We are IntechOpen,
the world’s leading publisher of

Open Access books
Built by scientists, for scientists

6,900 185,000 200M

ailable International authors and editors Downloads

among the

154 TOP 1% 12.2%

Countries deliv most cited s Contributors from top 500 universities

Sa
S

BOOK
CITATION
INDEX

Selection of our books indexed in the Book Citation Index
in Web of Science™ Core Collection (BKCI)

Interested in publishing with us?
Contact book.department@intechopen.com

Numbers displayed above are based on latest data collected.
For more information visit www.intechopen.com

Y



16

On the Fluid Queue Driven by an Ergodic
Birth and Death Process

Fabrice Guillemin! and Bruno Sericola?

10range Labs, Lannion

2INRIA Rennes - Bretagne Atlantique, Campus de Beaulieu,
35042 Rennes Cedex

France

1. Introduction

Fluid models are powerful tools for evaluating the performance of packet telecommunication
networks. By masking the complexity of discrete packet based systems, fluid models are in
general easier to analyze and yield simple dimensioning formulas. Among fluid queuing
systems, those with arrival rates modulated by Markov chains are very efficient to capture
the burst structure of packet arrivals, notably in the Internet because of bulk data transfers.
By exploiting the Markov property, very efficient numerical algorithms can be designed to
estimate performance metrics such as the overflow probability, the delay of a fluid particle or
the duration of a busy period.

In the last decade, stochastic fluid models and in particular Markov driven fluid queues,
have received a lot of attention in various contexts of system modeling, e.g. manufacturing
systems (see Aggarwal et al. (2005)), communication systems (in particular TCP modeling;
see vanForeest et al. (2002)) or more recently peer to peer file sharing process (see Kumar et al.
(2007)) and economic systems (risk analysis; see Badescu et al. (2005)). Many techniques exist
to analyze such systems.

The first studies of such queuing systems can be dated back to the works by Kosten
(1984) and Anick et al. (1982), who analyzed fluid models in connection with statistical
multiplexing of several identical exponential on-off input sources in a buffer. The above
studies mainly focused on the analysis of the stationary regime and have given rise to a
series of theoretical developments. For instance, Mitra (1987) and Mitra (1988) generalize
this model by considering multiple types of exponential on-off inputs and outputs. Stern &
Elwalid (1991) consider such models for separable Markov modulated rate processes which
lead to a solution of the equilibrium equations expressed as a sum of terms in Kronecker
product form. Igelnik et al. (1995) derive a new approach, based on the use of interpolating
polynomials, for the computation of the buffer overflow probability.

Using the Wiener-Hopf factorization of finite Markov chains, Rogers (1994) shows that the
distribution of the buffer level has a matrix exponential form, and Rogers & Shi (1994) explore
algorithmic issues of that factorization. Ramaswami (1999) and da Silva Soares & Latouche
(2002), Ahn & Ramaswami (2003) and da Silva Soares & Latouche (2006) respectively exhibit

www.intechopen.com
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and exploit the similarity between stationary fluid queues in a finite Markovian environment
and quasi birth and death processes.

Following the work by Sericola (1998) and that by Nabli & Sericola (1996), Nabli (2004)
obtained an algorithm to compute the stationary distribution of a fluid queue driven by a finite
Markov chain. Most of the above cited studies have been carried out for finite modulating
Markov chains.

The analysis of a fluid queue driven by infinite state space Markov chains has also been
addressed in many research papers. For instance, when the driving process is the M/M/1
queue, Virtamo & Norros (1994) solve the associated infinite differential system by studying
the continuous spectrum of a key matrix. Adan & Resing (1996) consider the background
process as an alternating renewal process, corresponding to the successive idle and busy
periods of the M/M/1 queue. By renewal theory arguments, the fluid level distribution is
given in terms of integral of Bessel functions. They also obtain the expression of Virtamo and
Norros via an integral representation of Bessel functions. Barbot & Sericola (2002) obtain an
analytic expression for the joint stationary distribution of the buffer level and the state of the
M/M/1 queue. This expression is obtained by writing down the solution in terms of a matrix
exponential and then by using generating functions that are explicitly inverted.

In Sericola & Tuffin (1999), the authors consider a fluid queue driven by a general Markovian
queue with the hypothesis that only one state has a negative drift. By using the differential
system, the fluid level distribution is obtained in terms of a series, which coefficients are
computed by means of recurrence relations. This study is extended to the finite buffer case
in Sericola (2001). More recently, Guillemin & Sericola (2007) considered a more general
case of infinite state space Markov process that drives the fluid queue under some general
uniformization hypothesis.

The Markov chain describing the number of customers in the M/M/1 queue is a specific birth
and death process. Queueing systems with more general modulating infinite Markov chain
have been studied by several authors. For instance, van Dorn & Scheinhardt (1997) studied a
fluid queue fed by an infinite general birth and death process using spectral theory.

Besides the study of the stationary regime of fluid queues driven by finite or infinite Markov
chains, the transient analysis of such queues has been studied by using Laplace transforms
by Kobayashi & Ren (1992) and Ren & Kobayashi (1995) for exponential on-off sources. These
studies have been extended to the Markov modulated input rate model by Tanaka et al. (1995).
Sericola (1998) has obtained a transient solution based on simple recurrence relations, which
are particularly interesting for their numerical properties. More recently, Ahn & Ramaswami
(2004) use an approach based on an approximation of the fluid model by the amounts of work
in a sequence of Markov modulated queues of the quasi birth and death type. When the
driving Markov chain has an infinite state space, the transient analysis is more complicated.
Sericola et al. (2005) consider the case of the M/M/1 queue by using recurrence relations and
Laplace transforms.

In this paper, we analyze the transient behavior of a fluid queue driven by a general ergodic
birth and death process using spectral theory in the Laplace transform domain. These results
are applied to the stationary regime and to the busy period analysis of that fluid queue.
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2. Model description

2.1 Notation and fundamental system

Throughout this paper, we consider a queue fed by a fluid traffic source, whose instantaneous
transmitting bit rate is modulated by a general birth and death process (A;) taking values in
N = {0,1,2,...}. The input rate is precisely r(A;), where r is a given increasing function from
N into R.

The birth and death process (A¢) is characterized by the infinitesimal generator given by the
infinite matrix

Nag”/ ad 0 R
A | m —atm) M LI )

0 12 —(Aa+p2) Ap . |
where A; > 0 for i > 0 is the transition rate from state 7 to state i + 1 and uj > 0 for j > 1is the
transition rate from state j to state j — 1.

