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Graviton Emission in the Bulk
and Nucleosynthesis in a Model
with Extra Dimension

Mikhail Z. lIofa

Moscow State University, Skobeltsyn Institute of Nuclear Physics, Moscow,
Russia

1. Introduction

Brane-world scenarios with a 3-brane identified with the observable Universe which is
embedded in a higher-dimensional space-time provide an alternative to the standard 4D
cosmology (Binetruy, Deffayet & Langlois 2000; Binetruy et al., 2000; Collins & Holdom,
2000; Kraus, 1999; Shiromizu; Maeda & Sasaki, 2000), reviews (Durrer, 2005; Maartens, 2004;
Rubakov, 2001). A necessary requirement on these models is that they should reproduce
the main observational cosmological data, the age of the Universe, abundances of elements
produced in primordial nucleosynthesis, etc.

A general property of the models with extra dimensions is that gravity propagates in the
extra dimensions independent of whether the ordinary matter is confined to the brane or not.
This entails a peculiar property of the models with extra dimensions which is absent in the
standard cosmology: gravitons which are produced in reactions of particles of matter on the
brane can escape from the brane and propagate in the bulk (Hebecker & March-Russel, 2001;
Langlois; Sorbo & Rodriguez-Martinez, 2002; Langlois & Sorbo, 2003; Maartens, 2004; Tanaka
& Himemoto, 2003). As a consequence the Einstein equations contain terms accounting for
the graviton emission. Cosmological evolution of matter on the brane is also affected by this
process.

Roughly the energy loss due to the process a +b — G + X can be estimated (Gorbunov &
Rubakov, 2008) as

p

7 = = < MaMp0atb-G+xvEG >,
where in the radiation-dominated period of the evolution of the Universe ng, 1, ~ T and
Eg ~ T. This yields

0 278
— ~ —x“T°.
dt

Here T is temperature of the Universe and k2 = 8m/M?3, is the 5D gravitational constant,
where M is the 5D Planck mass,

Below we consider the problem of graviton emission to the bulk in a model with one 3-brane
embedded in the bulk with one infinite extra dimension (Randall-Sundrum type II model
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(Randall & Sundrum, 1999) with matter). In a class of metrics defined below, the 5D model
can be treated in two alternative approaches. In the first approach the brane is moving in
the static 5D space-time, constructed by attaching two AdS spaces to the brane (Birmingham,
1999; Chamblin & Reall, 1999; Collins & Holdom, 2000; Kraus, 1999). In the second approach
the brane is located at a fixed position in the extra dimension, and the metric is time-dependent
(Binetruy, Deffayet & Langlois 2000; Binetruy et al., 2000). We review a method to connect
both approaches.

The Einstein equations including the terms due to graviton production are solved in the
perturbative approach. In the leading order we neglect the graviton production, and include
it in the next order. We perform our calculations in a picture in which the metric is
time-dependent and the brane is located at a fixed position in the extra dimension. In the
leading order solution of the system of 5D Einstein equations is the warped extension of the
metric on the brane to the bulk. Restriction of the 5D metric to the brane has the form of the
FRW metric ds*> = —dt? + a*(t)7,,dx"dx" where the scale factor a(t) is determined from the
generalized Friedmann equation (Binetruy, Deffayet & Langlois 2000; Binetruy et al., 2000;
Collins & Holdom, 2000; Kraus, 1999; Maartens, 2004; Mukohyama, Shiromizu & Maeda).
The generalized Friedmann equation is obtained by solving the system of the 5D Einstein
equations. In the 5D models the generalized Friedmann equation contains the terms linear
and quadratic in energy density on the brane. In the leading order the Friedmann equation
does not contain terms due to graviton production which are included in the next order.

Evolution of the energy density on the brane is determined by the Boltzmann equation. The
collision term in the Boltzmann equation accounts for the graviton emission from the brane
resulting from annihilation of the Standard model particles to gravitons. To calculate the
collision term, solving the field equations for fluctuations over the background metric, we
find the spectrum of the tower of Kaluza-Klein gravitons.

Explicit form of the bulk energy-momentum tensor is obtained by identifying the collision
term in the Boltzmann equation which accounts for the loss of energy density on the brane
with the component of the energy-momentum tensor in the 5D conservation equation which
also represents the energy flow from the brane to the bulk (Langlois & Sorbo, 2003).

Graviton emission changes cosmological evolution of matter on the brane. Time (temperature)
dependence of of the Hubble function determined from the Friedmann equation which
includs the components of the bulk graviton energy-momentum tensor is different from that
in the standard cosmological model. This, in turn, results in a change of abundances of
light elements produced in primordial nucleosynthesis (Steigman; Walker & Zentner, 2001).
Perturbatively solving the system of the Friedmann and 5D conservation equations, we find
the difference of abundances of *He produced in primordial nucleosynthesis calculated in
the models with and without graviton production. Calculations are performed in the period
of late cosmology, in which in the Friedmann equation the term linear in matter energy
density is dominant. We find that the difference of abundances of *He calculated in both
models is a small number, much smaller than that estimated in (Hebecker & March-Russel,
2001; Langlois; Sorbo & Rodriguez-Martinez, 2002; Langlois & Sorbo, 2003). We make an
estimate of production of *He in the period of early cosmology, in which in the Friedmann
equation the quadratic term in matter energy density is dominant. In this period it is
important to account for multiple bounces of gravitons back to the brane (Hebecker &
March-Russel, 2001; Langlois & Sorbo, 2003). Under the assumption that the component
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of the graviton energy-momentum tensor representing the bouncing gravitons cancels the
large terms contained in the energy-momentum tensor of the emitted gravitons, we find that
production of *He is consistent with the result of the standard cosmological model.

