which means («,8) = (k,I), on
condition that the overlap matrix B;; in Eq. (3) becomes a diagonal matrix such as this system.

Here, we consider the G-matrix between particles in the 3N-N cluster system of 4He where
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Fig. 2. The comparison of the G-matrix with the bare interaction AV8' for the central
components of two-body four channels. In these graphs, the x- and y-axes represent the
distances between nucleons (fm) and the potential energies (MeV), respectively. The blue and
red lines represent the G-matrix and AV8/, respectively. The explanation of the G-matrix is in
text in detail. In the 3E channel, the attractive part is enlarged.

three nucleons (3N) located at the same positon are separated from one nucleon (N). We
assume that three nucleons consist of the spin-up proton, spin-up neutron, and spin-down
proton and one nucleon to be sperated is the spin-down neutron, and the distance between
three nucleons and one nucleon is 1.0 fm. The AMD wave funciton of Eq. (1) with v = 0.238
(fm~2) is used in this calculation. In Figs. 2 and 3, we present all forces of the G-matrix
between the spin-up proton in three nucleons and the spin-down neutron to be one nucleon
sperated from three nucleons at a distance of 1.0 fm and compare them with those of the bare
interaction AV8'. As seen in Fig. 2, the central forces of the bare interaction AV8’ have huge
repulsive parts at a short distance, while, in the central G-matrices, the short range repulsion
is reduced to be applicable to the AMD wave function. At a long distance, each force of the
G-matrix except the 3E state agrees with the behaviour of the bare interaction. For the 3E
G-matrices, the renormalization of the strong 3E tensor force with a long range tail in the
bare interaction acts as the long range correlation to be large contributions. Especially, in the
3E central G-matrix, the renormalization of tensor force by the correlation for the admixture
of I' =2, Fy [11’2:12?0::10] in Eq. (50), induces the more attractive part than that of the bare
interaction and contributes largely to the binding energy of a nucleus.
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Fig. 3. The comparison of the G-matrix with the bare interaction AV8’ for the non-central
components of 30 and 3E channels in the upper and lower panels, respectively. In these
graphs, the meanings of the axes and lines are the same as Fig. 2.

2.3 Energy variation in Brueckner-AMD

In the AMD method, the wave-packet positions Z; in Eq. (1) are complex variational
parameters in the A-nucleons wave function. In this method, one usually sets the initial
configuration of the wave-packet positions { Z;} randomly and obtains the optimized solution
automatically with no assumption by using the frictional cooling method of molecular
dynamics (Kanada-En'yo et al., 1995) to determine Zi. The brief expression of frictional
cooling equation is given by

dZ;  o(H) dZf  9(H)

1

s L - 54
dt o0z} dt 0Z; ©4)

where (H) is the expectation value of Hamiltonian. In Brueckner-AMD, the expectation value
of Hamiltonian is expressed as (H) = (T) — (Tcp) + (G) where (T), (Tcp), and (G) represent
the expectation values of the A-body summation of the one-body kinetic energy operator f;
as T = ZZA t;, the center-of-mass kinetic energy of the system, and the G-matrix as two-body
interactions, respectively. In Eq. (54), the next positions of Z; in the time evolution are decided
as

= - d(H)

Zi(t+ At) = Z;(t) — At 822‘ . (55)
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If (H) converges in this time evolution, we consider that the optimized energy and state are
attained. In Brueckner-AMD, the derivative of Z; in (H) cannot be calculated analytically
because the G-matrix depends on the change of the single-particle orbits and the Pauli
projection operator derived from the configuration of the wave-packet positions {Z;}.
Therefore, we determine the G-matrix self-consistently for each small displaced configuration
of {Z; + AZ;} and calculate this derivative as the difference in Z;.

3. Applications

We apply Brueckner-AMD to various light nuclei and present the applicability of this method.
In the subsection 3.1, we present the results of light nuclei with the mass number A < 10
to describe cluster structures and reproduce the energy level schemes in Brueckner-AMD.
Furthermore, we discuss the mechanism of clustering in ®Be which has the alpha-alpha cluster
structure in the subsection 3.2. In these calculations, we adopt the bare nuclear interaction of
the Argonne v8' (AV8') (Wiringa & Pieper, 2002) explained in the previous section and switch
off the electromagnetic interactions.

