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Discrete-Time
Minimum-Variance Prediction and Filtering

4.1 Introduction

Kalman filters are employed wherever it is desired to recover data from the noise in an
optimal way, such as satellite orbit estimation, aircraft guidance, radar, communication
systems, navigation, medical diagnosis and finance. Continuous-time problems that possess
differential equations may be easier to describe in a state-space framework, however, the
filters have higher implementation costs because an additional integration step and higher
sampling rates are required. Conversely, although discrete-time state-space models may be
less intuitive, the ensuing filter difference equations can be realised immediately.

The discrete-time Kalman filter calculates predicted states via the linear recursion
Xk = A Kz = Cxs0)

where the predictor gain, Kj, is a function of the noise statistics and the model parameters.
The above formula was reported by Rudolf E. Kalman in the 1960s [1], [2]. He has since
received many awards and prizes, including the National Medal of Science, which was
presented to him by President Barack Obama in 2009.

The Kalman filter calculations are simple and well-established. A possibly troublesome
obstacle is expressing problems at hand within a state-space framework. This chapter
derives the main discrete-time results to provide familiarity with state-space techniques and
filter application. The continuous-time and discrete-time minimum-square-error Wiener
filters were derived using a completing-the-square approach in Chapters 1 and 2,
respectively. Similarly for time-varying continuous-time signal models, the derivation of the
minimum-variance Kalman filter, presented in Chapter 3, relied on a least-mean-square (or
conditional-mean) formula. This formula is used again in the solution of the discrete-time
prediction and filtering problems. Predictions can be used when the measurements are
irregularly spaced or missing at the cost of increased mean-square-error.

This chapter develops the prediction and filtering results for the case where the problem is
nonstationary or time-varying. It is routinely assumed that the process and measurement
noises are zero mean and uncorrelated. Nonzero mean cases can be accommodated by
including deterministic inputs within the state prediction and filter output updates.
Correlated noises can be handled by adding a term within the predictor gain and the
underlying Riccati equation. The same approach is employed when the signal model

“Man will occasionally stumble over the truth, but most of the time he will pick himself up and
continue on.” Winston Leonard Spencer-Churchill
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possesses a direct-feedthrough term. A simplification of the generalised regulator problem
from control theory is presented, from which the solutions of output estimation, input
estimation (or equalisation), state estimation and mixed filtering problems follow
immediately.

+

Wi B, Xk+1 71 Xk Ce Yk

»| Dk

Figure 1. The discrete-time system & operates on the input signal wx € R” and produces

the output yx € R”.

4.2 The Time-varying Signal Model
A discrete-time time-varying system & :R” — R’ is assumed to have the state-space
representation

X = A+ Bw,, 1)
v, =Cx, +Dw,, ()

where Ax € R™, Br e R"™,Cr € R”" and Dy € R”*? over a finite interval k e [0, N]. The
wy is a stochastic white process with

E{w,} =0, E{ijz} = Qk§jk ’ 3)
1 if j=k
0 if j#k

in which z- is the unit delay operator. It is interesting to note that, at time k the current state

in which & ={ is the Kronecker delta function. This system is depicted in Fig. 1,

Xk = AkaXka + Beawr, (4)

does not involve wy. That is, unlike continuous-time systems, here there is a one-step delay
between the input and output sequences. The simpler case of Dy = 0, namely,

Y= Cix, ©)

is again considered prior to the inclusion of a nonzero Dx.

“Rudy Kalman applied the state-space model to the filtering problem, basically the same problem
discussed by Wiener. The results were astonishing. The solution was recursive, and the fact that the
estimates could use only the past of the observations posed no difficulties.” Jan. C. Willems
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4.3 The State Prediction Problem
Suppose that observations of (5) are available, that is,

Zk = Yk + Uk, (6)
where v is a white measurement noise process with
E{vi} =0, E{v,o;} = Rid and E{w;v; } =0. 7)
Uk
+
5 ! : o
—» g 4
+ - ~
+ Ceri-1 = Ve = Yisia
)

Figure 2. The state prediction problem. The objective is to design a predictor 7 which
operates on the measurements and produces state estimates such that the variance of the
error residual e/i1 is minimised.

It is noted above for the state recursion (4), there is a one-step delay between the current
state and the input process. Similarly, it is expected that there will be one-step delay
between the current state estimate and the input measurement. Consequently, it is

customary to denote x,,, , as the state estimate at time k, given measurements at time k - 1.
The x,,,, is also known as the one-step-ahead state prediction. The objective here is to
design a predictor 7Z that operates on the measurements z; and produces an estimate,
Y = Cx, iy, of v = Gk, so that the covariance, Efe,,, e, ,}, of the error residual, ej/i1

=Yk - Y., , is minimised. This problem is depicted in Fig. 2

4.4 The Discrete-time Conditional Mean Estimate
The predictor derivation that follows relies on the discrete-time version of the conditional-
mean or least-mean-square estimate derived in Chapter 3, which is set out as follows.

. . T . .
Consider a stochastic vector [e] f/] having means and covariances

] °

“Prediction is very difficult, especially if it's about the future.” Niels Henrik David Bohr

www.intechopen.com

>



Smoothing, Filtering and Prediction:
78 Estimating the Past, Present and Future

127 T T _ Lo Zap
el ot -3 3o o

respectively, where ¥, =% . . An estimate of a, given g, denoted by E{e, | f,}, which

and

minimises E{(ak - E{a, | B.})(a, — E{a, |,Bk})T} , is given by

E{o, | B =a+2, .5, , (B.—P). (10)

The above formula is developed in [3] and established for Gaussian distributions in [4]. A
derivation is requested in the problems. If a; and p are scalars then (10) degenerates to the
linear regression formula as is demonstrated below.

