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1. Introduction

It is well known that the robust disturbance attenuation against uncertainties can be
achieved by the robust H, controllers and some practical situations make us use the fixed-
order controllers. These facts imply that the fixed-order robust H, controllers are important
for practical control problems. However it is difficult to design such robust controllers,
because the robust H, control problems include an infinite number of matrix inequality
constraints, in other words, they are described by Robust Semi-Definite Programming
(RSDP) problems. For obtaining a feasible solution of the RSDP problems coming from the
robust control problems with state feedback controllers or full-order controllers, many
numerical methods have been proposed. Classically, the quadratic stability theory, i.e. a
common constant Lyapunov function for the entire uncertain set is used for reducing the
infinite constraints to the finite ones at the expense of conservatism (Boyd et al. 1994).
Recently, parameter dependent Lyapunov functions are used to improve the conservatism
(Chesi et al. 2005) - (Ichihara et al. 2003), (Kami et al. 2009) - (Shaked 2001), (Xie 2008) and
some one-shot type approaches using extended LMI conditions, which allows to use the
affine parameter dependent Lyapunov functions, have been proposed (Pipeleers et al. 2009),
(Shaked 2001), (Xie 2008). However these methods can not always produce the robust
controller, because common additional variables are required and these methods can not be
used for designing fixed-order controllers. In this sense, an iterative type approach may be
useful to the problems such that these one-shot type approaches can not be applied.

In the field of the numerical optimization, there are two types of iterative approaches for
finding feasible or locally optimal solutions of the optimization problems: one is an interior-
point approach which needs an initial feasible solution to be carried out and the other is an
exterior-point approach which does not need it. From these facts, exterior-point approach
can be efficient for obtaining the solutions of the problems such that feasible solutions are
difficult to be found. However, there are no exterior-point approaches except those in
(Iwasaki & Skelton 1995), (Kami & Nobuyama 2004), (Kami et al. 2009), (Vanbierviet 2009)
for control problems to our knowledge.
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88 Recent Advances in Robust Control — Theory and Applications in Robotics and Electromechanics

In this paper, we deal with the fixed-order robust H, controller synthesis problem against
time invariant polytopic uncertainties, which can be described by parameter dependent
bilinear matrix inequality (PDBMI) problems. The purpose of this paper is to propose an
iterative approach which is like an exterior-point one. To do that, we introduce an “axis-
shifted system' which is obtained by shifting the imaginary axis of the complex plane so that
all perturbing closed-poles are included in the LHS of the shifted imaginary axis. Our
approach constructs a sequence of infeasible controller variables on which the shifted
imaginary axis returns to the original position while the H_ norm of the axis-shifted system
is less than the prescribed H, norm bound. The advantage of our approach is to be able to
use any controller variables as an initial point. The efficiency of our approach is shown by a
numerical example.

In this paper, the following notations are used.R, R and S" are the sets of real scalars,

A *
nxm real matrices and nxn real symmetric matrices, respectively. He{Z }, l:BT C} and

A B

o(-) denote Z+Z", the block symmetric matrix l:BT } and a set of eigenvalues,

respectively. Moreover, Q denotes a hyper-rectangle and vert Q indicates the set of
vertices of Q.

2. Problem formulation

In this paper, we consider the following plant P(¢) with a time invariant uncertain

parameter 0:=[6, - 6y]:
(t) = A(O)x(t) + Bu(t) + B, w(t)
P() =1 z(t) = Cx(t) + Du(t) 1)
y(t) = Ex(t)
A(O):= A, + i G,A, (2)
i=1

where x(t) is the plant state, w(t) is any exogenous input, u(t) is the control input, z(t) is
the performance output, y(t) is the measurement output and 6:=[6, -+ 6y]|eQ is an
uncertain parameter vector whose elements satisfy

0.€[0 6]i=1N. )

z > P(e) * W

(il

Fig. 1. Control system.
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Moreover, we have the following assumptions:
1. (A(0),B) is controllable forall 8eQ .

2. (A(¥),B,,C) is controllable and observable for all Q.

For this system let us consider the following fixed-order controller X, or the static state
feedback controller X, :

% (t) = Ax (t) + By(t) (4)
T u(t) =Cox.(t)+ Doy(t)
T, s u(t) = Kx(t) ©)

where x,(t)eR" is the controller state and r is the prescribed integer which achieves
O<r<n. Note that £, and X, become state feedback controllers in the case that E=1I
holds.