We assume that the birth and death process (A¢) is ergodic, which amounts to assuming (see
Asmussen (1987) for instance) that

o0 1 (e8]
Y =oc0 and ) 7 <oo, 2)
S0 it =0
where the quantities 77; are defined by:
Ag.. A .
mo=1 and m ="l fori > 1.
Hi.. Ui

Under the above assumption, the birth and death process (A;) has a unique invariant
probability measure: in steady state, the probability of being in state i is

Let po(i) denote, for i > 0, the probability that the birth and death process (A;) is in state i at
time 0, i.e., P(Ag = i) = po(i). Note that if pg(i) = p(i) forall i > 0, then P(A; = i) = p(i)
forallt > 0andi > 0.

We assume that the queue under consideration is drained at constant rate ¢ > 0. Furthermore,
we assume that r(i) > ¢ when i is greater than a fixed iy > 0 and that (i) < c for 0 < i < ij.
(It is worth noting that we assume that (i) # c for all i > 0 in order to exclude states with no
drift and thus to avoid cumbersome special cases.) In addition, the parameters ¢ and r(i) are
such that

=3 W) <1 ®

so that the system is stable. The quantity r; = r(i) — ¢ is either positive or negative and is the
net input rate when the modulating process (/) is in state i.
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Let X; denote the buffer content at time t. The process (X;) satisfies the following evolution
equation: for t > 0,

dX;

e (4)

r(Ay) —c if Xy >0o0rr(A) >c,
0 if Xy =0and r(A¢) <c.

Let f;(t, x) denote the joint probability density function defined by

J :
filt,x) = 5 P(Ar =1, X < ).

As shown in Sericola (1998), on top of its usual jump at point x = 0, when Xy = xo > 0,
the distribution function P(A; = i, X; < x) has a jump at points x = x( + r;t, for ¢ such that
xg + rjt > 0, which corresponds to the case when the Markov chain {A;} starts and remains
during the whole interval [0, ) in state i.

We focus in the rest of the paper on the probability density function f;(t,x) for x > 0 along
with its usual jump at point x = 0. A direct consequence of the evolution equation (4) is the
forward Chapman-Kolmogorov equations satisfied by (f;(t,x), x > 0,i € IN), which form
the fundamental system to be solved.

Proposition 1 (Fundamental system). The functions (x,t) — f;(t,x) for i € IN satisfy the
differential system (in the sense of distributions):

af, 9
a—]; = Tim ((]l{i>i0} + ]l{igio}ﬂ{x>o}) fi) — Nt fi+Aicafion +Hivafiv, )

with the convention A_1 =0, f_ 1 = 0and f;(t,x) = 0 for x < 0.

Note that the differential system (5) holds for the density probability functions f;(f, x). The
differential system considered in Parthasarathy et al. (2004) and van Dorn & Scheinhardt
(1997) governs the probability distribution functions P(X; < x, Ay = i), i > 0. The differential
system (5) is actually the equivalent of Takdcs” integro-differential formula for the M/G/1

queue, see Kleinrock (1975). The resolution of this differential system is addressed in the next
section.

2.2 Basic matrix Equation

Introduce the double Laplace transform
Fi(s,¢) = /0 / e SN fi(t, x)dtdx = /0 e *'E (_gxt]l{/\t:i}) dt
and define the functions fi(o) (&) and h;(s) for i € N as follows

@) = /Ooo e CIP{Ag =i, Xg € dx}

hi(s) = /O e~'P{A; = i, X; = 0}dt.
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The functions fl.(o) are related to the initial conditions of the system and are known functions.
For i > iy, we have P{A; = i, X; = 0} = 0, which implies that /;(s) = 0, for i > iy. On the
contrary, for i < iy, the functions h; are unknown and have to be determined by taking into
account the dynamics of the system.

By taking Laplace transforms in Equation (5), we obtain the following result.

Proposition 2. Let F(s,¢), f ©), and h(s) be the infinite column vectors, which components are
Fi(s,¢)/m, fl.(o) /7, and hi(s)/m; for i > 0, respectively. Then, these vectors satisfy the matrix
equation

(sI+ &R — A)F(s, &) = fO(&) + ERh(s), 6)

where 1 is the identity matrix, A is the infinitesimal generator of the birth and death process { Ay}
defined by Equation (1), and R is the diagonal matrix with diagonal elements r;, i > 0.

Proof. Taking the Laplace transform of df;/dt gives rise to the term sF; — fi(o) . In the same
way, taking the Laplace transform of d(1,.} f;)/9x yields the term ¢F; — ¢h;. Hence, taking
Laplace transforms in Equation (5) and dividing all terms by 7t; gives, fori > 0,

(0)
FEfi Fi hi F Fitq Fiq
5 ; T, rlé?'[i + 7’1‘;7_[1_ (A +ui) pos + A T + Hi T
which can be rewritten in matrix form as Equation (6) O

When we consider the stationary regime of the fluid queue, we have to set f(0)(#) = 0 and
eliminate the term sl in Equation (6), which then becomes

(CR — A)F(Z) = CRh, @)

where 1 is the vector, which ith component is /1; = lim;— 0o P{A; = i, X; = 0} /7; and F(&)
is the vector, which ith component is E {e“gxf]l { At:i}] /mt;. This is the Laplace transform

version of Equation (12) by van Dorn & Scheinhardt (1997), which addresses the resolution of
Equation (7).

3. Resolution of the fundamental system

In this section, we show how Equation (6) can be solved. For this purpose, we analyze
the structure of this equation and in a first step, we prove that the functions F;(s, ) can be
expressed in terms of the function F;, (s, {). (Recall that the index iy is the greatest integer such
that (i) — ¢ < 0 and that for i > iy + 1, r(i) > c.). The proof greatly relies on the spectral
properties of some operators defined in adequate Hilbert spaces.

3.1 Basic orthogonal polynomials

In the following, we use the orthogonal polynomials Q;(s; x) defined by recursion: Qq(s; x) =
1,Q1(s;x) = (s+ Ay —rox)/Agand fori > 1,
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Aj S+ A+ i j

—7Qir1(sx) + <x - #> Qi(s:%) + Q1 (s;x) = 0. ®)
7i] 7i] 7i]

By suing Favard’s criterion (see Askey (1984) for instance), it is easily checked that the
polynomials Q;(s; x) for i > 0 form an orthogonal polynomial system.