3.1 Description of the structures and energy-level schemes of light nuclei

In Brueckner-AMD, the bound states of nucleus can be obtained as the solution of
energy variation starting from the bare nuclear interactions without any assumption of
configurations. However, in general, since the AMD wave functions are not good quantum
states of the spin and parity (J’), one cannot calculate the energy-level scheme by a single
AMD wave function and must project out the AMD wave functions onto the spin and parity
eigenstates, which means the superposition of space-reflected and rotated Slater determinants
(Kanada-En'yo et al., 1995). The parity projection means a linear combination of two Slater

determinants: .
PF)=— (1+DP) |®), 56
%) =7 ( ) |®) (56)
where P is the space-reflection operator that operates at the spatial coordinate Z; of each
nucleon. In projecting out the wave functions onto each spin-parity J* state, the spin- and

parity-projected state | CID{V?I[( ) is expressed as

J£._ 2]+1
| Pk ) = 8772

/ dO D (Q)RQ) [0, (57)

where D{VIK(Q) is the Wigner D-function and R(Q) is the rotational operator that makes
the spatial and spin coordinates rotated by the Euler angle (). In the above equation, the
integration means a linear combination of differential rotated Slater determinants. The energy

expectation value of | @5\2;() is given by

(Phis [ H| @) [dQDL(Q) {(@|ROQ) @) £/

PR(Q).H@)}'
(Phi | Phax) JAQ DR (Q) {(@[R(Q) | @) + ¢

AT+
Wi = PRIO)| )]

ol
ol

(58)
In order to calculate the energy expectation value of the | state correctly, we perform
the K-mixing by diagonalizing the Hamiltonian matrix <<I>§Vljf</ | H | @gﬁd and norm matrix
( CID{V?IE(, | CID{V?EK ) simultaneously for the quantum numbers of K and K'.
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Fig. 4. Intrinsic matter p densities as a half value, the proton p,; and neutron p, ones of the
lowest-energy parity solutions in 4He, 71i, 8Be, and ?Be. The size of these squares is shown in
the panel of *He.

In these calculations, we determine the wave functions |®) by performing the energy
variation for the parity-projected states |®*). Therefore, we can obtain not only the
lowest-energy parity solution corresponding to the ground state but also the excited parity
solution, whose parity is opposite to that of the lowest-energy state. Projecting out the
solutions of the energy variation, | ®* ), onto each | state, we calculate the energy levels. In
the following, we present the results of “He, "Li, 8Be, and ?Be using the above procedure. As
the Gaussian width parameter v for every wave packet in Eq. (1), we adopt v = 0.222 (fm~2)
for *He and v = 0.208 (fm~?2) for other nuclei. Fig. 4 shows the intrinsic densities obtained
from the wave functions | ® ). For ?Be, both the lowest-energy negative-parity solution and
the excited positive-parity one are shown. In these figures, the X-, Y-, and Z-axes in the
body-fixed frame are chosen so as to be (¥;z7) > (Y,;y?) > (¥;x?), and each density
distribution in the Z-Y plane is displayed. As seen in Fig. 4, the alpha particle (*He) is
compactly spherical and ®Be consists of two-alpha cluster. In this result, the density of “Li
does not present the explicit cluster structure as seen in an almost symmetric distribution. In
the densities of ?Be, the structures of two-alpha cluster plus a valence neutron can be seen. In
the negative-parity state of “Be, the density distribution of the valence neutron corresponds
to a r-molecular orbit; on the other hand, that of the positive-parity state corresponds to a
c-molecular orbit.
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In Table 1, the calculated binding energy of the ground state for each nucleus is listed
to be compared with the experimental one. Although the calculated ground states are
underbinding for the experimental ones, it is known that bare three nucleons interactions are
needed to reproduce the experimental binding energies from accurate few-body calculations
(Wiringa et al., 2000). However, in this work, there seems to be room for improvement to
develop these calculations to the superposition with the wave functions having different
configurations {Z;} or Gaussian width parameters v. The calculated energy-level schemes
of 7Li, 8Be, and ?Be are shown in Fig. 5. These energy levels are reproduced well. In the
result of ?Be, the energy levels including the first excited states, 3/2,,5/2,,and 7/2, , which
can be described by the K-mixing, are also reproduced well. In these calculations, in the
negative-parity states of “Be, the group of the dominant K = 3/2 i.e. K™ = 3/2~ band
contains 3/2,,5/2,,and 7/2; states, while the 1/2;,3/2,,5/2,, and 7/2, states belong
to the K™ = 1/27 band. The predicted 9/2; state is described coherently by the K = 1/2
and K = 3/2 states, which has almost equal weights to the K = 1/2 and K = 3/2. The
positive-parity states of °Be are described as the K™ = 1/2% band.