Via the controller X; and X the closed-loop system can be described by

{icl(t) = Acl(I_Zlg)xcl(t) + Bclww(t)' (6)
Ca(K)xy(t)

N
—~
~~
~
I

A,(K,0):= A(8)+ BKE,C(K):=C + DKE @)

For the controller X; x,(t) and the coefficient matrices in (7) are given by

x(t) — — N o o_ _ Ai 0 .
xq(t)= LGZ(tJ,A(e) = Ay + ;eiAi,Ai { 0 O}(z =0,1,---,N), 8)
5-|” Y E=|® Yl Ec[c 0,B=[p o],R=|"
o 1)Felo tete wop Ry Lo

For the controller X, x,(t) and the coefficient matrices are given by

x,(t)=x(t),A(8)= A(),B=B,E=E,C=C,D=D,K=K (10)

For the closed-loop system (6) the control problem to be solved in this paper is defined as
follows:
Robust H, synthesis problem:

Given an H_, norm bound Vp s find K which achieves

T (K,0)| <7, (1)
where T, (K, ) is the transfer function from w to z of the closed-loop system (6) and ||

denotes the H_, norm.
For the control problem (11) the following lemma holds (Boyd et al. 1994):
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Lemmal [T, (K, 9)”oo <y, holds if there exists a parameter dependent Lyapunov function

N
P*(0):=Py +> 6P >0 (12)
i=1

which satisfies

P*(0)A4(K,0)+ Ay(K,0) P*(0)  * 7
BL,P*(6) -y, L * |<O. (13)
CCI(K) 0 _ypI

This lemma implies that the robust H, synthesis problem (11) can be described as PDBMI
problem, which has an infinite number of BMI constraints corresponding to all points on Q.
Hence it is difficult to obtain the feasible controller variables K achieving (13). One well
known classical method for obtaining X, in the case that E=1Iis to use quadratic
(parameter independent constant) Lyapunov functions (Boyd et al. 1994). i.e., defining

P ()" =X, W:=KX (14)

to get the controller variables from

K=Wx" (15)

where X and W are the solutions of the next inequalities:

AO)X + XAO)" +BW + WTBT  * *
B -7,l % |<0,VOevertQ (16)
CX +DW 0 —y,l

However the quadratic Lyapunov functions X do not always exist and even if they exist
the obtained controller includes a high conservatism. Moreover, this method can be only
used in the case that E=1.

Recently, various studies with parameter dependent Lyapunov functions have been
reported to reduce the conservatism (Chesi et al. 2005) - (Ichihara et al. 2003), (Kami et al.
2009) - (Shaked 2001), (Xie 2008). Especially, some interesting one-shot type approaches for
designing static state feedback controllers or full-order controllers with extended matrix
inequality conditions have been proposed (Pipeleers et. al., 2009), (Shaked 2001), (Xie 2008).
However these methods do not always produce the feasible controllers in some cases,
because some additional common matrix variables are required and this method can not be
used in the case that E=I. In this paper, we propose an iterative approach to the fixed-
order robust H, synthesis problem, which can be used if E#I. The features of our
approach are to constructs a controller sequence from the infeasible region to the feasible
one and to be able to use any matrix as an initial point.
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3. Multi-convex relaxation method

In this section, let us consider the next PDMI problem

N N N
find z s.t. M(z,0) := My(z) + Z;@Mi(z) +>.>.00,M;(2)<0,Y0eQ (17)

= i=1 i
where z:=[z; - ZN]T (z; €R) is a vector of decision variables, §:=[6, - HN]T eQisa

parameter vector whose elements 6, e R are in the given range 6, € [Ql ‘91] and M,(z),
M;(z) and M;(z) are symmetric matrices with appropriate sizes. It is well known that
feasible solutions of the PDMI problem (17) are difficult to be obtained, because this
problem has an infinite number of constraints corresponding to all points on Q. In this
section, we show the multi-convex relaxation method (Ichihara et al. 2003) which is used for
reducing the infinitely constrained problem to a finitely constrained one for obtaining a
feasible solution of (17).

3.1 Multi-convex function

In this subsection, we review the definition and the properties of the multi-convex function.
Definition 1: If the function f(6),6= [6’1 HN] becomes a multi-convex function with
respect to any ¢, in the case that ¢,(i=1,--,j-1,j+1,---,N) are fixed then the function
f(6) is said as a multi-convex function.

From the definition the multi-convex function has the next properties:

Lemma 2 The next statements hold:

1. The function f(f) is the multi-convex function if and only if %20 hold

i

Vi=1,---,N.
2. The maximum of the multi-convex function f(f) on 0 is on the vertex of (2 (See
Fig. 2).

Using these properties the relaxation method for obtaining the feasible solution of (17) is
shown in the next subsection.