The polynomials %Qi(s; —z), i > 0 are the successive denominators of the continued
fraction
1
Clg: ) —
Fe(s;z) = |ﬂ1 A0|
s+Ag o7
2+ [ oM
s+A1+u 1271
Z + |7'1| s+/\ _|_]4
2 2
SR
which is itself the even part of the continued fraction
(s
Flsi2) = e ©)
I 1C)
14 a3(s)
iy (s)
z+
1+

where the coefficients ay (s) are such that aq(s) =1, ax(s) = (s + Ag)/|ro|, and for k > 1,

s+ A + ug

A
oo ()1 (5) = TEAEE e

717k

aok+1(8) + Ao g1y (5) =

We have the following property, which is proved in Appendix A.
Lemma 1. The continued fraction F(s;z) defined by Equation (9) is a converging Stieltjes fraction
forall s > 0.

As a consequence of the above lemma, there exists a unique bounded, increasing function
P(s; x) in variable x such that

}"(s;z):/oo ! P(s;dx).

0 z+x

The polynomials Qy (s; x) are orthogonal with respect to the measure §(s;dx) and satisfy the
orthogonality relation

/oooQi(s;x)Qj(S;X)kb(S;dX)z ol 0i (b

[rilm
As a consequence, it is worth noting that the polynomial Q;(s; x) has i real, simple and positive
roots.

It is possible to associate with the polynomials Q;(s, x) a new class of orthogonal polynomials,
referred to as associated polynomials and denoted by Q;(ip + 1;s;x) and satisfying the
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recurrence relations: Qo(ip + 1;5;,x) = 1, Qi(ip + L;s;x) = (s + Ajyy14i + Hig+1+i —
ri0+1+ix)/)ti0+1+i and, fori 2 0,

A . ' s+ A i+ Wi ' .
ig+1+i Qi1 o+ 1;8;%) + (x _ ig+1+i Vzo+1+z) Qi(ip +1;s;x)
Tig+1+i Tio 1+

Bt (g +1;520) = 0. (12)
rio+1+i

The polynomials Q;(ip + 1;s; z) are related to the denominator of the continued fraction

1
’0( ) Aig+1Hig+2
74 sHAigritpigr Tig+17ig+2
Tigt1 Aig+2lig+3
s+Njg 12+ Hig+2 Tig+2%ig+3
z+ lorj +z%+ N —
0 za sHAigrstpigrs -

|7‘i0+3|

which is the even part of the continued fraction F; (z) defined by

Fiy(8;2) = Pr(s) , (13)
- Ba(s)
1+ B3 (s)
- Ba(s)
1+
where the coefficients By (s) are such that
Bi(s) =1, Bals) = (s+Ajg1 + pig+1)/|Tig41l,
and fork > 1,
Ai()-|-k]’ll'0+k+1
Bok(s)Boky1(s) = —————,
Vio+kTig+1+k (14)

$ + Ajg+1+k t Hig+1+k
Tig+1+k

Since the continued fraction F(s;z) is a converging Stieltjes fraction, it is quite clear that the
continued fraction Fj, (s;z) defined by Equation (13) is a converging Stieltjes fraction for all

Bokt1(8) + Bors1) (8) =

s > 0. There exists hence a unique bounded, increasing function ! (s; x) in variable x such

that
Fz'o(s;Z)z/O i

o]

1/J[i°] (s;dx).

The polynomials Q;(ig + 1;s; x) are orthogonal with respect to the measure [l (s; dx) and
satisfy the orthogonality relation

/ Qiio +1;5;2)Q;(io + ;s x) Ll (5;dx) = 0t
0 Vig+1+iTTig+1+i
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3.2 Resolution of the matrix equation

We show in this section how to solve the matrix Equation (6). In a first step, we solve the iy +- 1
first linear equations.

Lemma 2. The functions Fi(s,¢), for i < iy, are related to function F; (s, () as follows: for  #

gk(s),k = O,. N .,io,

/ Q]stlsx)

Fi(s,&) = 2 (f; (&) +riChy(s P[iy) (55 dx)

/ Qlostlsx)

+ ‘”10—1-1 10+1 ¢[i0] (s;dx), (15)

where the (i (s) are the roots of the polynomial Q;y1(s; x) defined by Equation (8) and the measure
W(iy) (8; dx) is defined by Equation (45) in Appendix A.

Proof. Let Ij; ), Aj;) and Rp;) denote the matrices obtained from the infinite identity matrix,
the infinite matrix A defined by Equation (1) and the infinite diagonal matrix R by deleting the
rows and the columns with an index greater than iy, respectively. Denoting by F; j, f[;; and

f lio] the finite column vectors which ith components are F; / 7t;, h; / 71; and fi(o) / 1t;, respectively
fori =0,...,ip, Equation (6) can be written as

Aj
(sLgig) + G Rjio] — Alig))Fiig) = Slio) + SR i) fio] + 7=~ Fig+1€io-
ip+1

where ¢;; is the column vector with all entries equal to 0 except the igth one equal to 1.

Since r(i) < c¢ for all i < ip, the matrix Rj;) is invertible and the above equation can be
rewritten as

(805 + R} (T = Agi))) Fig] = R i) + S + Fiy+1€iy-

ri() nio—‘rl

From Lemma 6 proved in Appendix B, we know that the operator associated with the finite
matrix (¢l + R[;Ol](sll[io] — Ajj1)) is selfadjoint in the Hilbert space H;, = Ch*+1 equipped
with the scalar product

(c,d)i, }: Cd || e
k=0
The eigenvalues of the operator ({1 + R[;O} (sLj,) — Apiy))) are the quantities ¢ — (i (s) fork =

0,...,ip, where the i (s) are the roots of the polynomial Q; 11 (s; x) defined by Equation (8).
Hence, for ¢ ¢ {Co(s),...,j,(s)}, we have

1 -1
Fiig) = <§H[io1+R[?ol}(S]I[io]—A[z‘o})> R fiio +5<€“ + Ry 1 (6T }—A[z’o])) iy

Ady - -
+ MROH <€H[io} + R[iol](SI[[io] - A[iop) Cip-
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By introducing the vectors Qy; (s, {x(s)) for k = 0,..., i defined in Appendix B, the column
vector ¢; with all entries equal to 0 except the ith one equal to 1 can be written as

ik

|70

/ooo Qj(s,x)Qig) (5, X)) (5 dx)

6]':

where the measure ;) (s; dx) is defined by Equation (45). Since the vectors Q; (s, (k(s)) are
such that

-1 1

<Cﬁ[io] + R (sTpi) — A[io])> Qi) (s, Ck(s)) = ( )Q[io] (s, Ck(s)),

¢ — Ck(s

we deduce that

rilmj /°° Q;j(s, x)

1
(85 + R (5T — Agy)) 5= 7ol C—x

Qig] (8, %)) (s; dx)

Hence, if f = Z;-O:O fjej, then

|V]|7T/ Qj(s, x)

(ﬂﬁoHRﬁf}(SH[io]—Aw) f= fo 70l =

= Qi) (8, X)) (;dx)

and the ith component of the above vector is

iy = Qe QU o

((é’]lzo "‘R[l]( [}_A ) Zfl |r| g_x

Applying the above identity to the vectors R[;Ol} [lio) iy and ejy, Equation (15) follows. O

We now turn to the analysis of the second part of Equation (6).