Example 1 (Linear regression [5]). The least-squares estimate &, = af, + b of «, given data

N
ar, Px € R over [1, N], can be found by minimising the performance objective | = %Z(ak -
k=1

€ A _
N db
for b and using the definitions (8) - (9), resultsina = X

q _ 0, substituting

N —
a)? = —=> (o, - aP, - b)*.Setting 0 yields b = & —af3 . Setting -
k=1 a

1
Wﬂzﬁﬂ'

4.5 Minimum-Variance Prediction
It follows from (1), (6), together with the assumptions E{wy} = 0, E{zs} = O, that E{fxy+1} =
E{Awa} and E{zi} = E{Cix}. It is assumed that similar results hold in the case of predicted

state estimates, that is,
32k+1 _ Akik/k—l
k k™ k/ k-1

Substituting (11) into (10) and denoting x,,,,, = E{x,,, |z} yields the predicted state
Do = A + Kz =G (12)

where Ky = E{x,,,z }E{z,z, }”' is known as the predictor gain, which is designed in the next

section. Thus, the optimal one-step-ahead predictor follows immediately from the least-
mean-square (or conditional mean) formula. A more detailed derivation appears in [4]. The
structure of the optimal predictor is shown in Fig. 3. It can be seen from the figure that #

produces estimates y,,, , = C,X,,,_, from the measurements z.

“I admired Bohr very much. We had long talks together, long talks in which Bohr did practically all the
talking.” Paul Adrien Maurice Dirac
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2k 2, —CXy + CR B
z > Koo :)—> O

+ _
+ I A X/ k-1
k —

Figure 3. The optimal one-step-ahead predictor which produces estimates x,,,,, of X+

Yk /k—1 = CkXic/ k-1

given measurements zj.

Let %,,,, = % -X,,_, denote the state prediction error. It is shown below that the

expectation of the prediction error is zero, that is, the predicted state estimate is unbiased.

Lemmna 1: Suppose that x,,, = xo, then
E{X; b =0 (13)
forallk [0, NJ.

Proof: The condition X,,, = xo is equivalent to X,,, = 0, which is the initialisation step for an
induction argument. Subtracting (12) from (1) gives

X = (A —KC)x, ., + Bw, =K, v, (14)

and therefore
E{xy. ) = (A - KCOEX, .} + BEE{w, } - K E{v,} . (15)

From assumptions (3) and (7), the last two terms of the right-hand-side of (15) are zero. Thus, (13)
follows by induction. O

4.6 Design of the Predictor Gain
It is shown below that the optimum predictor gain is that which minimises the prediction

error covariance E{X,,, X/, }.

Lemma 2: In respect of the estimation problem defined by (1), (3), (5) - (7), suppose there exist
solutions P, , = P!, , 20 to the Riccati difference equation

Pk+1/k c AkPk/k—lAZ + BkaBlf — AkPk/k—ICZ (CkPk/k—lcg + Rk )71CkPk/k—1AZ - (16)
over [0, NJ, then the predictor gain
K, = AkPk/k—ICZ (CkPk/k—ICZ + Rky1 ’ (17)

within (12) minimises P, , = E{X,,, Xt} -

“When it comes to the future, there are three kinds of people: those who let it happen, those who make
it happen, and those who wondered what happened.” John M. Richardson Jr.
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Proof: Constructing P,,,,, = E{X,,,, Xi.,,.} using (3), (7), (14), E{x,,, w.} = 0and E{X,, v} }
= 0 yields

P, =(4 -KC)P, (4, -KC) +BOB +KRK', (18)
which can be rearranged to give
P.,,=AP,. A -AD, C (P, Cl +R)'CP, A +BQB/
+(K, - AP, C/(C.P,, C+R)NC,PB,, C+R,) (19)
x(K, - AP, .C/(C.P, Ci+R)™,

By inspection of (19), the predictor gain (17) minimises P, ,, . O

4.7 Minimum-Variance Filtering
It can be seen from (12) that the predicted state estimate x,,, , is calculated using the

previous measurement z.; as opposed to the current data z;. A state estimate, given the data
at time k, which is known as the filtered state, can similarly be obtained using the linear least
squares or conditional-mean formula. In Lemma 1 it was shown that the predicted state
estimate is unbiased. Therefore, it is assumed that the expected value of the filtered state
equals the expected value of the predicted state, namely,

x x
E k/k:| ZI: ket } 20
{[ Zy CiXi/im 20)

Substituting (20) into (10) and denoting x,,, = E{x, |z} yields the filtered estimate
X =X + Lz =CiX i) (21)

where Ly = E{%,z/}E{z,z, }”' is known as the filter gain, which is designed subsequently. Let
X, =Xk - X, denote the filtered state error. It is shown below that the expectation of the

filtered error is zero, that is, the filtered state estimate is unbiased.
Lemmna 3: Suppose that x,,, = xo, then
E{X i} =0 (22)

forallk [0, NJ.

“To be creative you have to contribute something different from what you've done before. Your results
need not be original to the world; few results truly meet that criterion. In fact, most results are built on
the work of others.” Lynne C. Levesque

www.intechopen.com



Discrete-Time Minimum-Variance Prediction and Filtering 81

Proof: Following the approach of [6], combining (4) - (6) results in zx = CrAr1xk1 + CrBrawi1 + v,
which together with (21) yields

X = (I =LiCHA Xy jjy + (U =L C)Bwy_y — Lyvy . (23)
From (23) and the assumptions (3), (7), it follows that
E{x it =1 = LiC) A EXyy i}

(=LA -+~(I - LC)AE o) (24)

Hence, with the initial condition x,,, = xo, E{X,,,} =0.