The plan of the paper is as follows. After briefly reviewing in Sect. 2 two approaches to
the 5D model, in Sects. 3 and 4 we establish explicit connection between the two pictures.
In Sect. 5, starting from the system of the Einstein equations containing the terms due to
graviton emission to the bulk, we obtain the generalized Friedmann equation. In Sect. 8§,
using the results of Sect. 7, we calculate the collision integral in the Boltzmann equation and
find the components of the energy-momentum tensor of the gravitons emitted to the bulk. In
Sects. 9 and 10 we calculate the effect of the graviton emission on abundance of * He produced
in primordial nucleosynthesis. In Sect. 11 we find condition for bouncing of the emitted
gravitons back to the brane.

2. Two pictures of 3-brane in the 5D space-time

We consider the 5D model with one 3D brane embedded in the bulk. Matter is confined to
the brane, gravity extends to the bulk. In the leading approximation we neglect gravitation
emission from the brane to the bulk. The action is taken in the form

S5 = % Z/d%@(z@ —2A)+2/K —ag d%@?r—aéd“x@% (1)

ox

where x4 = y is coordinate of the infinite extra dimension, k2 = 8/ M3 .

The 5D model can be treated in two alternative approaches. Each approach proves to be
useful for certain problems discussed below. In the first approach metric is non-static, and the
brane is located at a fixed position in the extra dimension (Binetruy, Deffayet & Langlois 2000;
Binetruy et al., 2000). We consider the class of metrics of the form !

dst = gl(f)dxidxj = —n?(y, 1)dE? + a®(y, )y pdx"dx’ + dy? = dy? + Suvdxtdx”. (2)
The brane is spatially flat and located at y = 0. Making use of the freedom in parametrization
of t, we can make 7(0, t) = 0. Reduction of the metric (2) to the brane is

ds? = dt? + a?(0, t)pdx"dx’. 3)
The energy-momentum tensor of matter on the brane is taken in the form

Ty = diag s(y){—p, b, p, p}- (4)

For the following it is convenient to introduce the normalized expressions for energy density,
pressure and cosmological constant on the brane which all have the same dimensionality
[GeV]

B A K% B 2
K=\ g 0T PT

»

©)

k2P K
o PT

|

I The indices i, jrun over 0,...4, the Greek indices are 0,...,.3,and 2,b = 1,2,3
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In the leading approximation the system of 5D Einstein equations and junction conditions
admits a solution (Binetruy et al., 2000)

200 1y = P0) | oy <P+_"_>2 Pw\ L 2yl <P+_‘7 )2 Pw
a“(y,t) = 1 [e”y< . 1 +y +e MY " +1 +Pl (6)

() 5]

a(y, t)
= . 7
The function a(t) = a(0,t) is solution of the generalized Friedmann equation (Binetruy,

Deffayet & Langlois 2000; Binetruy et al., 2000)
H2(t) = =p* + (0 + 0)% + ppo (t). ®

Here we introduced the Hubble function H(t) and the so-called Weyl radiation term p, ()
(Maartens, 2004; Shiromizu; Maeda & Sasaki, 2000)

©)

4
HO) =500, pul) = pun (S )

In the second approach the brane separates two static 5D AdS spaces attached to both sides of
the brane (Birmingham, 1999; Chamblin & Reall, 1999; Collins & Holdom, 2000; Kraus, 1999).
The bulk actions are as the bulk part of the action (1). The metrics, which are solutions of the
Finstein equations, are

2
ds?> = —f;(R)dT? + IR

+ u?R%dx"dx,, 10
fi(R) "o

where b
fi(R) = piR? — —5.
Below we consider the case 1 = yp and P; = P;. Reduction of the 5D metric to the brane is
ds? = —dt* + R2(t)dx"dx,. (11)
Trajectory of the moving brane is defined through the proper time ¢ on the brane as

R = Ry(t), T = Ty(t), where — f(Ry)T? + fH(R,)RZ = —1.

The junction conditions on the brane are (Binetruy, Deffayet & Langlois 2000; Binetruy et al.,
2000; Chamblin & Reall, 1999; Collins & Holdom, 2000; Kraus, 1999; Shiromizu; Maeda &

Sasaki, 2000)

(Wi Vi) = 1 — Lo

Here hj; = gjj — n;n;j is the induced metric on the brane, vl = +(Ty,Rp,0) and n; =
+(—Ry, Ty, 0) are velocity and normal vector to the brane, 7;; = (o + p)v;vj + ph;;. 2 [X]

2 Here and below prime and dot denote differentiation over y and t.
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denotes the difference of expressions calculated at the opposite sides of the brane. From
the spatial components (a,b = 1,2,3) of the junction conditions follows the generalized
Friedmann equation

' 2
Ry 2 2 P
) ==+ (p+0)*+ —. 13
Equation (13) is of the same form as (8). a%(0,t) can be identified with yzRi(t), and the term
pw(t) = pwo/a*(t) can be identified with the term P/uR}(t). Below we set o = uR%(t) and

a%(0,t) are interpreted as scale factors of the Universe. 3 .

3. Geodesic equations in the picture with static metric

To prepare necessary relations for establishing connection between the two pictures, we
consider the geodesic equations in the picture with the static metric and moving brane. Let y
be a parameter along a geodesic. Geodesic equations are

d>T r dT dR

al arar _ 14
d>x° , dx? dR

axan 1
i + 204, & dy (15)
2R (dR\? _p [(dT\? g dx®dx’
() i () T o "

where the Christoffel symbols calculated with the metric (10) are

It _r IR __r IR zlff’ R = —y.fu?R, T“ _%

TR 2f’ RR 2f’ TT 2 4 ab ab 4 Rb R :
Here (T, R) = (T*, R*) are coordinates in the AdS spaces at the opposite sides of the brane.
Integrating the geodesic equations, we obtain

ca2f

= FRCREP 4 B = o,

dy  f(R) dy  pPRY

where (E*, C% CR*) are integration parameters.  (dT/dy, dR/dy, dx*/dy) are the
components of the tangent vector to the geodesic which we normalize to unity. Imposing
normalization condition

+ + a a +1\ 2
dT E dx C (dR > (17)

— &

dxt dx .
E@g’]:L l:T,R,a

we obtain that (CR*)% = 1.