Lemma 3. Fors > 0, the functions F;(s, ) are related to function F; (s, ) by the relation: for i > 0,

T Qilio +1;5x)
F' H o - 10+1+1 . / 1 0 ] .
it (5/6) Tm+1 Tig+1 i &+x BT A G

Tlggitl Z © Qj(ip +1;5,x)Q;(ip + 1;5;x)
flo+]+1 0

[i0] ( <.
. pil(s;dx), (16)

rlo+1 7T10+1

where the measure !0l (s;dx) is the orthogonality measure of the associated polynomials Q;(io +
1;s,x),i > 0.

Proof. Let 1lio), Alio] and R[0] denote the matrices obtained from I, A and R by deleting the first

(ip + 1) lines and columns, respectively. The infinite matrix (Rlol)=1(splo] — Alio]) induces in
the Hilbert space H" defined by
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o0
H" = {(fn) ecN: Z |fn|27’i0+n+17Ti0+n+1 < 00}

n=0
and equipped with the scalar product

[ee]

(f.8) = Z Fn8nTio+n+1TTig+n+1s
n=0

where g, is the conjugate of the complex number g, an operator such that for f € H

((R[io])—l(sﬂ[ig] . A[io])f)n _

Hig+1+4n 8+ Aign+1 + Hig+1+n Aig+n+1
———fp1+ fn— ————fut1-

Tiy+n+1 Tiy+n+1 Tiy+n+1

The above operator is symmetric in H. To show that this operator is selfadjoint, we have
to prove that the domains of this operator and its adjoint coincide. In Guillemin (2012), it
is shown that given the special form of the operator under consideration, this condition is
equivalent to the convergence of the Stieltjes fraction defined by Equation (13) and if this is
the case, the spectral measure is the orthogonality measure 0] (s; dx). Since the continued
fraction Fj, (s; z) is a converging Stieltjes fraction, the above operator is hence selfadjoint.

Let Qlil(s; x) the column vector which ith entry is Q;(ig + 1;s;x). This vector is in H® if

. d ) .

and only if ||Q[0!(s; x)|2 4 (Qliol (s; x), Q] (s; x)) < 0. If it is the case, then the measure
ol (s; dx) has an atom at point x with mass 1/ | Qlivl(s; x)||2. Otherwise, the vector Q[ (s; x)
is not in H" but from the spectral theorem we have

. o . .
H' :/ Hopliol (s; dx)

where cho is the vector space spanned by the vector Qlil(s; x) for x in the support of the
measure 1p[i0} (s;dx). In addition, we have the resolvent identity: For f,¢ € H® and & € C
such that —¢ is not in the support of the measure w[io] (s;dx),

<<§]I[io} + (Rlioly =1 (gplio] — A[iO])>_1 f,g> = /000 %z’b[’b] (s;dx). (17)

where f, is the projection on H % of the vector f.

For i > 0, let ¢; denote the column vector, which ith entry is equal to 1 and the other entries
are equal to 0. Denoting by F o] and f o] the column vectors which ith components are

Fiy414i/ iy41+4i and fl.f)oll i/ Tig+1+i, respectively, Equation (6) can be written as
(sHlio] 4 gRlio] — pliolyplio] — flio] % E.eo,
1o

since h;(s) = 0 for i > ij.
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Given that r; > 0 for i > iy, the matrix R[®! is invertible and the above equation can be
rewritten as

(g]ﬂio} + (R =1 (spli] — A[iO])> Flio] — (Rlo])=1 lio] 4 Mpioqul
i
The operator (CH[iO} + (Rlio]) =1 (sylio] — AVO])> is invertible for ¢ such that —¢ is not in the

support of the measure ¢l (s, dx), and we have

Flio] — (ﬂ[io] + (Rliol) =1 (sifio] — Aw))‘l (Rlio)y~1 o

_Migt1 1 (o] lio]\—1 (aqlio] _ alio]y)
+7’i0+17Ti0Flo (§HO+<RO) (SHO AO)) €0-

By using the spectral identity (17), we can compute F; for i > iy as soon as F;, is known.
Indeed, we have
; & Figt14
plio] — O—Je]
j=0 Thig+1+j

and then, for i > ip + 1, by using the fact that r; 1 ;Fj 114+ = (F[io], e;), we have

. . . . -1 . .
Fios14iFpt11i = ((51[[:01 + (Rl 1 (salol — ali)) <R[lo]>—1fﬁol,ei)

M1 p [io] o]y =1 (gqrlio] — f4lio] .
+ri0+1mogo((§1 + (R 71 (o1l — Ali])) 30,61).

By using the fact that for j > 0,

Fiotind T+ .
(ej)x = MQ;’UO +1;5x)Ql0) (5;x),

rio—‘rl nio—‘rl

Equation (16) follows by using the resolvent identity (17). O

From the two above lemmas, it turns out that to determine the functions F;(s, §) it is necessary
to compute the function h;(s) fori = 0,...,ip + 1. For this purpose, let us introduce the non
negative quantities #4(s), ¢ = 0,...,ip, which are the (iy + 1) solution to the equation

1— lorylij:‘(:l—lo / QZO }(S, dX) =0. (18)
1o

Then, we can state the following result, which gives a means of computing the unknown
functions h;(s) for j = 0,.. ., i.
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Proposition 3. The functions h]-(s), j=0,..., 1, satisfy the linear equations: for { = 0,. .., 1,

Ay Fiy (8 774( ))1e(s)

-1
<(77k(5)]l[i0] + Rﬁol] (sl — A[io])> eio,h(5)>

i

— ((771((8)]1“0] + (R[io])*l(s][[iot _ A[io])>_1 eo, (R[io})lf[io](qk(s)))

-1
(s)) ((nk(s)ll[ioﬁk[;j}(sn[io]—A[io])) eiO,R[;Ol]f[io](qk(s))), (19)

]

where Fi (s;z) is the contznued fraction (13) and f ol ((&) and fiio) () are the vectors, which ith

components are equal to f i +l 11(8)/ Ty yiy1 and fl ( )/ 7t;, respectively.