nucleus| ™ |B-AMD (MeV)|EXP (MeV)
‘He | OF —24.6 —28.3
Li |3/2~ —29.6 —39.2
8Be | OF —44.0 —56.5
Be [3/2~ —41.9 —58.2

Table 1. Total binding energies of the ground states for 4He, "Li, ®Be, and ?Be. The column
labeled “J7*” lists the spin and parity of the ground state for each nucleus, and the columns
labeled “B-AMD” and “EXP” list the calculated binding energies and the experimental ones,
respectively.

3.2 Investigation of the mechanism of alpha-alpha clustering

In the following, we simulate the development of the alpha-alpha cluster in 8Be and
investigate its mechanism by using the bare nuclear interaction AV8’ in the Brueckner-AMD
framework. In this work, we construct the states that have the definite distance between two
quasi-clusters consisting of four nucleons of the spin-up proton, spin-up neutron, spin-down
proton, and spin-down neutron by using the constraint cooling method (Yamamoto et al.,
2010). The definition of the distance between quasi-clusters in this case is represented as

AN 1 1 ReZ;
()2 =R - Ry, Ri(Rp) = 1 ) \/—1 ,
iEC](Cz) v

(59)

where the R; (R») represents the center of mass of the quasi-cluster C;(C;,) consisting of four
nucleons. We take the z-axis as an inertia axis and the center of mass of quasi-clusters on the
z-axis. We define a quasi-cluster as an initial set of nucleons that are chosen arbitrarily and
determine a configuration of eight nucleons for ®Be by solving the following equation of the
constraint cooling method as an energy variation:

dZ; o(H) aC 2\1/2 2
T TV T C=Cy- ((d —d), 60
T o- ()2~ d) (60)
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Fig. 6. Upper panel: Total binding energies of ®Be are shown as a function of the distance of
quasi-clusters. Lower panels: Density distributions of ®Be at d = 0.5,3.0,4.5 fm.

where Cj is the positive constant and d is the constraint parameter; in this work, d is the
distance of quasi-clusters. The above equation makes it possible to obtain the solution of the
energy variation under the constraint of a distance between two quasi-clusters. Note that
the set of nucleons is not assumed to be localized spatially in this case. As a parameter of
the wave function, we use the optimized Gaussian width for every wave packet in Eq. (1);
v = 0.195 (fm~2). We perform the energy variation and calculate the total binding energy for
the parity-projected states corresponding to the lowest-energy parity solutions | ®™ ) in Eq.
(56). In Fig. 6, the energy curve of calculated total binding energies are shown as a function
of the distance between two quasi-clusters in the upper panel, and we show the intrinsic
density distribution of wave functions obtained at different d-values (d = 0.5, 3.0, and 4.5 fm)
in the lower panels. As seen in Fig. 6, one can see that the optimum distances are around
3.0 fm, where the alpha-alpha structure is realized starting from the bare nuclear interaction
AVSE/, and the situation that the localized clusters are more developed at larger distances is
reproduced as the results of the energy variation. In Fig. 7, we present single-particle energies
and orbits at different distances d. Single-particle energies of eight nucleons are degenerated
approximately into two types of energy €1 and ¢, as seen in the upper panel of Fig. 7.
The two energy orbits correspond to gerade and ungerade orbits in the molecular orbital
method (Bando et al., 1970). However, in the present approach without the molecular-orbit
assumption, the single-particle orbits describe not only molecular orbits but also atomic orbits
of a mean field. At the small distance d = 0.5 fm, e — ey = 15 MeV are obtained in this
calculation. That energy difference between the lowest (e1) and the excited (e;) single-particle
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Fig. 7. Upper panel: Single-particle energies of ®Be are shown. Lower panels: The density
distributions of single-particle orbits for the two spin-up protons at d = 0.5,3.0,4.5 fm. The
other single-particle orbits also have similar behavior. The upper and lower density
distributions represent the higher-energy () and lower-energy (e) states, respectively.