4.8 Design of the Filter Gain
It is shown below that the optimum filter gain is that which minimises the covariance

~ ~T ~ — ~ . .
E{x,,,x,,.} ,where x,,, =x- x,,, is the filter error.

Lemma 4: In respect of the estimation problem defined by (1), (3), (5) - (7), suppose there exists a
solution P,,, = B}, 20 to the Riccati difference equation

B, =P, ,-P, C (P, C +R)'CP,.,, (25)
over [0, NJ, then the filter gain
L,=P, C/(CHP, _C,+R)", (26)
within (21) minimises P,,, = E{X,, X, .} .
Proof: Subtracting x,,, from xiyields x,,, =xk- X,,, =xx— X;,,, — L,(Cx, +oc— Cx,,, ), thatis,
X =T =L,COX o — Loy 27)

and
Pk/k =(I- Lka)Pk/k—l (I- chk )T + LkRkLi ’ (28)

which can be rearranged as
Pk/k = Pk/k—l - Pk/k—lcz (CkPk/k—lclT + Rk)ilckpk/k—l

+(Ly - Pk/k—lcl{ (CkPk/k—ICg +R, )_1)(CkPk/k—1CI? + Rk)(Lk - Pk/k—lclf (CkPk/k—ICZ + Rk)_l)T (29)
By inspection of (29), the filter gain (26) minimises P, ,, . O
Example 2 (Data Fusion). Consider a filtering problem in which there are two measurements of

1
the same state variable (possibly from different sensors), namely Ay, By, Qx € R, G = [J and Ry

R 0
= { (l)’k R } , with Rix, Rox € R . Let Py denote the solution of the Riccati difference equation
2.k

(25). By applying Cramer’s rule within (26) it can be found that the filter gain is given by

“ A professor is one who can speak on any subject - for precisely fifty minutes.” Norbert Wiener
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_ Ry By R By
- v
Ry Bk + RiuBy + RR, . Ry P + RGP+ RGRy

L,

from which it follows that ~ lim L, =[1 0] and o im L =[0 1]. That is, when the

Ry x>0 R, =0 2k >0 Ry #0

first measurement is noise free, the filter ignores the second measurement and vice versa.
Thus, the Kalman filter weights the data according to the prevailing measurement qualities.

4.9 The Predictor-Corrector Form
The Kalman filter may be written in the following predictor-corrector form. The corrected
(or filtered) error covariances and states are respectively given by

Py =Pt =P CHCP,, CT+R)'CP,, 30)
=P, ~L(CP,, Cr +R)'L
=(I-LC)P,,,,
X =% 0 Loz, —Cixy )
(31)

=(I-LC)x,, ., +Lz,

where Ly = P, C/(C,P,,, C/ + Ryl Equation (31) is also known as the measurement

update. The predicted state and error covariances are respectively given by

% % 2

Xk = A% (32)
=(A, -KCox,,, +K,z,

By = AkPk/kAlf + BkaB;f , )

where Ky = A,P,,, C/(C,P,,, .C{ + Ry It can be seen from (31) that the corrected estimate,

X, , is obtained using measurements up to time k. This contrasts with the prediction at time

k + 1 in (32), which is based on all previous measurements. The output estimate is given by
Vi =Cilin
=Gy + Gl (2 =Gy 1) (34)

=C,(I-LC)x,,, +C Lz, .

“Before the advent of the Kalman filter, most mathematical work was based on Norbert Wiener's ideas,
but the 'Wiener filtering' had proved difficult to apply. Kalman's approach, based on the use of state
space techniques and a recursive least-squares algorithm, opened up many new theoretical and
practical possibilities. The impact of Kalman filtering on all areas of applied mathematics, engineering,
and sciences has been tremendous.” Eduardo Daniel Sontag
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4.10 The A Posteriori Filter

The above predictor-corrector form is used in the construction of extended Kalman filters
for nonlinear estimation problems (see Chapter 10). When state predictions are not explicitly
required, the following one-line recursion for the filtered state can be employed.

Substituting x,, , = A, X%, into %, = (I-LC)x,, ,+ Lz yields x,, = (I -

L.C)A, X, i + Lizv. Hence, the output estimator may be written as

|:5Ek/k:| _ [(I - chk )Ak—l Lk:||:5ekl/kl:|
Vi G, Zy (35)

This form is called the a posteriori filter within [7], [8] and [9]. The absence of a direct feed-
through matrix above reduces the complexity of the robust filter designs described in [7], [8]
and [9].

4.11 The Information Form
Algebraically equivalent recursions of the Kalman filter can be obtained by propagating a
so-called corrected information state

%0 =PoiXisi (36)
and a predicted information state
Lok = ijfll/k&kﬂ/k : (37)
The expression
(A+BCD)'=A"-A"B(C"'+DA'B)'DA™, (38)

which is variously known as the Matrix Inversion Lemma, the Sherman-Morrison formula
and Woodbury’s identity, is used to derive the information filter, see [3], [4], [11], [14] and

[15]. To confirm the above identity, premultiply both sides of (38) by (A +BD™'C) to obtain
I=1+BCDA™" -B(C"'+DA'B)'DA™ -BCDA'B(C"' + DA™'B) 'DA™