Proof. From Equation (16) for i = ip + 1 and Equation (15) for i = iy, we deduce that

)\10 Hip+1 7-[10 Q10 _
(1— Mo g 52 | e dx)) Fiyia(s,8) =
ATy © Qj(s;%)Qjy (5, x)

Ao 7 (2) 3 (£ ) + () [

) rlo—‘rl ]:0

7 Wiiy) (85 dx)

i(io+1;s; ;
Zfzo—t—]—t—l / Qi ) plol(s;dx).  (20)

rlo-i—l X + g

From equation (15), since the Laplace transform F;(s, ) should have no poles for ¢ > 0, the
roots (i (s) fork =0, ..., i should be removable singularities and hence foralli,j,k = 0,.. .,

Qi(5:6k()) (£ (Gi(s)) + 7ige($)i(Ck(s)) ) Qss3 8k (s))
+tig11Fig11(5, 0k (3)) Qi (5, 0k (s))) =

By using the interleaving property of the roots of successive orthogonal polynomials, we have
Qi(s;Cx(s)) # 0 for all i,k = 0,...,ip. Hence, the term between parentheses in the above
equation is null and we deduce that the points (i (s), k =0, ..., ip, are removable singularities
in expression (20). The quantities hi(s), j = 0,...,ip, are then determined by using the fact
that the r.h.s. of equation (20) must cancel at points 7, (s) for k = 0, ..., iy. This entails that for
k=0,...,ip, the terms

o (0) oij(io+1;s;x) ol /.
];)fi0+,-+1<nk<s>> I T

+ Aioﬂioﬂo(s;ﬂk(S» ivj(s) /Ooo Qj(S;X)QiO(S;x>

Nk (s) — Pl (s;dx) (21

must cancel, where
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By using the fact that

/ Q] i on Sx)lp ](s;dx):

[io
7ol - -1
7y |73y 7] 7T ('7"(5)1[[1'0} R (6T — A[ifﬂ)) i)

and

/Ooo —Q]‘(io +1;8%) w[io] (s;dx) =

x + 1k (s)
1 . ‘ . -1
o oyIo] 4 (REol)~1(splio] — Alia]y) "¢ e)

Tig+14jTCig+j+1 <<77k() ( ) >> 0%

Equation (19) follows. O

By solving the system of linear equations (19), we can compute the unknown functions ;(s)
forj=0,...,ip. The function F; ;1 (s, ) is then given by

)\10 Hig+1 7-[10 QZO _
(1_ Tig+170 / Y] (55 dx)) Fiy41(s,8) =
— 1 ((gl[[io] + (R[io])—l@l[[io} _ A[io])>_l €o, (R[id)_lf[i(’] (g))
rio—‘rl
NigFiy (8:€) 1 -1 1
T T ((@I[z‘ol R (Mg = A)) e Ry i () + ‘3’“5))1_0' (22)

The function F; (s, ) is computed by using equation (22) and equation (15) for i = iy. The
other functions F;(s, ¢) are computed by using Lemmas 2 and 3.

The above procedure can be applied for any value iy but expressions are much simpler when
ig = 0, i.e., when there is only one state with negative net input rate. In that case, we have the
following result, when the buffer is initially empty and the birth and death process is in state
1.

Proposition 4. Assume that vy < 0and r; > 0 for i > 0. When the buffer is initially empty and the
birth and death process is in the state 1 at time 0 (i.e., po(i) = 61, for all i > 0), the Laplace transform
ho(s) is given by

h (S) _ 7’077()(5) +s+ AO o VlfO(S; ”O(S)) ]

— 23
domo@ll rilolo(s) )
where 1o (s) is the unique positive solution to the equation
AomFo(sic)

B 1’1(5 + A +1’0€)
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In addition,
l <1+ A0§70h0(5> >F0<5}€)

R(s,g) = M0t 24)
1-- Fo(s;¢)
1(8 + Ao +70¢)

Proof. In the case iy = 0, the unique root to the equation Q1 (s; x) is {o(s) = (s + Ag)|ro|. The
measure g (s; dx) is given by
Pio)(s;dx) = 67, (s (dx)

and Equation (18) reads
1

s+ Ag + 1ol -
which has a unique solution #y(s) > 0. When the buffer is initially empty and the birth and

A
1- 20 7050
r1

death process is in the state 1 at time 0, we have fl.(o) (¢) = d1,j. Then,

-1

({100 (RO — 49) ™ o, (RO 0l o(s))

Rl
= Fo(s;10(s)),

where we have used the resolvent identity (17) and the fact that (ep)x = Q[O] (s; x). Moreover,

_— ((770(5)11[0] + (RO =1 (sql) — A[O]))1 eo,eo> = /0

rm

((770(5)1[[] Rig) (sTg) = A[O])) eo, Rig| fio) (110(s)) +h(5)>

0
ho(s) ho(s)|rol
——(eg,€0)0 = ——————.

o o

By using Equation (19) for iy = 0, Equation (23) follows. Finally, Equation (24) is obtained by
using Equation (22). O

4. Analysis of the stationary regime

In this section, we analyze the stationary regime. In this case, we have to take s = 0 and
0 = 0. To alleviate the notation, we set Wip) (0;dx) = i (dx), P[0l (0;dx) = plil (dx) and
Qj(0;x) = Qj(x) and Q;(ip + 1,0;x) = Q;(ip + 1; x). Equation (20) then reads

(1_ Alo]’l10+1nlo Qlo dx)) zo+1(§)
r10+1r0
. AionioC‘E()(C) lo 1 Q]( )on( )
_W];r]h] /0 e (), (29
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where hj = lim 00 P(Ar = j, Xt = 0), Fi(§) = F4,(0;¢) and Fjj41(8) = Fiy+1(0:0)-

The continued fraction F;, () has the following probabilistic interpretation:
j : - — —3o;
Hig+1F i, (é)/rzo-i,-l =E (e 0)

where 6;; is the passage time of the birth and death process with birth rates A,/ |r,| and death
rates uy/|rn| from state ig + 1 to state ip (see Guillemin & Pinchon (1999) for details). This
entails in particular that 7 (0) = i, 11/ tiy+1-

Let us first characterize the measure ¥ (dx). For this purpose, let us introduce the

polynomials of the second kind associated with the polynomials Q;(x). The polynomials of
the second kind P;(x) satisfy the same recursion as the polynomials Q;(x) but wit the initial
conditions Py(x) = 0 and P;(x) = |rg|/Ap. The even numerators of the continued fraction

Flz)Y

even denominators to ; Ao-. A” 1| Qn(—2).