Let us consider the foliation of the hypersurface (T, R, x* = 0) by geodesics (T(y,t), R(y,t))
that intersect the trajectory of the brane (Tj(t), Ry(f)) and at the intersection point are
orthogonal to it (cf. (Mukohyama, Shiromizu & Maeda)). The geodesics are subject to the

3 From the fit of the cosmological data in the leading approximation of the present model it follows
that 02 = p?(1+ O(H3/u?)), where Hy is the present-time Hubble parameter (lofa, 2009a;b). For
# ~ 10712GeV correction is ~ 1070,
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initial conditionsaty =0: R¥(0,t) = Ry(t), T*(0,t) = Ty (t). We consider solutions of the
geodesic equations eveniny: TT(y) = T~ (—y), R"(y) = R (—y)

dTH(y) _ Eely)  dR*(y) _ 1/2
T T A S R (18)

where a = +1,and ET(t) = E~(t) = E(¢t).

The normalized velocity of the brane and the normal vector to the brane are

: . - R .
o= (T Re) i = nelw) (s FROTH), 19
where 1 = £1. From (17), setting C* = 0, we obtain the tangent vector to the geodesic
- Ee(y)
u't = ( , e R) + E2> , (20)
i s F(R)

By construction, at the intersection point with the trajectory of the brane the tangent vector to
a geodesic is parallel to the normal to the trajectory of the brane,

' |y—ol |1}, (21)
Substituting T, = ¢1/f(Rp) + R%/f(Ry), where & = +1, we have

E= 17Rb/ X = ‘:7] (22)

Integrating Eq.(18) for R, we express coordinate R in the hyperplane C* = 0 through
coordinates (v, t)

R*(y,t) = Ry(t)

cosh(2uy) + H—Z(cosh(Z )—1)+ 1+ L sinh(2u|y|)| . (23)
1y 22 Hy W2 RY2 1y | -

Here H?> = (Ry(t)/Ry(t))?. Substituting H? from the Friedmann equation (13) with ¢ = y,
we transform (23) to the form (6) with o = u. Thus, we can identify

WR(y, 1) = a*(y, 1) (24)
4. Integration of geodesic equations and connection between two forms of the
metric

In the following we consider the metric (10) with P = 0, i.e. f(R) = p?>R?. In the hyperplane
x? = const we set C* = 0. Integrating Eq. (18)

dR* (y, t)
dy

R2
R*(y,t) = Ry(t) cosh puy + y—é’ + RZ sinh p|y|. (26)

= ae(y) \/ HER?(y,t) + E2 (25)

we obtain
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Using the Friedmann equation
H? = R2/R? = p* +2up (27)
omitting (4) we rewrite (26) as

R(y,t) = Ry(t) (coshyy—l—(xﬁ <1 + %) sinhy|y|> , (28)

where B = sign(Ry(t)). To identify u?>R?(y, t) with

2(0,t)
2y, 1) = O | 2y <p> e~ 2yl < +2) 2F <£ +2> , (29)
) 4 Z Z AN
(cf. (6)) we set
xf = —1.
and obtain
R(y,t) = —ulyl < +2> _eulylﬂ} . (30)
() = S el £
Also we have AR (y, 1) R,
Yt _ ¥ [ w( ) mq
= - — +2 )+ (31)
dy (V)= I I
Introducing v, such that
0 1/2
HYo —
‘ <P+2ﬂ> 42

we express R(y,t) and R'(y,t) as

R(y,t) = —%b(t) sinh(uly| + puyo),  R'(y,t) = —e(y)HRy(t) cosh(uly| + pyo).  (33)

Substituting in Eq. (18) for T(y, t) expression (33) for R(y, ), and integrating the equation, we
have
1 cosh(ply| +pyo) | -+
T (y,t) = ——— + C=(t). (34)
W)= " sinh(elyl + o) T
Taking C*(t) = C~(t) = C(t), we obtain that the limits y = 0 of T*(y, ) from both sides of
the brane are the same .

To determine C(t), first, we consider transformation of the metric (10) from coordinates
R(y,t), T(y,t) to coordinates y, t. We have

2

‘quz

> /
ds? = di? (—yzRZT/z + > + 2dtdt (—;BRZTT’ + ER ) (35)

. R?
+dt2 (_yzRZTZ + y2R2> +‘1/12R2dxa2.

On solutions of the geodesic equations (18) the coefficient at dy? is €?(y). The coefficient at
dydt is zero, if
RR RR
= = , 36
AR Ry E) .
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where in the second equality we have used (18). Substituting (36) in the coefficient at dt? and
using (18) and (33), we obtain RZ/RbZ = n?(y,t) (cf. (6)).

Writing (34) as
R'(y, ) /¢(y)
- _ 7
and taking the time derivative, we obtain
- RR’ 1 d (R'/e(y) :
TR ] G A 9

The first term in the rhs of (38) is the same as (36). Remarkably, substituting explicit
expressions (33) for R and R/, we find that the second term in the right-hand side of (38)
is independent of y

1 d (Rle(y) Yo (t)
el = N 9
yZRdt< E ) Ry (t) 39)
Choosing
: Yo
C: -,

we obtain T in the form (36). To conclude, we have transformed the metric (10) to the form

).