=1+BCDA™ -B(I+CDA™B)(C"'+DA'B)' DA™

= I+BCDA'~BC(C" +DA'By(C"' +DA'B)'DA™",

“I have been aware from the outset that the deep analysis of something which is now called Kalman
filtering was of major importance. But even with this immodesty I did not quite anticipate all the
reactions to this work.” Rudolf Emil Kalman
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from which the result follows. From the above Matrix Inversion Lemma and (30) it follows
that

Pkillk = (Pk/k—l - Pk/k—ICZ (CkPk/k—lcz +R, )71CkPk/k—1)7l
39)
= Pk7lk—1 + CkTRZICk ’

assuming that P, , and R,' exist. An expression for P!, can be obtained from the

Matrix Inversion Lemma and (33), namely,
P, =(AP, A +BQB)"
(40)
=(F'+B,Q,B))",
where Fr = (AR, A" = AP LA, , which gives
P, =(I-FEB.B,EB, +Q;")'B))F.. (41)
Another useful identity is
(A+BCD)'BC=A"'(I1+BCDA™")"'BC
=A"'B(I+CDA'B)"'C (42)
=A"'B(C"'+DA'B)".
From (42) and (39), the filter gain can be expressed as
L,=P, C/(CHP, Ci+R)"
= (B +CeRIC)CR! (43)
=P, C/R,".
Premultiplying (39) by P,,, and rearranging gives
I-LC,=P,,P) . (44)

It follows from (31), (36) and (44) that the corrected information state is given by

A

_pl3
X = B

= Pk?k (I-LC)X ) + Pk7lkLka (45)

A Tp-1
=X TG Rz,

“Information is the oxygen of the modern age. It seeps through the walls topped by barbed wire, it
walfts across the electrified borders.” Ronald Wilson Reagan
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The predicted information state follows from (37), (41) and the definition of Fy, namely,
Ly = k:rll/kfckmk

= Pk_Jrll/kAk'%k/k
(46)
=(I- FkBk(BZFkBk + QIZI)_IBZ)FkAkxk/k

=(I- FkBk(BZFkBk + Q;l)ile)A;Tik/k .

Recall from Lemma 1 and Lemma 3 that E{x, —X,,,,,} =0 and E{x, —x,,,} =0, provided
X050 = Xo. Similarly, with %,, = P;x,, it follows that E{x,— P, %.;,,} = 0 and
E{x, — D, /iX;,x+ = 0. That is, the information states (scaled by the appropriate covariances)

will be unbiased, provided that the filter is suitably initialised. The calculation cost and
potential for numerical instability can influence decisions on whether to implement the
predictor-corrector form (30) - (33) or the information form (39) - (46) of the Kalman filter.
The filters have similar complexity, both require a p X p matrix inverse in the measurement
updates (31) and (45). However, inverting the measurement covariance matrix for the
information filter may be troublesome when the measurement noise is negligible.

4.12 Comparison with Recursive Least Squares

The recursive least squares (RLS) algorithm is equivalent to the Kalman filter designed with
the simplifications Ax = I and By = 0; see the derivations within [10], [11]. For convenience,
consider a more general RLS algorithm that retains the correct Ax but relies on the simplifying
assumption By = 0. Under these conditions, denote the RLS algorithm’s predictor gain by

K, = Akﬂ/mcz (Ckﬂ/k—lclz- +Ry ) (47)
where P, , is obtained from the Riccati difference equation
1_)k+l/k = Akl_)k/kflAlz" o AkEk/k7]CZ(CkBk/k7]Cg + Rk)_lcka/kflAlf : (48)

It is argued below that the cost of the above model simplification is an increase in mean-
square-error.

Lemma 5: Let P,_,,, denote the predicted error covariance within (33) for the optimal filter. Under

the above conditions, the predicted error covariance, P, ,, _, , exhibited by the RLS algorithm satisfies

P

k/k-1 S

k/k-1° (49)

“All of the books in the world contain no more information than is broadcast as video in a single large
American city in a single year. Not all bits have equal value.” Carl Edward Sagan

www.intechopen.com



Smoothing, Filtering and Prediction:
86 Estimating the Past, Present and Future

Proof: From the approach of Lemma 2, the RLS algorithm’s predicted error covariance is given by

P = Akpk/k—lAZ - Akl_)k/k—lclf (Ckl_)k/k—lcz + Rk)_lckpk/k—lAlf + BkaBI{

+(K, = AP, .C{ (C,P,,,_Ci +R) " )NC, P, .C +R,) (50)

x(K, - Akl_)k/k—lclf (Ckl_)k/k—lclz- + Rk)il)T .

The last term on the right-hand-side of (50) is nonzero since the above RLS algorithm relies on the
erroneous assumption B,Q,B; = 0. Therefore (49) follows. O

4.13 Repeated Predictions

When there are gaps in the data record, or the data is irregularly spaced, state predictions can
be calculated an arbitrary number of steps ahead. The one-step-ahead prediction is given by
(32). The two, three and j-step-ahead predictions, given data at time k, are calculated as

52k+2/k = Ak+15%k+1/k (51)
JACI<+3/1< = Ak+25&k+2/k (52)
52k+j/k = Ak+j—l5ek+j—l/k ’ (53)
see also [4], [12]. The corresponding predicted error covariances are given by
Peorie = AvarPrvi A + B Qi Bi (54)
Posi = ArPeaiAran + BiaQinBis (35)
By = Ak+j—1Pk+j—1/kAZ+j—l + Bk+j—1Qk+j—1Blz+j—1 . (56)

Another way to handle missing measurements at time i is to set C; = 0, which leads to the
same predicted states and error covariances. However, the cost of relying on repeated
predictions is an increased mean-square-error which is demonstrated below.