0,

F The maximum is always on
‘* o one of vertexes of the region Q

Fig. 2. The concept of the multi-convex functions.

3.2 Multi-convex relaxation

In this subsection, we show a relaxation method with multi-convex function (Ichihara et al.
2003) which is needed to derive our approach. The key idea of this method is to make the
multi-convex upper bound of M(z,0).
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The multi-convex relaxation method can be described as the next lemma:
Lemma 3 z is a feasible solution of the PDMI problem (17) if there exist z, Q; e R”" and
R;€S"(i=1,---,N) which achieve

M(Z, 9) * * *

-0R;, -R;, * %
o g . |<OvOevertQ (18)
Ov-6GRy 0 0 -Ry
M;(z)+R; 20(i=1,---N). (19)
Proof M(z,0)<0,V8eQ holds iff we have
f(2,0):=x"M(z,0)x <0,v0 € Q,Vx(#0) eR". (20)
Now, let us define f;(z,6) and f,(8) as
N
fi(z,0) = x"M(z,0)x + ZQinTRix, (21)
i=1
N
f2(0) = Z@ZXTRixr (22)
i=1
respectively, where R; € S" achieve
x"(M,;(2)+ R)x>0,i:=1,--N (23)

which is the necessary and sufficient condition for f,(z,0) to be multi-convex function with
respect to €. Then the function f(z,60) given by (24) becomes a multi-convex upper bound
function of f(z,60)(= f1(z,0) - f,(0)):

f(2,0)= fi(z,0)~ f»(6), (24)

N
f2(0):= Y (B[R, + ORB; ~B[RB;) (25)

=1

-

This is because —f,(#) < —f, () holds from
~6’R; < (0B R, + &.R.B; -B! R.B,),VB, e R"™" . (26)
Then, from the property of the multi-convex functions f(z,6) <0 holds iff we have
N

M(z,0)+ > (6,1 - B;) Ry(6,] — B;) < 0,70 € vert Q (27)
i=1
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and the inequality (27) can be transformed into

M(Z,e) * * *
R.B; —6,R -R, * *
1 1: B 01 . . <0,v0 e vert Q. (28)

Therefore, z is a feasible solution of M(8,z) <0 if there exist z, B; and R; which achieve
(28) for all @ € vert Q and replacing R;B; by Q; in (28) we have (18).

Using this lemma the problem (17) with an infinite number of constraints can be reduced
into that with a finite number of constraints.

4. Iterative approach to the robust H,, synthesis problems

In this section, we propose an iterative approach to the robust H, control problem (11)
using Lemma 3. To do that, we introduce an “axis-shifted system' which is obtained by
shifting the imaginary axis so that all perturbing poles are located in the LHS of the
imaginary axis. The key idea of our approach is to return the shifted imaginary axis to the
original position while the H, norm of the axis-shifted system is less than y,, . The feature of
our approach is to be able to use any controller variables as an initial point.

Firstly, we add the practical assumption for the closed-loop system (6) such that the poles of
the system (6) do not exist infinitely far from the imaginary axis on the RHS of the complex
plane, i.e., there always exists a finite scalar f which achieves:

Re[4 , VO e
ﬁ.eagﬁ}jl()%,&)) e[ ]<ﬂ < (29)

and we introduce the following system using f, which is needed to derive our iterative
approach:
{xd(t) = (Aq(K,0) = BI)xy() + By t(t) 50
2(t) = Co(K)xg (1)

This system has the next property.

Lemma 4 The system (30) is robustly stable for the parameter 6 Q) .

Proof It is obvious from (29).

Remark 1. In this paper, we interpret the meaning of "A,(K,0)—fI" as shifting the
imaginary axis of the complex plane to the right by £ (See Fig. 3). In this sense, the system
(30) is called as “axis-shifted system'in this paper.

Now, letting T,,(K,8,5) be a transfer function of the system (30) from w to z the next
lemma holds for the H_ norm condition

|Tee (K,0,8)] <, (31)

Lemma 5 (31) holds if there exists a parameter dependent Lyapunov function
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Im4 Im¢
: . Perturbing
] [n] s
g S closed-poles
s ~ o [m] n\\ / 7
S~ H,
O / é S
.~oo) Shifted
’ — \ .
tll,:'_e ot - Imaginary axis
e Original
: Imaginary axis

Fig. 3. Concept of complex plane of the axis-shifted system.