F(0;z), where F (s; z) is defined by Equation (9), are equal to ‘r An- 1| Py(—z) and the

Lemma 4. The spectral measure ;| (dx) of the non negative selfadjoint operator R[?Ol}A[io] in the
Hilbert space H;, is such that

© 1 Plo-l—l(Z)
Jy Tt = g 2

The measure ;1 (dx) is purely discrete with atoms located at the zeros (y, k = 0,..., 1o, of the
polynomial Q; 11 (z).

Proof. Let Pjj\(z) (resp. Q[ (z)) denote the column vector, which ith component for 0 < i < iy
is P;(z) (resp. Q;(z)). For any x,z € C, we have

(Z]I[io] - Rﬁol]A[iO}) (Pjip) (2) +xQjip) (2) = e0 — " (Piy41(2) +xQjy11(2)) ey

|ri0+1‘

Hence, if z # {; for 0 < i < iy, where ; is the ith zero of the polynomial Q; ;1(x), and if we
take x = —P; +1(2z)/Qj,+1(z), we see that

—1 B Pio-‘rl(z)

(210 = Ry e0 = P (2) O r1(z) o))

From the spectral identity for the operator R[ ]A (similar to Equation (17)), we have

_ -1
<<ZH[io] - R[iol}A[io]) 80’60> .

]

P +1(z)

Qip+1(2)

Since (eg)x = Qjj,](x) because of the orthogonality relation (11), Equation (26) immediately
follows. O

Ppig) (dx) = — |70l

zZ—X

_ /°° ((e0)x, €0)i,
0
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By using the above lemma, we can show that the smallest solution to the equation

1— lj,ylj_—;l,:lo on (dx) 0 (27)
]

is 79 = 0. The above equation is the stationary version of Equation (18).

Lemma 5. The solutions nj, j = 0,. .., i, to Equation (27) are such that 1o = 0 <11 < ... < 17;,.
For ¢ =1,...,iy, 11y is solution to equation

Hig+1 on(Q
1= Vzo+1}- &)o@ Qip+1(8)°

(28)

Proof. The fraction P; y1(z)/Qj,+1(z) is a terminating fraction and from Equation (26), we
have .
Zio+1\TE) /°° R
Quii(—z) Jo zgx Vil

On the one hand, by applying Theorem 12.11d of Henrici (1977) to this fraction, we have

Piy11(—2) —2) / x)? i) (%) (29)
Qi0+1(_z) Z Qlo Z + X
On the other hand, by using the fact that
Pio—l—l(_z) . Pl()(_z) — |7’0| , (30)

Qip+1(=2)  Qiy(=2z) Ay, Qip+1(—2)Qj, (—2)
we deduce that

7ol
¢[10](dx) = /\ T 4

ip’tip

0 Q;, (x)?
X

since Q;(0) = 1 for all i > 0. In addition, by using the fact that F; (0) = 7j,4+1/HMi;+1,
we deduce that the smallest root of Equation (27) is 9 = 0. The other roots are positive.
Equation (27) can be rewritten as Equation (28) by using Equations (29) and (30). O

Note that by using the same arguments as above, we can simplify Equation (18). As a matter
of fact, we have

Pigt1(s,—2z)  Piy(s,—2) _ 7ol
Qip+1(s,—2)  Qjy(s,—z) Ay, Qip+1(s, —2)Q;, (5, —2)

so Equation (18) becomes

_ Higt1 Qiy(s,¢)
1= Vz'o+1f o8 (5,0 Qip+1(s,6)

(31)

The quantities /; are evaluated by using the normalizing condition Z?’:O h; =1 — p, where p
is defined by Equation (3), and by solving the iy linear equations

(=1,...,1, <(ﬂgﬂ R[z] li })7161'0,1/1)‘ =0, (32)

]
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where & is the vector which ith component is h;/7;. Once the quantities h;, i = 0,...,1
are known, the function F; ;1(&) is computed by using relation (25). The function F; () is
computed by using the relation

Fyr (&) = D0 F, (6)F, 6):

10+1

This allows us to determine the functions F; .1(¢) and F; (). The functions F;({) for i =
0,...,ip are computed by using Equation (15) for s = 0 and f (0) = 0. The functions F;(&) for
i > ig are computed by using Equation (16) for s = 0 and f (0) = 0. This leads to the following
result.

Proposition 5. The Laplace transform of the buffer content X in the stationary regime is given by

< ) i _ L ]Ch/ QJ—()¢[10](dx)

1:

L M Fio(€)<ulo+l / Qo0 )+ L [T 2B ylilan)

ri0+l nio+1 X + g
with
io
= Z m;Qi(x)
Hzo 2 7Tzo+1+1Q1<10 +1x),
i=0
7-[10 ZO Q] Qlo( )
L) 1iCh / “rox Vil (dx)
0 j=0 X
Fy () = .
1— loylo+1 7-l:l() / Qlo ; (dx)
r0r10+1

In the case when there is only one state with negative drift, the above result can be simplified
as follows.

Corollary 1. When there is only one state with negative drift, the Laplace transform of the buffer
content is given by

—¢X C(l — P) ﬂ 0 Ho(X) [0]
E(e ) rof + Ao — 22 Fy (£) (H r1/o TR (dx)>' Y

Proof. Since ) (dx) = 6z, (dx) with {p = Ag/|ro| and II(x) =1, we have

[ -
I—x ro& 4+ Ao’

www.intechopen.com



396 Telecommunications Networks — Current Status and Future Trends

Moreover, we have g = 1 — p and then

(1—p)éro .
rol + Ao — 244 Fo(€)

1

Fo(¢) =

Simple algebra then yields equation (34). O

By examining the singularities in Equation (34), it is possible to determine the tail of the
probability distribution of the buffer content in the stationary regime. The asymptotic
behavior greatly depends on the properties of the polynomials Q;(x) and their associated
spectral measure.