Lemma 6:
(l) Pk/k = Pk/k—l'
(ii) Suppose that
AAT +BQB >1 (57)

forallk € [0, N], then P, 2 P, forall (j+k) [0, N].

“Where a calculator on the ENIAC is equipped with 18,000 vacuum tubes and weighs 30 tones,
computers in the future may have only 1,000 vacuum tubes and perhaps weigh 1.5 tons.” Popular
Mechanics, 1949
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Proof:
(i) The claim follows by inspection of (30) since L, (C, P, ,Ci +R, )L, = 0.
Thus, the filter outperforms the one-step-ahead predictor.
(ii) For P, 2 0, condition (57) yields A, P nAiin * BejoQuinBia 2
P\, which together with (56) resultsin P, ;, 2 P, . O

Example 3. Consider a filtering problem where A = 0.9 and B=C = Q = R =1, for which AAT
+ BQBT = 1.81 > 1. The predicted error covariances, P, ;,,j=1 ... 10, are plotted in Fig. 4.

The monotonically increasing sequence of error variances shown in the figure demonstrates
that degraded performance occurs during repeated predictions. Fig. 5 shows some sample
trajectories of the model output (dotted line), filter output (crosses) and predictions (circles)
assuming that z3 ... zg are unavailable. It can be seen from the figure that the prediction error
increases with time k, which illustrates Lemma 6.

2 6

41 o <
.ﬁ X " <§4 X ®
;ES X < X x e
- ol - =2 B

1 X SN ._.® O o o 0 o o

0 0 10 %0 5 10

J k

Figure 4. Predicted error variances for Example 3.  Figure 5. Sample trajectories for Example 3: y;

(dotted line), 1/,,, (crosses)and 7, ji (circles).

4.14 Accommodating Deterministic Inputs
Suppose that the signal model is described by

X = AX + Bow, + 44, (58)
Vi =Cx + 7y, (59)

where u and 7 are deterministic inputs (such as known non-zero means). The
modifications to the Kalman recursions can be found by assuming x,,,,, = A.X,,, + p« and

Yo = CX, iy +m. The filtered and predicted states are then given by

X =% (2, —Cxy oy — 7)) (60)

“I think there is a world market for maybe five computers.” Thomas John Watson
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and

X = A+ (61)

= Ay + Kz, =Coxy o =) + 44 (62)

respectively. Subtracting (62) from (58) gives

Xpon = A — K (Coxy o + 1+ 0 — ) + Bowy + g — 14

[ (63)
= (A - KCxy )y, + Baw, — Koy,

where X,,, | =xx- X,,._, - Therefore, the predicted error covariance,

Py = (A = KCOPB, (A, -K.C)' +BQ,B; +K,RK;
T T T T (64)

= AB A — K (G PG + ROK + B QB
is unchanged. The filtered output is given by

Yine =CiXpp + 7, - (65)

<1,k Ty k/k
Figure 6. Measurements (dotted line) and filtered states (solid line) for Example 4.

Example 4. Consider a filtering problem where A = diag(0.1, 0.1), B = C = diag(1,1), Q=R =
sin(2k)
cos(3k)
Fig. 6. The resulting Lissajous figure illustrates that states having nonzero means can be
modelled using deterministic inputs.

diag(0.001, 0.001), with u = [ } . The filtered states calculated from (60) are shown in

“There is no reason anyone would want a computer in their home.” Kenneth Harry Olson
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4.15 Correlated Process and Measurement Noises
Consider the case where the process and measurement noises are correlated

w; T T Qe S
E{L}j}[wk Uk]}:{sz Rkjlé‘jk' (66)

The generalisation of the optimal filter that takes the above into account was published by
Kalman in 1963 [2]. The expressions for the state prediction

Xk = Ay + K (2, = Coxy ) (67)
and the state prediction error
X = (A —KCOX, )y + Biw, — Ko, (68)

remain the same. It follows from (68) that

(69)

E{w,}
E{v.} '

E{x, ..} = (A, —KCOE, ;) +|:Bk _Kk]|:
As before, the optimum predictor gain is that which minimises the prediction error
covariance E{X,,, X, }.

Lemma 7: In respect of the estimation problem defined by (1), (5), (6) with noise covariance (66),
suppose there exist solutions P, , = P!, , 20 to the Riccati difference equation

B...=APL,, Al +BQB, — (AP, Ci +BS)CD,, Cl+R)" (AP, Ci+BS) (70)
over [0, NJ, then the state prediction (67) with the gain
K, =(AP, C/ +BS)C/P, Ci+R)", (71)
minimises D, , = E{X,,, X1, } -
Proof: It follows from (69) that
E{X, .., Xt = (A, —K.COE{X,, %1 (A, —K,.C)"

Q, S}{ B }
+ B, -K,| ; .
[ :||:Sk R, ]| K, (72)

= (Ak - chk)E{'gék/k—lik/k—l}(Ak - chk)T

+B,Q,B; +K,R,K] —B,S,K, —K,S,B; .

“640K ought to be enough for anybody.” William Henry (Bill) Gates III
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Expanding (72) and denoting D, , = E{X,,, %, gives
Pk+1/k = AkPk/kflAlzw + BkaBZ - (Akpk/kflclr + Bksk )(CkPk/kflclz— + Rk )71 (AkPk/kflclz— + BkSk)T
+(Kk - (AkPk/k—ICZ + BkSk )(CkPk/k—ICI;F + Rk)71 )(Ckpk/k—lclj + Rk)
T T -1\,
X(Kk — (AP Cr + BSCP Gy + Ry ) . (73)
By inspection of (73), the predictor gain (71) minimises P, ,, . O

Thus, the predictor gain is calculated differently when wy and v are correlated. The
calculation of the filtered state and filtered error covariance are unchanged, viz.