P(6) = Dy + %@P{” >0 (32)
i
which achieves
M*(P*(6),K,,0,7,) <0 (33)
where
P*(0)(Aq(K,0) - 1)+ (Ay(K,0) - p1)' P*(0)  * %
M*(P*(6),K,$,6,7,) = BL.,P*(6) —7,l % | (34)

CCZ(IZ) 0 _]/pI
Proof It is obvious from Lemma 1.
Remark 2. If A, (K,0) is robustly stable VOeQ we can let =0 and in this case
T (K,0,0)| =|T.(K,6)| holds.
Now, the inequality (33) can be described as

N N N
Mg + leﬁiMf + Z;ZaiejM;’ <0 (35)
1= 1=1 j=1
Py (A, +BKE)+ (A, + BKE)' Py * *
My = BiwPs’ /L (36)
C+DKE 0 —7,l
PseA; + Aj P + P(Ag + BKE) + (A + BKE) P * =

M = Bl P> 0 * (37)

clw

0 0 0
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PPA;+A[P" +PPA + A[P? *
0 0 *| 1=75
0 0 0
M, - (38)
PPA+ AP %
0 0 * 1#]
0 0 0

Then we can get the next the next lemma with Lemma 3 which is needed to derive our
iterative approach.

Lemma6 K and P” achieve the H, norm constraint (31) if there exist Q; and
R;(i:=1,---,N),V0 e vert Q , which achieve

M*(P*(0),K,B,7,,0) * - %

M*(P*(0),K,B,7,,0)=| & 0K R, )
Qf —OyRY 0 - -Ry

M +R;>0,Vi. (40)

Moreover, we have the next lemma with respect to the existence of £ which achieves

T, (K,6, ﬂ)”oO <7,,V8eQ for given controller variables K,.

Lemma 7 For a given K, achieving the condition (29) there always exists 4 achieving

T, (K,0,p)| <7,70eQ (41)

Proof: Let us consider the next matrix:

_ _ - 0T'[ BT
ARy, 0)+ Ay (R, O +[ By %(Kﬂﬁf y} {CBC?IUZ)} )
p cl

Then, from (29), we can choose £ which is larger than the maximum eigenvalue of the next
symmetric matrix:

— — _ 0T T
3| 40K 0)+ A&, 0)" +| By CC’(K)T}PP } {CBZEKJ , o)

which implies that there exists # which achieves

- - T
281 > Ay(K.,0)+ Ag(Ky,0)" +[Bclw Ca(K) }

www.intechopen.com



96 Recent Advances in Robust Control — Theory and Applications in Robotics and Electromechanics

This inequality can be transformed into the next inequality:

Ay(K,0) - pI+(Ay(K,0)-pD" =
B}, -y,l * |<0,0evertQ (45)

clw

CCZ(K) 0 _7/pI

and this inequality can be obtained by substituting the common constant Lyapunov function
P*(0)=1 into (33). Hence |T.,,(K,0,8)|, <7,¥60<Q holds.

Using Lemmas 6 and 7, we propose the following iterative approach to obtain a feasible
solution of the problem (11):

Algorithm
Step 1: Find any K, and let f, and g, be scalars which achieve

B> max Re[A] |T,(Ky,0,m)| <7, Bi<m (46)
o0 p

Aea(Aq(K;,0)

respectively, for 8 € vert Q . For example, let 1, = #; where x4, can be chosen as the solution

of the LMI's (45). Let k:=1 and choose @ from 0 to 1.
Step 2: If 3, <0 thenlet K :=K, and exit. Otherwise let

Hyeiq = 0P+ (1— o)y, (47)

and go to the next step.
Step 3: Find P”(i:=0,---,N) which satisfy

M*(P*(0), Ky, tys1,7,,0) <0,V 0 € vert Q (48)

and let them be P;’ and define

N
P (0) =P + 2 0,P¢ (49)
i=1

Step 4: Find K and S, which are the solutions of

rl?lﬂltl By st By < tyiq, (50)
M*(BZ(6),K, ;,7,,0) <0,V 0 e vert Q (51)

and let K;,; =K, B,1:=f, and k:=k+1 and go to Step 2.

Theorem 1 The next statements hold for our algorithm.
1. 4 is anupper bound of §;,i.e., 14 > B holds.

2. 4 is monotonically decreasing, i.e., 1y > 41 holds.
3. Tl 0| <y, ¥0 €9 holds for all k.
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Proof 1. and 2. From (46) and (50), x4 > S, holds. Moreover, from (47) we have

Pre < Mgy < Hy - (52)

3. From Step 4 of the algorithm and the fact that s > g, holds, we have

0> M*(P741(6), Ky, By, 7,,0)
> ]\_/IOO(P]il(H)/Kk/ﬂkr7p/9)

ZMOO(PIil(e)IKk/ﬂklyple)’ (53)

which implies K, achieves |T,, (K,,6, yk)Hw <7,,V0 e Q. Hence Theorem 1 holds.