5. Generalized Friedmann equation with the graviton emission terms included

In this section, keeping in mind application of the results of this section to calculation of
primordial nucleosynthesis, we derive the generalized Friedmann equation containing the
bulk energy-momentum tensor due to the graviton emission from the brane to the bulk. We
use formulation based on the metric (2). Dynamics of the model is contained in the system of
5D FEinstein equations

_ 1 2+(5) w8 2
Gij = Rl] — Egl]R =K Tl] — gZJA — 51] (5) 5<y)gw/1{ . (40)
-8
Here TZS.S) is the sum of the energy-momentum tensor of matter confined to the brane Tij (11)

and the bulk energy-momentum tensor Tij~

The components of the Einstein tensor G;;(y, t) are

[ .2 " 12
a > [a a
Goo 3 72 n 1 +_112>] ( )
i 2 I, .2 .. ..
a a'n 1 /a an i
— 2y (=242 42
Car =3 (az * an) n? <a2 an +a>] “2)
na a
p— —_—— . 43
Go4 3(11 . a) (43)
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The components G;;(y, t) satisfy the relations (cf. (Binetruy et al., 2000))

3

0_ 04 _ 3
GO G4 a 24’ a3 (44)
a 3
Gu — Gu— = ——=F, 45
1= Gy =53 (45)
where /5
F = (a'a)® - % (46)
n
The functions a(y, t) and n(y, t) satisfy junction conditions on the brane *
a/(O, t) n/(ol t)
=—0—p(t), =2p(t) +3p(t) — 47
20,5 ~ 7P 0, f) pH 3 -0 (47)
Reparametrization of t allows to set n(0,t) = 1, i.e. t is the proper time on the brane.
Eq. (45) can be rewritten as
. N KZ N KZ N v
F=—p?(ah) = 2 (a") Toa + (%) Tas. (48)
On the brane, at y = 0, using junction conditions and setting ¢ ~ 1, we have
2 4 2.3
. - a . 2K°a’a
F=p*(at) + == (o +m)Toa + Tas (49)

Integrating (48) in the interval (¢, ¢;), where the initial time ¢; is defined below, we obtain

F(0,t) = 12a*(0, 1) +—/dt Toa () (0(¢') + 1) /dt Tua(#)a(0, #)a3(0,¢') —C,

50
where C is an integration constant. Substituting expression (46) for F and using the junct(iorz

conditions, we rewrite (50) in a form of the generalized Friedmann equation (cf. (Binetruy,
Deftayet & Langlois 2000; Binetruy et al., 2000))

t

2x2 o Y
7 [ o) o(8) + ) + T (1) H()] a0,

H2(t) = 0*(8) + 2pp(t) + pow(t) = 375 t

51
On the brane, at y = 0, substituting the expressions for n’/n and a’/a from the junct(ior)1

conditions (47), we transform the (04) component of the Einstein equations (43) to the form
K2 TQ4
3

p+3H(p+p) = (52)

On the other hand, the same equation, which is the generalization of the conservation equation
for the energy-momentum tensor of the matter confined to the brane to the case with the
energy-momentum flow in the bulk, is obtained by integration of the 5D conservation law
V,-Té = 0 across the brane (Tanaka & Himemoto, 2003).

* We assume invariance y <> —y.
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6. Period of late cosmology

The generalized Friedmann equation contains the terms linear and quadratic in the energy
density p. The period, in which the term linear in energy density is dominant, i.e. p/pu < 1is
called the period of late cosmology. Graviton production by hot matter is sufficiently intensive
in the radiation-dominated period of cosmology. In the radiation-dominated phase of the
Universe condition of late cosmology is

p(T) _ &, (T) _ 408 ()T _ 4mg. (DT _ (53)
W bw 90uM3 T 90(uMy)> T

where we used that yM%l /M3 ~ 1Tofa (2009a;b). Taking u ~ 10712GeV, we find that the

approximation of late cosmology is valid up to the temperatures of order 5 - 102GeV.

Without the Weyl radiation term, the function a2 (y,t) (29) has the minimum equal to zero at
the point ||

eIl =14 2?”. (54)

In the region 0 < |y| < |y| and for p/u < 1 the functions a(y, t) and n(y,t) = a(y,t)/a(0,t)
can be approximated as

a(y,t) ~ a(0,t)e Yl (55)
n(y,t) ~e M,
and the approximate 5D metric is

ds? ~ dy? 4 e~ (—df? + a?(0, t)1,pdx"dx"). (56)

7. Fluctuations of the background metric

in the models with extra dimensions, in interactions of particles of the hot plasma on the brane,
are produced not only massless gravitons, but the whole Kaluza-Klein tower of gravitons.
Gravitons are fluctuations over the background metric. To calculate the energy loss from the
brane due to graviton emission we need the spectrum of gravitons. The part of the action
quadratic in fluctuations is

1[5/ Loigi o L2\ _ pigi ik
I = 5 / d>x\/—g®) [(R—A@) <—§hih; + Zh > — Rihih + 2R;hihy (57)
1 ik ikq g ik
5 (2gisch™ — higggh™7 4 I gt — 21 1% ) |
The action I is invariant under the gauge transformations

i = g — (Vi + Vik), (58)

where V is defined with respect to the background metric. The gauge freedom allows to
set the components hy; to zero. There remain residual gauge transformations, allowing for
subsequent simplifications.
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With the full metric g,y (v, t) (2) it is complicated to solve the equations for k;,, analytically. To
solve the equations, instead of the exact metric, in the regions 0 < y < 77 and y > 77 we use the
approximate metrics with the separated dependence on y and ¢. In the region 0 < y < 77, we
use the approximate metric (56). In the region y > 7 the approximate metric is

2 2
ds® = dy* + e*Y (—dtz + LZ(LLM (%) nabdx“dxb) . (59)

In the metrics (56) and (59), using the residual gauge transformations and field equations for
hij, it is possible to transform h;; to the traceless, transverse form h,* = 0, D'hy,, = 0 (Iofa,
2011).

Equations for the eigenmodes are considered in the next subsection. We show that the norm
of the function h, is smaller than that of &;;,. Effectively, in the period of late cosmology, this
allows to consider the contribution from the region 0 < y < 7 only.