5. Busy period

In this section, we are interested in the duration of a busy period of the fluid reservoir. At the
beginning of a busy period, the buffer is empty and the modulating process is in state iy + 1.
More generally, let us introduce the occupation duration B which is the duration the server is
busy up to an idle period. The random variable B depends on the initial conditions and we
define the conditional probability distribution

Hl-(t,x) = IP(B <t | Ng=1i,Xg= x).
The probability distribution function of a busy period B of the buffer is clearly given by
P(B <) = Hyy 41 (£,0). 35)

It is known in Barbot et al. (2001) that for t+ > 0 and x > 0, H;(t, x) satisfies the following
partial differential equations

2Hz'(l‘rx) —rii

5 atz'(t/x) = —puiHi_1(t,x) + (A; + pi)H(t, x) — AjHi 1 (8, x) (36)

with the boundary conditions
H;(t,0) =1 if t>0,r<0,
H;(0,x) =0 if x>0,
H;(0,0) =0 if r; >0.
Define then conditional Laplace transform
0;(u,x) =E (e_”B | Ag =1,Qp = x) :

By taking Laplace transforms in Equation (36), we have

0
Vigei(urx) = ub;(u, x) — p;i0i—1(u, x) + (A; + pi)0; (1, x) — A1 (u, x)
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By introducing the conditional double Laplace transform
0;(u,&) = / e~%%0;(u, x)dx.
0

we obtain fori > 0

ri80i(u, &) —1i0;(u,0) = ub;(u, &) — wibi_1 (1, &) + (A; + pi)0;(u, &) — Aibiy1 (1, %)

By introducing the infinite vector ®(u, &), which ith component is 8; (u, &), the above equations
can be rewritten in matrix form as

¢RO(u,&) = RT(u) + (ul — A)O(u,§), (37)

where T (u) is the vector which ith component is equal to 6;(u,0). We clearly have 6;(1,0) =1
fori =0,...,iy. For the moment, the functions 6;(u,0) for i > iy are unknown functions.

Equation (37) can be solved by using the same technique as in Section 3. In the following,
we assume that the measure ¢l (s; dx) has a discrete spectrum with atoms located at points
Xk(s) > 0 for k > 0. This assumption is satisfied for instance when the measure ¢ (s; dx) has
a discrete spectrum (see Guillemin & Pinchon (1999) for details). Under this assumption, let
Xk(s) > 0 for k > 0 be the solutions to the equation

tig+1 Qi (u; —3)

Tig+1 Qig1(1; —0)

]:l.o (ul _g) = 1

Proposition 6. The Laplace transforms 0; 1. j(u,0) for j > 0 satisfy the following linear equations:

1 Qi (;—¢) & ° Qjlio + Lu;x) i1
° io-+1- Tig-+1+0ig 1 (14, 0 “l(u;d
a7t Qa1 (1 —8) Jgro+1+]ﬂ0+1+] o147 (1 )/0 F—x Pl (u; dx)
1 o o Qi (u;x)Qj(u; x) o
+W];O|1’]|7T]/O €,+x lIJ[iO](Z/l,dx) =0 (38)
for & € {xk(s),k = 0}.
Proof. Equation (37) can be split into two parts. The first part reads
Aj) ~
-1 . A .
(C]I[io} — Ry (Mﬁ[io] - A[io])> Oriy] = €Jig] — a(’zoﬂ(u, ¢)eiy, (39)

where ¢[;)) is the finite vector with all entries equal to 1 fori = 0,...,ip and O is the finite
vector, which ith entry is §;(u, &) fori = 0,...,iy. The second part of the equation is

(g]l[io} _ (mm)‘l (s~ A[z’d)) oliol — Tlo] _ Kty () sy (40)

ri0+1

where the vector Tl (resp. ©li]) has entries equal to 0; 1,;(u,0) (resp. 0; 1 1.:(u,&)) for
i>0.
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By adapting the proofs in Section 3, we have fori = 0,..., i

3 1 oo Qi(u; x)Q;(u; x) ,
0i(u,¢) = W};)Wﬂj/o Tt Ppiy) (5 dx)

‘ul'(ri’l 7Ti0+1 é’

AP

+1(1,¢) /OOO Qiy (#;x)Qi(s; x)

Frx Vi (4dx), (41)

and fori >0

i _ Higt1tig © Qilio +Lu;x) fioy,
G (0,8) = = F020, (0,0 [ SRS g0

1 > © Qj(io + L;u;x)Qi(io + Lu;x)
—_— Y 7 7T 0; (u,0 / J [fo] u; dx
Fio+17Tig 11 ]g(:) io+14j/bip+1+j 10+1—|—]( ) 0 E—x P ( )

(42)
By using Equation 41 for i = iy and Equation (42) for i = 0, we obtain
.l'li0+1 Qio (ul _6) ) !
1—- Fi(u, — 0;,(u,¢) =
( Fig+1 Qig+1(1; —C) i1, =€) ) Oig (1, €)
1 o o Qjy (1;x)Qj(u; x)
1 Qw9 ¢ Ia Qjlio + 1w x) 1
7; 7T 0; (1,0 ol (u; dx
7’1‘0+17T1‘0+1 Qi0+1 (u’ _€> Far ig+1+4j/bip+1+4j lo+1+]( ) 0 5_ X l/) ( )
where we have used the fact
© Qi (u;x)? rol Qi (u; —¢)
=0y (updx) = )
o Gtx i (1747) Aig Ty Qig1 (15 =)
and o 1
/0 = le[””(u; dx) = —Fi, (u; =3).
Since the function 6; (; ¢) shall have no poles in [0, %), the result follows. O

6. Conclusion

We have presented in this paper a general method for computing the Laplace transform of the
transient probability distribution function of the content of a fluid reservoir fed with a source,
whose transmission rate is modulated by a general birth and death process. This Laplace
transform can be evaluated by solving a polynomial equation (see equation (18)). Once the
zeros are known, the quantities h;(s) fori = 0,...,ip are computed by solving the system of
linear equations (19). These functions then completely determined the two critical functions
F;, and F; 1, which are then used for computing the functions F; fori > iy +1and F; for i < iy
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by using equations (16) and (15), respectively. Moreover, we note that the theory of orthogonal
polynomials and continued fractions plays a crucial role in solving the basic equation (6).

The above method can be used for evaluating the Laplace transform of the duration of a busy
period of the fluid reservoir as shown in Section 5. The results obtained in this section can be
used to study the asymptotic behavior of the busy period when the service rate of the buffer
becomes very large. Occupancy periods of the buffer then become rare events and one may
expect that buffer characteristics converge to some limits. This will be addressed in further
studies.

7. Appendix

A. Proof of Lemma 1

From the recurrence relations (10), the quantities Ay (s) defined by Ag(s) = 1 and fork > 1
k
Ar(s) = |ro...req| [ [ aj(s)
j=1
satisfy the recurrence relation for k > 1

Apq1(8) = (s + Ak + pi) A (s) — A— 1k Ak—1(s).