X, =I-LC)x,,,+Lz, (74)
P, =(I—Lka)Pk/k71(I—Lka)T +LkRkL£, (75)

where
L,=P, C/(CP, Cl+R)". (76)

However, P, , is now obtained from the Riccati difference equation (70).

4.16 Including a Direct-Feedthrough Matrix
Suppose now that the signal model possesses a direct-feedthrough matrix, Dy, namely

X, = Ax, + Bw,, (77)
v, =Cx, +Dw, . (78)

Let the observations be denoted by
2, =Cx, + 7, (79)

where v, =D, w, + v, , under the assumptions (3) and (7). It follows that

ok 5

The approach of the previous section may be used to obtain the minimum-variance
predictor for the above system. Using (80) within Lemma 7 yields the predictor gain

Qs Q.D;

| 80
DQ, DQD/+R, | ™" (®0)

K, =(AR,,_ C; +B.Q.D)HQ,, (81)

“Everything that can be invented has been invented.” Charles Holland Duell
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where
Q= CkPk/k—lclf + Dkale +R, (82)
and P, , is the solution of the Riccati difference equation

Pk+1/k = Akpk/k—lAl—fF _KkaK; + BkaBZ . (83)

The filtered states can be calculated from (74) , (82), (83) and Ly = B, ,C/Q;".

4.17 Solution of the General Filtering Problem

The general filtering problem is shown in Fig. 7, in which it is desired to develop a filter
that operates on noisy measurements of &, and estimates the output of &,. Frequency
domain solutions for time-invariant systems were developed in Chapters 1 and 2. Here, for
the time-varying case, it is assumed that the system &, has the state-space realisation

X = A + Bw,, (84)
Yy, =Cox + D, w, (85)
+ | ™
Wy Y2k %k ﬁl,k/k
g H
+ _
Y1k + €k :yl,k_]yl,k/k
g > >

Figure 7. The general filtering problem. The objective is to estimate the output of &, from

noisy measurements of &, .

Suppose that the system &, has the realisation (84) and
Yik= Cl,kxk + D],kwk . (86)
The objective is to produce estimates ¥, ,,, of y,, from the measurements

2, =Cou X, + 7, (87)

“He was a multimillionaire. Wanna know how he made all of his money? He designed the little
diagrams that tell which way to put batteries on.” Stephen Wright
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where v, =D, ,w, + v, , so that the variance of the estimation error,

€k = Yix _gl,k/k’ (83)

is minimised. The predicted state follows immediately from the results of the previous
sections, namely,

Xk = Ay Ki(zp = Couxy )

(89)
= (A —KCo )X s + Kz
where
K, =(A,D,,.C;, +BQ.D; ) (90)
and
Q, = C2,kPk/k—1C2T,k + Dz,kaDzT,k +R,, (91)
in which P, , evolves from
Py = 4B 4 - K QK[ +BOB, . 92)
In view of the structure (89), an output estimate of the form
gl,k/k = Cl,k"%k/k—l +L(z, - Cz,kfck/kq)
(93)
=(Cp — LGy )Xy iy + Lizi
is sought, where Ly is a filter gain to be designed. Subtracting (93) from (86) gives
€k = Yige — Yijok
. w, (94)
=(Cp —LCy)x iy + I:Dl,k _Lk:| .
Y

It is shown below that an optimum filter gain can be found by minimising the output error
covariance E{e, e, } .

Lemma 8: In respect of the estimation problem defined by (84) - (88), the output estimate y, ,,, with
the filter gain

L, = (Cl,kPk/k—lczT,k + D1,/<Q1<DzT,k)QZ1 (95)

minimises Efe,, e, .} .

“This ‘telephone” has too many shortcomings to be seriously considered as a means of communication.
The device is inherently of no value to us.” Western Union memo, 1876
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Proof: It follows from (94) that
Efecneint = (Crp = LiCo) Py (Cly —CoiLy)

Q Q DT’ D!
+|:D1,k _Lk} D o D kDTZk R i (96)
2,ka z,ka 2,k + I _Lk

=C,,B, Ci-C, LQLC!,,
which can be expanded to give
Efe, et = CoiBeiiCli + Dy QD5 — (C 4P C 2, D, QD5 QL (C Py i Coa i + D QD; )T
—~(C, P, x.C2,. +D, . Q. D, ) (C, B, ..Cs . + D, , QD5 )"
+(L, - (C,,B,,..C, + D, ,Q.D; ) HQ,
+(L, - (C, B, ,.,Cs, +D,,Q,D; )" . (97)
By inspection of (97), the filter gain (95) minimises E{e, e, .} . O

The filter gain (95) has been generalised to include arbitrary Cix D1k and Dok For state
estimation, C; = I and D, = 0, in which case (95) reverts to the simpler form (26). The
problem (84) - (88) can be written compactly in the following generalised regulator
framework from control theory [13].