We obtain the spectrum

. T
~ —HY —
My = je (nn + 2> (60)
and the normalized eigenmode /,,(0)
iy (0) =~ (pe 19)1/2, (61)

For the following we need the sum ), h%nn (0), where m, is determined by (60). Because of a
narrow spacing between the levels, we change summation to integration and obtain

dmety dm
h%@:/ M;wW: —. (62)

n

The integral (62) is independent of i. The same measure of integration was obtained in
Langlois; Sorbo & Rodriguez-Martinez (2002), where the authors used the graviton modes
of the Randal-Sundrum II model (Randall & Sundrum, 1999) without matter, in which case
the integration over y extends to infinity and the spectrum is continuous. Similarity of the
results can be traced to the fact that we performed calculations in the period of late cosmology
neglecting the terms of order O(p/ ) as compared to unity.

7.1 Equations for eigenmodes

In the background of the approximate metric (56), in the region 0 < y < 7, in the gauge
D¥hyy(y,x) =0, hg (y,x) = 0, the (uv) components of the field equations for fluctuations are

My — 4%y, + b~ (y) Dp DP by + 8 (y )4y, = 0. (63)
We expand the functions k), (x,y) as
() = 1 @y, ()l (9),

where the functions ;5 (y) satisfy the equation °

1y (y) — 4R (y) + Y m2 () + 6 (y)dphm (y) = 0. (64)

> Wherever it does not lead to ambiguity, we omit the (sub)superscripts < and >.

www.intechopen.com



354 Astrophysics

Solution of the equation

o (y) — 4 (y) + 2V i (y) = 0 (65)

is
B (y) = CaJa (e V1) + CoNa (e 1), (66)
where
==
H
The terms with é(y) are taken into account by the boundary condition
dh 2
) 2,0 g
Y n y=04

which yields the relation Cy J; (171) + Co Ny (7i1) = 0. The eigenfunctions (66) take the form

Iy (y) = C | (N1 () Jo (et ¥1) — [y (1) N (stel V)| (67)
Introducing the functions

fily) = Na(m)Ji ety — Ty (1) Ni (et

we obtain the norm of h,,

y
C2 [ oui (e2,- o
i |2 =2¢ [ @ 2y = = [29 (B5) ~ A5)6@) - (0) - A0)f(0))]
0
(68)
Typical masses (energies) of the emitted Kaluza-Klein gravitons are of order of temperature
of the Universe T. In the case of small 4 ~ 10712 GeV we have m/u > 1. Substituting the

asymptotics of the Bessel functions, we obtain

2

2
=< (Z) @ - (©)

1

In the region y > 7 we use the metric in (59) with the increasing exponent. The equations for
the eigenmodes 1~ is

>3 —

iy (y) — 42 h (y) + 2 ¥lm2 hy, (y) = 0. (70)
The eigenfunctions are
ho (y) = CiJa(e™ ") — CyNy (e~ 1Y), (71)

where 7it = m- /. For large y, such that rite™*¥ < 1, the function Ny (rite /) ~ (e 1) ~2
rapidly increases, and to have normalizable eigenfunctions we set C; = 0. The norm of the
function &, (y) is

> 2:~2w72ﬂy2~fw R L T Y N Ny —
i | = G} [ o720 B oie ) dy = G [J3 (e H9) — Jy (e H0) 3 e ). (72)
y
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At temperatures T >> pu at which production of gravitons is sufficiently intensive, the
argument of the Bessel function

. T /p\Y%2 T T2
e M~ = <_) 172y ——
w\n)  Tud T )HMpz

is large and we can substitute the asymptotics of the Bessel functions

I (9) = C1y| =7/ cos(im(e! 1)) 73)

Instead of sewing the oscillating functions #;; (v) and h;, (v), we sew the envelopes of their

asymptotics
TTM <

172
: ) /2 (74)
TTM ~

— Ce W\/i V>

The norm (72) is smaller than (69). Effectively, we neglect the contribution from the region
y > 7 and impose the condition %, (7) = 0, which yields us the spectrum (60). Using the
norm (69), we obtain the normalized eigenmode /4, (0) (61).

giving

8. Production of Kaluza-Klein gravitons

In this section we calculate the rate of production of Kaluza-Klein gravitons in interactions
of particles of the hot matter on the brane in the radiation-dominated period. The leading
contribution to this process is given by the annihilation reactions ¢’ 4+ ' — G, where ¢ and ¥
are the standard model particles on the brane (vector, spinor, scalar) and G is a state of mass
my, from the graviton Kaluza-Klein tower. Production of Kaluza-Klein gravitons is calculated
with the interaction Lagrangian

I= K/d4x V=8 (0,x)TH (x),

where T is the energy-momentum of particles on the brane. Evolution of energy density of
matter on the brane is determined from the Boltzmann equation (Gorbunov & Rubakov, 2008;
Kolb & Turner, 1990)

dp 5 d3k1 d3k2 i i i 404

’ (75)
Here f' are the Bose/Fermi distributions of colliding particles and Mj, is the amplitude of the
annihilation reaction. The square of the annihilation amplitude is (Langlois & Sorbo, 2003)

M| = §h2< )s*, (76)

where A; = As, Ay, A = 2/3,4,1 for scalars, vectors and fermions and s> = (k; + kp)?.
The sum over the graviton states is transformed to the integral as in (62). Integrating over the
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angular variables of the momenta of interacting particles, we obtain Boltzmann equation in
the form

(77)
Integrating over m, we obtain (cf. (Hebecker & March-Russel, 2001; Langlois & Sorbo, 2003))

m2

2k1ky

dp A K2Y; A [ dmetd 4
e =~ [ Ot [ diadkapi) flko) ke (1 1~

dp 25 4, PR

ap A KT2iA 4

T4 = s 0/ dmm [ dkydko (ki) f (k2) (ks + ko) (78)
k?A3157(9/2)7(7/2)T8

T 328 ’

where the sum extends over relativistic degrees of freedom

2
A=Y 4= %+gf(1—2—7/2)(1—2—9/2)+4gv. (79)
1

In the high-energy period, when all the standard model degrees of freedom are relativistic,
A = 166, 2.

Eq.(78) has the same form as Eq.(52) and the right hand side of (78) can be identified with the
component Ty of the bulk energy-momentum tensor (Langlois & Sorbo, 2003).