It is clear that Aj(s) is a polynomial in variable s. In fact, the polynomials A (s) are the
successive denominators of the continued fraction

1
G°(z) =
#1ho
s+ Ay —
Ha
S+AL+pu —
S+ Ay 4y — -
which is itself the even part of the continued fraction
o
G(s) = 1 , (43)
&2
z+
o
14—
«
74—
14

where the coefficients «j are such that o = 1, ap = Ap, and for k > 1,

Woklok+1 = M—1Mkr  Q2k1 T &o(kq1) = Ak + P

It is straightforwardly checked that ay, = Ay_1 and apr 1 = pg for k > 1. The continued
fraction G (s) is hence a Stieltjes fraction and is converging for all s > 0 if and only if } 7 ;a; =
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oo where the coefficients a; are defined by

1 1
Ny = —, K= for k > 1.
aq Ak—19k

(See Henrici (1977) for details.) It is easily checked that for k > 1

1

My = ———
Ak—17T—1

and a1 = Mg

Since the process (/) is assumed to be ergodic, Y k>1 a4k = oo, which shows that the continued
fraction G(s) is converging for all s > 0 and that there exists a unique measure ¢(dx) such that
G (s) is the Stieltjes transform of ¢(dx), thatis, foralls € C\ (—o0,0]

6(5) = [~ o).

The support of ¢(dx) is included in [0, o0) and this measure has a mass at point xo > 0 if and
only if
Ag(=x0)?

< 00.
kgo)\o.../\k_l}/ll...‘uk

Since the continued fraction G (s) is converging for all s > 0, we have

= Ag(s)?

= 0. (44)
k=0 /\0 .. '/\k—l.ul <Mk

Since the polynomials Ai(s) are the successive denominator of the fraction G°(s), the
polynomials Ai(—s), k > 1, are orthogonal with respect to some orthogonality measure,
namely the measure ¢(dx). From the general theory of orthogonal polynomials Askey (1984);
Chihara (1978), we know that the polynomial Ay (—s) has k simple, real, and positive roots.
Since the coefficient of the leading term of Ay(—s) is (—1)¥, this implies that Ai(s) can be
written as A (s) = (s + 1) ... (s +sgx) withs;p > 0fori =1,...,k Hence, Ag(s) > 0 for all
s > 0 and then, for all k > 0, ax(s) > 0 for all s > 0 and hence the continued fraction F (s, z)
defined by Equation (9) is a Stieljtes fraction.

The continued fraction F(s,z) is converging if and only if Y jax(s) = oo where the
coefficients ay(s) are defined by

1 1
aq(s) = () a(s) = m

for k > 1.

(See Henrici (1977) for details.)
It is easily checked that

T Ak S 2 /\0
a1 (5) = (i and az = |

c M2l - P11
’1’ |/\k,1.../\0yk...y1

Ax(s)Ax—1(s)
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For k > iy, rx > r;,4+1 and then by taking into account Equation (44), we deduce that for all
s >0, 332 ax(s) = co and the continued fraction F (s;z) is then converging for all s > 0. For
s = 0, we have

o
2{0) = Ak ‘17T’k 1

and then } ;7 ; 45 (0) = oo since the process (A;) is ergodic (see Condition (2)). This shows that
the Stieltjes fraction F (s; z) is converging for all s > 0.

B. Selfadjointness properties

We consider in this section the Hilbert space H;, = Cho+l equipped with the scalar product

W
(c,d)iy = Y cxd|r| 7y
k=0

The main result of this section is the following lemma.

Lemma 6. For s > 0, the finite matrix —R[;Ol](sll[io] — Ayj,]) defines a selfadjoint operator in the
Hilbert space H;; the spectrum is purely point-wise and composed by the (positive) roots of the
polynomial Q; 1 (s; x) defined by Equation (8), denoted by (i (s) fork = 0,..., .

Proof. The finite matrix _R[;oll (slI[io] — A[io]) is given by

s+Ag & 0
|70l o
o (s+A14p1) A
|r1] 1] 1]
0 2 _ (s+Aatme) Ay
2] |2 72|

Hig s+ +Hig
I3 | 173 |

The symmetry of the matrix with respect to the scalar product (.,.);, is readily verified by

using the relation A7, = pyyq7k4q. Since the dimension of the Hilbert space H;; is finite,

the operator associated with the matrix —R 1 (sl; | — Aj; 1) is selfadjoint and its spectrum is
[io] \7™ [io] [io]

purely point-wise.

If f is an eigenvector for the matrix _R[;oll (sII[Z-O] — A[io]) associated with the eigenvalue x, then

under the hypothesis that fo = 1, the sequence f;,, verifies the same recurrence relation as
Qk(s;x) for k = 0,...,ip — 1. This implies that x is an eigenvalue of the above matrix if an
only if Q; 11(s;x) = 0, that is, x is one of the (positive) zeros of the polynomial Q; ;1 (s; x),
denoted by (i (s) fork =0,...,i. O

Let us introduce the column vector Qy; (s, x(s)) for k = 0,...,ip, whose /th component is

Qe(s,Ck(s)). The vector Q;1(s, 0k (s)) is the eigenvector associated with the eigenvalue (y(s)
of the operator _R[:oll (sLjj) — Ay )- From the spectral theorem, the vectors Q; (s, Ck(s)) for
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k=0,...,ip form an orthogonal basis of the Hilbert space H;,. The vectors € forj=0,...,ip
such that all entries are equal to 0 except the jth one equal to 1 form the natural orthogonal
basis of the space H;,. We can moreover write for j = 0,...,1

2 o) Qi1 (5, Gk (s))-

By using the orthogonality of the vectors Qj; (s, 0k (s)) fork = 0,...,ip, we have

(e, Qi) (5:Gx(9)))iy = Irj175,Q5(5, Gk 5)) = 11Qpi (5, G ()) 12

where for f € H;, Hlezo = (f, f)i,- We hence deduce that

Qi(s, Ck(s))Qu(s, Ti(s))
ul @0 Qu e aIE

where ¢; ¢ is the Kronecker symbol. It follows that if we define the measure ;| (s;dx) by

(574%) '“’ZHQ G2 <>>||2‘5@k (%) )

the polynomials Qi (s, x) for k = 0, ..., iy are orthogonal with respect to the above measure,
that is, they verify

7 Qim0 0w s50) = s,

Irjl7ej
and the total mass of the measure ;| (s;dx) is equal to 1, i.e,

/0 ll)[io] (s;dx) =1.
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