X
X1 A, B, 0

0
e |=|Cux D Diax [wk} ’ (93)
Zy Cox Dox 0 Ak

“Yikik

where B, :[0 Bk]’ Cwu=Cur Cu=Cy D= [O Dl,k] » D=1 and

D, = [I Dz,k} . With the above definitions, the minimum-variance solution can be written

as
Xk = A + Kz =Cy X 0) (99)

gl,k/k = Cl,l,k&k/k—l +L,(z - Cz,l,k&k/k—l) , (100)

“The wireless music box has no imaginable commercial value. Who would pay for a message sent to
nobody in particular?” David Sarnoff
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where
4
R 0 R 0
K, = Akpk/k—lczT,l,k +B, ., { ‘ :|D2T,l,k C2,1,kpk/k—1C2T,1,k +D,, 4 { - :|D2T,l,k , (101)
0 Q 0 Q

T Rk 0 T T Rk 0 T h
Lk T Cl,l,kPk/k—ICZ,l,k + Dl,l,k D2,l,k CZ,l,kPk/kflcz,l,k + D2,l,k D2,l,k 4 (102)
0 & 0 Q

in which P, , is the solution of the Riccati difference equation

T T R, O
Dok = AP Ay —K(Co B 1 Coux + Dy

R 0
DI YK'+B k BI .
O ij| 2,1,k) k I,],k{ 0 :| 1,1,k (103)

Qs

The application of the solution (99) - (100) to output estimation, input estimation (or
equalisation), state estimation and mixed filtering problems is demonstrated in the example
below.

+ | »

Yk Zk y
W Yikrk

Y1k €k

Figure 8. The mixed filtering and equalisation problem considered in Example 5. The
objective is to estimate the output of the plant &, which has been corrupted by the channel

¢, and the measurement noise vy.

Example 5.
(i) For output estimation problems, where Cx = Cox and D1 = Dy, the predictor
gain (101) and filter gain (102) are identical to the previously derived (90) and
(95), respectively.
(if) For state estimation problems, set C;x =1and D;x = 0.
(iii) For equalisation problems, set C;x = 0and Dy = L.
(iv) Consider a mixed filtering and equalisation problem depicted in Fig. 8, where

the output of the plant &, has been corrupted by the channel &,. Assume

- X et A By |l x . -
that &, has the realisation | " |=| ~ " * |. Noting the realisation of
Yik Cix Dt | wy

“Video won't be able to hold on to any market it captures after the first six months. People will soon get
tired of staring at a plywood box every night.” Daryl Francis Zanuck
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the cascaded system &,&, (see Problem 7), the minimum-variance solution

A B, .C 0 B,.D 0
be f db tine A, = 2,k 2,k Lk B = 2,k 1Lk B _ )
can be found by setting A { 0 A, Lik 0 B, 12k= |

Ciae = [C 0], Coax = [Cy, D,,Cy ], Diax = [0 D] and Dyix =
[ D,D,].

4.18 Hybrid Continuous-Discrete Filtering
Often a system’s dynamics evolve continuously but measurements can only be observed in
discrete time increments. This problem is modelled in [20] as

i(H) = A(Hx(t) + Blhw(b), (104)
z, =Cx, +v,, (105)
where E{w(t)} = 0, E{fw(t)wT(1)} = Q(t)o(t - 1), E{ws} = O, E{vjva} = Rk and xx = x(kT5), in

which Ts is the sampling interval. Following the approach of [20], state estimates can be
obtained from a hybrid of continuous-time and discrete-time filtering equations. The
predicted states and error covariances are obtained from

() =ADR(), (106)

P(t) = A(H)P(t) + P AT (t) + BOQH)B' (1) . (107)

Define x,,, , = x(t) and Pi/x1 = P(t) at t = kT. The corrected states and error covariances are
given by

X =%+ L2, —=Cxy ) s (108)

B,=U0-LC)HP,,, ,, (109)

where Ly = P,,, C/(C,P,,, .C{ +R,)". The above filter is a linear system having jumps at the

discrete observation times. The states evolve according to the continuous-time dynamics
(106) in-between the sampling instants. This filter is applied in [20] for recovery of cardiac
dynamics from medical image sequences.

4.19 Conclusion
A linear, time-varying system &, is assumed to have the realisation xx+1 = Ap + Bywy and

Yok = Copxx + Dojwy. In the general filtering problem, it is desired to estimate the output of a
second reference system ¢, which is modelled as y;x = Ciixx + Dijwi. The Kalman filter

which estimates y; x from the measurements zx = y,x + vk at time k is listed in Table 1.

“Louis Pasteur’s theory of germs is ridiculous fiction.” Pierre Pachet, Professor of Physiology at
Toulouse, 1872
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If the state-space parameters are known exactly then this filter minimises the predicted and
corrected error covariances E{(x, — X, )(x, — %)} and E{(x, — %,)(x, = %.,.)"},

respectively. When there are gaps in the data record, or the data is irregularly spaced, state
predictions can be calculated an arbitrary number of steps ahead, at the cost of increased
mean-square-error.

ASSUMPTIONS MAIN RESULTS

E{wi} = E{fvi} =0. E{w,w,} = Xk+1 = Arxx + Brwg
% Qr and E{v,v;} = Ry are Yok = Copxx + Doy
2 e known. Ay, Bi, Cix, Cox, D1 2= Yok + O
£ £ Dy are known.
B 7 Y1k = Crpxx + Dy
L o . .
..g 5 _.% X = (A = KCo)x, 0, + Kz,
T 58 : A
g _g _§ Yo = (€ = LGy )X 00 + Lizy
=2 g
0~ ©

Qc>0, R, > 0. C,,P,, Cl, + K, = (AP, Cl, +BQD!,)
Dy4QDz + Ric > 0. %(Cy 4P,y Cly + Dy, QD" + R,
L, = (C, P, .Cl, +D, QD)

X(Cy 4Py Coy + D, QD5 + R

B = Akpk/k—lAkT + BkaB,f

redictor gain, filter gain and
ccati difference equation

P
Ri

_Kk (Cz,k})k/k—lczr,k + D2,kaD2T,k + Rk)KkT

Table 1.1. Main results for the general filtering problem.