The energy-momentum tensor of the emitted gravitons is taken in the form of free radiation
of massless particles (Langlois & Sorbo, 2003)

Tl (x /d%/ (i) f(x, p)p'P, (80)

where f(x, p) is the phase space density of the distribution function of gravitons.

Expanding the graviton momentum pi in the orthonormal basis vé, né (19), we have

p' = Evj, + mnj + pe

where p;p! = —E? + m? + p,p”. Substituting these expressions in (80), we obtain
T, = uianij = A / d3pdm mf(E,m,p") (81)
2 E=/m>+p?
The interaction tern in (75) can be rewritten as
1 3 dﬂ’l d kl d k2 24
{(E1) fA(E) : ky — 2

Comparing (81) and (82), one determines f(E, m, p?) and calculates the other components of
3A(9/2)0(7/2) 21AZ(9/2)2(7/2)

274 8t
In the basis (19), the components Tou and Ty, are equal to Tos and Ty .

Tun(0,) = K2T8,  T,,(0,t) = K2T8, (83)
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9. Graviton emission in the bulk in the period of late cosmology and
nucleosynthesis

To estimate the effect of the graviton emission on nucleosynthesis we solve perturbatively
the system of the generalized Friedmann equation (51) and the 5D conservation equation
(52). In the period of late cosmology the leading approximation of the Friedmann equation
coincides with that in the standard cosmological model. Supposing that the terms with the
bulk energy-momentum tensor do not alter the leading-order results significantly, we treat
these terms perturbatively. The Weyl radiation term and the term quadratic in radiation
energy density can be treated perturbatively also.

The Friedmann equation can be written as

H? ~ 2pp — Iog — Iag. (84)

Using the expressions (83) for the components Tij, we obtain

lpg = W/ dt/ T04 (0,¢ )(I/H‘P( ))“_4(01 t/) = (85)
1 1 1 1 1 1
t A + Py - 7
elt) °4< (sz w) 288 ((utm (Vt)f"))
and
2«2 b o 172 —agn o HO(E) Ay 1 1
= g J, T Cro )20 o) = GRS (s - ) e
Here we substituted
y 315A(9/2)Z(7/2) [ 180 \?
K2Tos = Agsp® = — €<297T3)C( ) (g*nz) 2(t) (87)
3A(9/2)2(7/2) [ 180 \?
KTy = Agp® = 4 47_[4)5( ) (g*ﬂ2> o2 (t) (88)

The integrals have a strong dependence on the value of the lower limit. Therefore, in the
integrand the slowly varying functions can be taken at the times when all the Standard
model degrees of freedom are relativistic. In this period A = 166.2, g«(T) = 106.7 and
Agy =~ —0.126. In the leading approximation p(t) ~ 1/8ut?> and 1/ut; ~ (8p(t;)/u)"/?
Taking p(t;)/p ~ 0.1 +0.001 and u ~ 10712GeV, we have 1/ut; ~ 0.9 = 0.09 and T; ~
(5.1 +1.6) - 10>GeV. For p(t;) /4 ~ 0.1 we obtain

Ipg >~ —2up(t) - 0.0048 (89)
Iyg >~ 2pp(t) - 0.00094. (90)
In the radiation-dominated period,the 5D conservation equation is
Ani 02
p+4Hp = — %p (91)

Let g and H be the energy density and the Hubble function in the leading order

A% = 2up.
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Defining
p=p+p, H=H+H,

and separating in (84) and (91) the leading-order terms, we obtain

_ 20 —
2HH; = 2up; — ?p / dt' [Ags(u+p) + AgaH] p(t) (92)
_ Agap?
p1+4Hp, + 4pH; = ng . (93)

Substituting in the above system p(t) ~ 1/8ut?> and performing integration, we have

1 1 1 (1 1 HAy (1 1
et |zl == 5-5]. 94
t t+24y2 <tl3 t3>] 1922 (tlz tZ) &4

Substituting in (92) expression (94) for H; and noting that H = 1/2t, we obtain

1,1 (1 1)]+ Ay (1 1)
H o 2\ BB 3\ 2 2 )
o 24p= \t7 768ut> \ t7 t
Solving this equation, we find

(t>—&+ A04 t_tl_|_ 1 t_tl_l l_l _{_ﬂ i_3+1
PRU=3 Toes |y T\ 8 2\ e 768383 \ 2 1 1
95

The constant C; can be determined by sewing solutions of Friedmann equation in the periods
of early and late cosmologies. For a moment we set C; = 0, i.e. we look for a contribution
from the period of late cosmology. For H; we obtain

Aos 1 1 Ay 1 1 _ Aos Ay
Hi()=——2% (-2 )+ 24 ()~ —p(t . (96
11 =~ {53408 <t12 t2> Tl \ T T plt) 19228 " 24pt; 46)

The expressions (95) and (96) show that corrections to the leading terms are small, i.e. the
perturbative approach is justified. Note that the leading term proportional to Ay /ut; was
canceled in H;.

M HAy
Hl(t) - le 48y

9 4 = :ﬂ
PP = 990,23

The mass fraction of *He produced in primordial nucleosynthesis is (Gorbunov & Rubakov,
2008; Kolb & Turner, 1990)
_ 2(n/p)
(n/p)+1’

where the ratio n/p is taken at the end of nucleosunthesis. Characteristic temperature at
the onset of the period of nucleosynthesis (freezing temperature T}, of the reaction n <+ p),
estimated as the temperature at which the reaction rate ~ GpT° is approximately equal to the
Hubble parameter GFTYSI ~ H (Gorbunov & Rubakov, 2008; Kolb & Turner, 1990), is T),, ~
1073GeV. The difference of the freezing temperatures in the models with and without the
account of the graviton emission is

6T, _ Hy _ 1 [p(t) ( Aopg Ay ) (97)

T, 5H 5\ 2u \192u22 " 24p
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where
p(tn) _ 43¢, (T,) Ty
i 92  uMd

Substituting T, ~ 1073GeV and uM3 ~ (yMpl)z ~ 10GeV*, we find that the ratio 6T,/ T,
is very small. The equilibrium value of the n — p ratio at the freezing temperature is

(3),=oe -]

Substituting d(n/p)n = (n/p)In(n/p)ndTu/ Ty, we obtain variation of X4 under variation of

the freezing temperature
2 n n 0T,
Xy~ ————In(— | (=) — 99
P (n/p )2 <P> <p)n I, )

which is also a very small number (Iofa, 2011).