orbits are consistent with 7w of a shell model in nuclear systems. At the large distance d = 4.5
fm, £1 and e, degenerate within 5 MeV. This result suggests that the single-particle orbits for
g1 and & have configurations similar to each other. As shown in the lower panels of Fig.
7, at the small distance region of d = 0.5 fm, the two types of single-particle energy ¢; and
g are understood as those of s-wave and p-wave orbits, respectively. The four nucleons of
the p-wave orbit (e7), which has a node at the origin, occupy around the z-direction in the
intrinsic framework. This is the cause of the dumbbell shape of the density distribution at
the small distance. On the other hand, at the large distance region far from d = 4.5 fm,
these single-particle energies are expected to degenerate because all eight nucleons occupy the
same type of single-particle orbit around different alpha clusters. At the intermediate distance
region of d = 3.0 fm, they are interpreted to form gerade and ungerade orbits in the molecular
orbital picture. In this work, we discuss the mechanism to cause this energy curve focusing
on the state (d) dependence of the G-matrix. For this purpose, we decompose the G-matrix
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Fig. 8. Upper panel: Energy curves with and without odd-force contributions. The solid line,
“Even+Odd+kine”, and the dashed line, “Even+kine”, represent the energy curves with and
without the odd-force, respectively. Lower panel: the solid line, “G”, is the energy curve for
the distance of quasi clusters, which is identical with the curve in the upper panel of Fig. 6,
and the dotted line, “G'F (d=4.5)", and dashed line, “G3F (d=4.5)", are the energy curves
calculated using the fixed G-matrices at d = 4.5 fm for 1E and 3E channels, respectively.

into the two-body spin-parity channels and recalculate the energy curve fixing the G-matrix
calculated at the largest d = 4.5 (fm) for each two-body spin-parity channel. The upper panel
of Fig. 8 indicates that the energy surface does not change even if the odd-force contributions
of the triplet-odd (30) and singlet-odd (10) channels are taken off, and therefore, in the lower
panel of Fig. 8, we focus on only the even-force contributions of the triplet-even (3E) and
singlet-even (1E) channels. As seen in the lower panel of Fig. 8, the energy curve using the
fixed G-matrix for the 1E channel has no difference from the original energy curve; the energy
curve using the fixed G-matrix for the 3E channel is shifted largely from the original one.
That means the 1E G-matrix has no state dependence but the 3E one is responsible for the
state dependence of the G-matrix to cause the development of clusters in ®Be. This large state
dependence is caused by the contributions of the tensor force of the bare nuclear interaction

renormalized mainly by the correlation function Fy; [{/::1;0::10 ] in Eq. (50). If the G-matrix had
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no state dependence, the energy curve would be deeper at a small distance, in other words,
the actual energy curve becomes shallow due to the suppression of contributions at a small
distance as the state dependence of the G-matrix and induces the separated clusters.

4. Conclusion

We develop a new ab initio framework, Brueckner-AMD, to makes AMD available with bare
nuclear interactions. In this theory, we focus on the fact that one can apply the Brueckner
theory straightforwardly to the AMD framework by using AMD-HF and the correlation
functions constructed by the solutions of the Bethe-Goldstone equation make it possible to
calculate the G-matrix in the AMD calculation. In these applications of Brueckner-AMD, we
show that one can describe various states of nucleus starting from bare nuclear interactions
with no assumption of a configuration. Furthermore, we simulate the development of
alpha-alpha cluster in #Be and elucidate the origins of its formation in the Brueckner-AMD
framework. The alpha-alpha clustering of 8Be is induced by the contributions of the
interaction for the triplet-even (3E) channel, where the 3E G-matrix has large state dependence
caused by the correlations derived from the tensor force of the bare nuclear interaction.
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