The filtering solution is specialised to output estimation with Cix = Cox and D1 = Dapx.

In the case of input estimation (or equalisation), Cix =0 and D1 = I, which results in w,,, =
-L,C, X/ + Lizi, where the filter gain is instead calculated as Ly = Q.D, (C, B, .,.C;, +
D, Q.D;, +R,)™".

For problems where Cyx = I (state estimation) and D1 = D24 = 0, the filtered state calculation
simplifies to x,, = (I - LC, )X, + Lz where x,,, = AXx_,, and L =

“Heavier-than-air flying machines are impossible. ” Baron William Thomson Kelvin
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P Coi(Cy P oy + R,)™. This predictor-corrector form is used to obtain robust, hybrid

and extended Kalman filters. When the predicted states are not explicitly required, the state
corrections can be calculated from the one-line recursion %,,, = (I- L,C, )4, X, ., + Lz

If the simplifications By = D2 = 0 are assumed and the pair (Ax, C2) is retained, the Kalman
filter degenerates to the RLS algorithm. However, the cost of this model simplification is an
increase in mean-square-error.

4.20 Problems

Problem 1. Suppose that E{Zk}} = {g} and E{[Z"}[a[ ﬂg]} = deak Fas } . Show that

k k Zﬂkak BB

an estimate of o, given f,, which minimises E{(ak - E{o, | S}, — Ele, | ﬂk})T} , is
givenby Eia, |/} = @+3,,3,, (B.—B).
Problem 2. Derive the predicted error covariance

P = AP A - AP Ci(CP G +R)'CR, A + BQB; from the state
prediction x,,,,, = AX,,, + K. (z, -C.x,,,_,) , the model xx+1 = Aixk + Bxwy, yk = Cix and the

measurements zx = Y + Uy.

Problem 3. Assuming the state correction x,,, = x,,,, + L (z, = C,x,,,,) , show that the

corrected error covariance is givenby P,,, = P, , — L,(C,P,,, C, + R)L;.
Problem 4 [11], [14], [17], [18], [19]. Consider the standard discrete-time filter equations

X = Ak
e = X ¥ Lz = CXly)
Py = AP Ar + BQB,
Py = Py — Lk(ckpk/k—lcl? + Rk)LTI;’

where L, =P, ,C/(C,P,,, C/ +R,)". Derive the continuous-time filter equations, namely

R(t) = At R(E) + K(8)(2(E) —CE)R(E))

P(t) = A(t)P(t,) + P(t)AT (t,) = P(t,)C" (£ )R (£, )C () P(t,) + B(t)Q(t)B (¢,) ,

“But what is it good for?” Engineer at the Advanced Computing Systems Division of IBM, commenting
on the micro chip, 1968
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where K(t) = P(t) C(#)R1(#). (Hint: Introduce the quantities Ax = (I + A())At, B(t) = Bx, C(t)

=Cy B, Q(t) = Qu/At, R(t) = Ridt, X(t,) = X,,., P(t) = B, Jé(tk) - EE})%,

Pk+1/k —

P(tk) = lim% and Af = - tk_1.)
t

At—0

Problem 5. Derive the two-step-ahead predicted error covariance P, ,,, = A, P, AL, +
T
Bk+1Qk+1Bk+l :

Problem 6. Verify that the Riccati difference equation P,,,, = AP, A, — K.(CP, C/ +
R)K; + B,Q,B/, where K, = (AP, C, + BS,)C,P,, Ci+ R, is equivalent to P,
= (A — KCOHP (A — chk)T + KkRkKZ + BkaBZ - BkSkKZ - KkSkBkT-

Problem 7 [16]. Suppose that the systems y;x = &, wr and y,x = &, wi have the state-space

X || Ae Bux |:x1,k:| X | | Aok Baox |:x2,kj|
= and = .
Yix Ci D w Yok Cow Dy || wy

Show that the system y3x = &,¢&, wiis given by

xl,k+l
Yk

realisations

A, 0 B, Xk
= Bz,kcl,k Az,k Bz,le,k X5k
Dz,kcl,k Cz,k Dz,le,k Wy

4.21 Glossary
In addition to the notation listed in Section 2.6, the following nomenclature has been used herein.

g A system that is assumed to have the realisation xx+1 = Agxx + Biwy and
Y = Cixx + Dywy where Ay, By, Ci and Dy are time-varying matrices of
appropriate dimension.

Qi Ri Time-varying covariance matrices of stochastic signals wy and vy,
respectively.
g Adjoint of & . The adjoint of a system having the state-space

parameters {Ai, By, Ci, Di} is a system parameterised by {AZ ,
_CI{ /_BZ/ DZ }

X Filtered estimate of the state x; given measurements at time k.
Xi i Filtered state estimation error which is defined by x,,, =xx- X, ;.
Prx Corrected error covariance matrix at time k given measurements at

time k.

“What sir, would you make a ship sail against the wind and currents by lighting a bonfire under her
deck? I pray you excuse me. I have no time to listen to such nonsense.” Napoléon Bonaparte
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Ly Time-varying filter gain matrix.

Xk Predicted estimate of the state xy+1 given measurements at time k.

X/ Predicted state estimation error which is defined by x,,,, = X1 -
J2k+1/ k-

Pr1x Predicted error covariance matrix at time k + 1 given measurements at
time k.

Kk Time-varying predictor gain matrix.

RLS Recursive Least Squares.
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