(98)

10. Estimate of the graviton emission in the bulk in the period of early cosmology

In the period of early cosmology in the Friedmann equation the p? term is dominant, i.e.
p(t)/u > 1. For the value of 4 ~ 10712GeV assumed in the present study the characteristic
temperatures of the period of early cosmology are above 5-10°GeV. Not much is known about
physics at such temperatures. To make a crude estimate of the effect of the graviton emission
on the nucleosynthesis we adopt a conservative point of view assuming that the collision
integral in the Boltzmann equation and the expressions for Ti]- calculated in the period of late
cosmology remain qualitatively valid in the early cosmological period.

The new phenomenon in the early cosmological period is that some of the emitted gravitons
can return to the brane and be again reflected in the bulk with a different momentum.
These gravitons do not contribute to the component Ty4, because they are not produced, but
reflected, but contribute to the component Ty4. The new ingredient in the Friedmann equation

()

is the term T4Z representing the energy-momentum tensor of gravitons bouncing back to the
brane (Hebecker & March-Russel, 2001; Langlois & Sorbo, 2003)

H2(t) = p*(t) + 2up(t) + ppw(t) (100)

K2 v v v
~smito s L 4 [T )+ 10 + Tl HE) = 19 (OH)] a0, 0.

Here the initial time t. is the time of reheating. Numerical estimates and considerations
from the Vaidya model (Langlois; Sorbo & Rodriguez-Martinez, 2002; Langlois & Sorbo, 2003)
suggest that at the period of early cosmology the dominant contributions from Ty, T44 and

Tg) mutually cancel. Below we solve the system of the Friedmann and 5D conservation
equations assuming that this cancellation takes place.

Let g and H be the energy density of matter on the brane and the Hubble function calculated
in the model without the graviton emission in the period of early cosmology H? ~ p?(t). For
the equation of state of the hot plasma p = p/3, we have p(t) ~ 1/4t. Defining

p=p+p2 H=H+ Hp,
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we obtain
_ 26 [t _ §
2AH, ~ 250, — ?P /t ar’ [(AM(V +0) + AyH) p(t') — 2T (t’)} (101)
_ Agap?
P2 +4Hp> +4pHy = ng : (102)

The equation for p; is

2 1[Aw t 1/1 1 Ay (1 1 Tt o) gy Ao
o |28 (puln—+= (=== ) =2 (=—2 ) | += Ty (F)df =2 (1
P2t P2 t{lz <”ntc+4 (tc t)>+48 te t 2 /" a () 48t2'( 03)

Integrating (102) with the initial condition p,(t.) = 0, we obtain

A t1 2 A A 12 Ay (1t
pz(t):ﬂ(1n___+_C>+M(1_t_§)_ﬁ(¥_t_§> (104)

The time t. of reheating is estimated for the reheating temperature T ~ 5 -10°GeV
(Mielczarek, 2009). Using the relation (53) and substituting () /pu ~ 1/4ut., we have

4
1 ~ 47T3g*(TR)TR ~9. 1014.
4ut, 90u M3

It follows that t; /t. ~ 1/pt, >~ 3.5- 1015,

In (104) there is a large term (Agg + Agq)/tc. Omitting the small terms, we have

 Aogp t 1 Apg+ Ay Ayl 1 /t /y 2+4(b)
p2(t) = = (ln I 2>+ 96, i1 e ), W), Ty x) o 105

On dimensional grounds at small ¢ the term x? Tg) (t) has the following structure
Rty =2 ke (106)
) f g

Performing integration of the last term in (105) and taking ¢ ~ t;, we obtain

Ao <ln t 1) Ay AutAy by by b

)

t) ~ LY 107
pa(t) = =, 48t 961, 2, T2 T 4 Mk (107)

Next, we equate p(t;) and C1 /£ in (95). At the times t ~ t;, where ut; ~ 1, we have

A 1 1 A Ap + A b b b 1

3 04 44 04 44 2 24 1K

~o (2% () - - S V) P |
Cipm = p ( 24 (n ) 18 ) g6t oar, iz T oa Moy (108)
The term C; /13 is

G 1 Aps 1 1 Ay  AostAyw by bop bip 1
In——=)— - T Vil W S
{ ( (“ > 8 )T o, oan T2 s M| (09

pte 2

t_3:‘1/[2t3
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In the period of late cosmology the term C;/t> generates in Eq.(94) for Hj the contribution
AHl = ‘I/lcl / H i’3

nﬁ 5

g Aoa 1 1\ Au\  AutAu by bpp by, 1
At =160 [V ( 24 <l > 48 96t 2ar. T 12 T oa M

Here p(t) ~ 1/8ut? is the matter energy density in the period of late cosmology.

If the term (Aps + Agq)/96t; ~ 3-107*/t. was not canceled, it would produce in p; the

contribution
A+ Ay 1 N 3-1074

MUT T s T ke

From (94) we would have
AH, u 1.2-1073

- = Ao~ ——— . 111
A () (un ()
At time of the nucleosynthesis

1 4rg(T,) T
8(utn)> 90 (uMpy)?

For T, ~ 1073GeV, we have ut, ~ 10'2. From (111) we obtain AH; (t,)/H(t,) ~ 4, which is
too large a value, and would contradict the experimental data.