Zw

Remark 1: The key idea of our approach is to decrease x4 so as to approach g, to 0, i.e,
the shifted imaginary axis approach the original position while the H, norm constraint

T, (K,,6, ,uk)Hoo <7,,V80eQ is achieved(See Fig.4). This fact implies that the controller Kj
is updated from a non robust H, controller for the original system to a robust H,, one as k

increases. In this sense, this approach can be an exterior-point approach.

Remark 2: Unfortunately, our approach can not always produce a robust H, controller, in
other words, there does not exist the efficient ways of choices of K, £, ¢; and @ so thata
feasible robust controller is always obtained. Hence a condition for detecting an infeasibility
for obtaining a robust feasible H, controller may be needed. Moreover, S, <0 is a
T

sufficient condition for |T,,

(Kk,e)uw < yp,ve €Q. Hence we may also need a efficient
criterion for K, to be a feasible solution of the problem (11).

Im ,=--~_ Im Im
O ~
4 N [m] o \\ A 4
. S, o,
Lot | o
/00091
\_;___— |
I
: Fr+1 | Mk
: ' ' v R
- - * Re
O: 3 71 min
. I ]
i — [ —— Shifted
Qoogn ! I-o @ Imaginary axis
\:‘\__ 9} G /
: ’EDD e Original
\-:;"""/ Imaginary axis

[ O A(A(0)+BK E)  © AA(0)+ BK; . E) ]

Fig. 4. Concept of our exterior-point approach.
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5. Numerical example

To demonstrate the efficiency of our approach let us consider the following matrices:

9 1 2 0 0 1 2 3 2 0 0
Ay=| 6 -8 -11|,A,=|-5 1 4[,Ay=|0 -1 5|B=|0|B,=|1 (54)
-1 4 -7 0 -1 1 3 2 0 -3 0
100
C=[1 0 0|,D=0.1E= v, =0.1 55
| | 01 o 5)

Note that the one-shot type methods (Pipeleers et al. 2009), (Shaked 2001), (Xie 2008) can not
use for designing the robust H,, controller because of £ # 1/ .

For this numerical example, we set the initial condition for carrying out our approach as
follows:

0 0[1 0
K;=|1 0/0 0|, 0=03,p8 = =81027 (56)
0 1[0 0

where f;(=44) is given as the solution of the LMI's (45).

Fig. 5 shows locations of eigenvalues of A(6)+BK,E, i.e., the perturbations of poles of the
uncertain closed-loop system via initial controller variables K; . This figure shows that K is

not a robust stabilizing controller.
After 10 iterations the next controller variables are given from our approach:

-1.5195 -3.6942 | -8.3794  -2.6309
K =| 35.6459 —43.3047 | -270.7538 85.3833 |. (57)
—40.8834 -1.7382 | 131.5127 -91.5248

-10

-12

Fig. 5. Placement of the closed-poles via K.
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Fig. 6 and 7 show locations of eigenvalues of A(6)+BK'E, i.e., the perturbations of poles of

the uncertain closed-loop system via controller variables K and the contour plot of

TZW(K*,Q)H on Q, respectively. From these figures, K  is a feasible solution of the
problem (11).

10

-10

300 -250 -200 -150 -100 -50 0
Re

Fig. 6. Placement of the closed-poles via K .

0.08

0.06
mf\l

0.04

0.02

Fig. 7. The contour plot of

T,,(K",0)| on Q.
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Fig. 8 shows behaviours of 4 and g, as a function of iteration number k. This figure
shows that g is an upper bound of S, and monotonically decreasing, which implies that
the controller variables K, is updated from a non robust stabilizing controller to a robust
H_ controller.

u and B,

1 2 3 4 5 i) 7 8 9 10 11
Number of Iterations

Fig. 8. Behaviours of 4, and .

6. Conclusions

In this paper, we have considered the robust H_ control problem against time invariant
uncertainties. Firstly, we show the relaxation method for obtaining a feasible solution of the
PDMI problem with multi-convex functions. Secondly, we introduce the axis-shifted system
and show that this system can be constructed so as to achieve the H_, norm constraint.
Next, we propose an iterative approach using the axis-shifted system and multi-convex
relaxation method for obtaining the robust H_ controllers. The property of our approach is
to construct a controller sequence on which the shifted imaginary axis approaches the
original position with the H, norm constraint achieved and to be able to choose any
controller variables as an initial point. Finally we have given a numerical example which
shows the efficiency of our approach.
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