Assuming that the large terms in (110) cancel, we have

Zﬁ(tn) 1 1 Aos 1
AH; = ——= | A In— — = —— 4+ byIln—|. 112
1 3 {04<nytc 2>+ > +1nytc (112)

Because in the period of nucleosynthesis AH;/H ~ (g(ty)/u)"/? is a small number,

contribution from the early cosmology would result in a small variation of 6Xy / X4.

11. Gravitons bouncing to the brane

In this section, in the framework of the brane moving in the static space-time we present
arguments that in the period of early cosmology gravitons can bounce back to the brane.

Using Friedmann equation, (R;,/R;) ? = 0% + 2up the equation for the brane trajectory can be
written as (Langlois & Sorbo, 2003)

de “I/lzRin

_ T L
Ty 7 Ju2R2 + 2 Vi +H?

(113)

where B = sign(Ry(t)). Expanding the right hand side of (113) in powers of ;i/p < 1, we

obtain )
ARy  zp 2p2 (1 M
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Using that p(t) = p(t1)(Ry(t1)/Rp(t))*, we have
2\ 1 2R8(¢
(1-15) =re el
2p 20%(t1) Ry (1)
Integrating Eq. (113) with the initial conditions R, = Ry(t1), T, = Tj(t1), we obtain
1 1 W 7 7
+ + Ry (t) — Ry (ty) ) - 115
@ R Ry 0 K)o

Gravitons propagate along the null geodesics which are found from the geodesic equations
(14)-(16). The tangent vectors to a null geodesic satisfy the relation

EBIP(Ty(1) - Ty(h) = ——

dx’ dxJ
Siran ax = (10
where, to distinguish the case of the null geodesics, we relabeled the affine parameter from y
to A. Substituting in (116) solution (17), we obtain that CR = 0. The tangent vectors to a null
geodesic are

T CT dx* C? dR T 1/2

S - = — = 1- 117
where tilde indicates that the point is at the null geodesic, v = £1. From the equations (117)
we obtain

=

7= vic(1 —9)V212R?, (118)
where x = sign(CT). Integrating this equation with the initial conditions R = Ry (t;), T =
Ty(t1), we have

T~ F e AT Ty () 19
To find, if at a time f the graviton trajectory returns to the brane world sheet, i.e. R = R;(t)
and T = Ty (t), we combine equations (115) and (119). In the case B = vk we obtain

12 11 N 1 Ry() \”
=071 (s ~ ) = ) Rath) ((Rbal)) 1)' (120

Eq. (120) means that graviton emitted from the brane at the time #; has bounced back on the
brane at the time t. Setting z = Ry (t1)/Ry(t), and /2 = [(1 — 7)~'/? — 1], and noting that in
the period of early cosmology u/p(t) ~ 4ut < 1, we rewrite (120) as

_ 7 212 o
(1-7)  1432n) 145 o)

Z/(1—z) n? (4pty)?

The function (1 — z”)z=7(1 — z)~! is monotone decreasing with the minimum at z = 1, and
Eq. (121) has a unique solution provided 24/ (4ut;)? > 1.

From these relations, using that in the period of early cosmology z = Ry(t1)/Ry(t) =~
(t1/ t)l/ 4 is calculated the time of the bounce. The time of the bounce is small, if z ~ 1,
or v/ (4ut)? ~ 1, that is if gravitons are emitted at small angles to the brane.
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12. Conclusion

In a model of 3-brane embedded in 5D space-time we calculated graviton emission of
interacting hot matter on the brane in the bulk. Reliable calculations can be performed in the
period of late cosmology, when p(T)/u < 1, where p(T) is the normalized radiation energy
density of matter on the brane, = \/—A/6 is the scale of the warping factor in the metric,
A is the 5D cosmological constant. For u ~ 107'2GeV, which we adopted in this paper, the
limiting temperatures of the Universe at which the approximation of late cosmology is valid
are of order T; ~ 5-102GeV. In the period of late cosmology it was possible to make a number
of approximations, which enabled us to obtain the analytic expression for the energy loss from
the brane to the bulk.

The 5D model of the present paper can be treated in two alternative approaches - with moving
brane in the static 5D bulk and with static brane in 5D bulk with time-dependent metric. Each
picture proves to be useful for particular problems. We establish explicit connection between
two pictures.

From the system of the Einstein equations containing the terms due to graviton emission
we obtained the generalized Friedmann equation. The Einstein equations and Friedmann
equation were solved perturbatively, the leading-order solution being that without the
graviton emission. We have shown that in the period of late cosmology corrections to the
leading-order approximation are small.

Graviton emission changes cosmological evolution of matter on the brane and thus production
of light elements in primordial nucleosynthesis. Solving the system of the generalized
Friedmann and the 5D energy conservation equations, which included the graviton emission
terms, we found the difference of the mass fractions of *He produced in primordial
nucleosynthesis calculated in the models with and without the graviton emission

Xy Iz

Here p(T) is is the radiation energy density of matter on the brane, T, ~ 1073GeV is the
freezing temperature of the reaction p <+ 1, and C < 1is a small number. The ratio p(Ty,)/p ~
1072° is a small number, and thus correction to abundance of # He due to the graviton emission
is small.

To estimate the effect of the graviton emission in the period of early cosmology on Helium
production, we assumed that the collision integral in the Boltzmann equation obtained for
the period of late cosmology qualitatively retains its form in the period of early cosmology.
As the upper limit of temperatures of matter on the brane at which we estimate the graviton
production, we take the reheating temperature ~ 10°GeV. It appears that straightforward
calculation of abundance of *He produced in the early cosmology is too large to comply
with the data. In the period of early cosmology a new effect becomes important (Hebecker
& March-Russel, 2001; Langlois & Sorbo, 2003): gravitons emitted from the brane can bounce
back to the brane. Assuming that the large terms in the components of the energy-momentum
tensors from the emitted and bouncing gravitons mutually cancel, we find that the graviton
emission in the period of early cosmology yields a small correction to abundance of He
calculated in the standard cosmological model.
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