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1. Introduction 

In drilling engineering, we must have solid understanding of the underground geological 
environment which is not only complicated and diversified but also someway concealed. 
Thus, in order to find an effective method of predicting it, a long-term research and practice 
must be required. In drilling engineering for oil & gas, problems including borehole 
deviation & its control, wellbore instability & its control, influence directly drilling quality & 
efficiency of a deep or complicated well for exploration and production of oil & gas fields. 
For instance, because of the complicated surface and underground conditions as well as the 
depth (over 5000 m) of oil & gas reservoirs in western China, such unstable factors such as 
hole deviation and instability often encountered with each other in deep drilling 
engineering. Because we did not have access to the geological parameters of the formations 
to be drilled including the rock drillability anisotropy and so on, huge economic loss had 
been caused and the steps to explore and produce oil & gas in western China had been 
seriously restricted. Hence, there are many researches and development programs to do for 
the right cognition and scientific evaluation of the geological environments, and for the 
further study of mechanism of the drilling process instability, and so on. The solution of 
these problems is the key to improve the performance of drilling & HSSE (health, safety, 
security, environment) and lower well construction cost. 
The factors influencing the instability can be sorted into subjective category and objective 
category. In the objective category, there are the types of geological structure and in-situ 
stress, rock anisotropy, porosity, permeability, lithology, pressures, and mineral 
components, as well as rock strength and weak layer of the formation to be drilled, and so 
on. In the subjective category, there are the performance of down hole drilling system, the 
drilling parameters (weight and torque on bit, etc.), the drilling fluid performances (water 
loss, viscosity, rheological property and density) and its hydration on shale, the direction 
and open time of wellbore, the erosion and surge pressure of drilling fluid on the hole 
wall, the interaction between drillstring and hole wall. Thereby, in researches on the 
instability, the factors from the both categories should be taken into comprehensive 
consideration.  
Whether in vertical drilling or in directional drilling, it is always a complicated academic 

and technological problem how to control the well trajectory exactly along the designed 
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track to reach the underground targets. In rotary drilling, the forming of wellbore & its 

trajectory is the result of the rock-bit interaction. In this interaction, the drill bit anisotropy 

and its mechanical behavior (i.e. the drill bit force and tilt angle) are important factors that 

can directly affect the well trajectory. The mechanical behavior depends on by the bottom 

hole assembly (BHA) analysis. Accordingly, principal factors influencing the well trajectory 

generally contain BHA, drill bit, operating parameters in drilling, drilled wellbore 

configuration and the formations to be drilled. Of which the BHA, drill bit and operating 

parameters in drilling are the factors that can be artificially controlled, and the formation 

property (such as rock drillability and its anisotropy) is the objective factor which can not be 

changed by us. The trajectory can be predicted before drilling and also can be determined 

after drilling through surveys and calculations. Besides, the drilled wellbore will not only 

generate a strong reaction on the drill bit force and the drillstring deflection, but also will 

exert an influence on the anisotropic drilling characteristics of the formation. Due to the 

above-complicated factors, the hole deviation is always inevitable, which may seriously 

influence the wellbore quality and the drilling performance. 
The well trajectory control is the process which forces drill bit to break through 
formations along the designed track forward by applying reasonable techniques. The 
anisotropic drilling characteristics of the drill bit & the formation and their interaction 
effects are the factors which will cause a direct influence on the well trajectory control. 
Thereby, it is a complicated scientific and technological problem for us how to make the 
cognition, evaluation and utilization of anisotropic drilling characteristics of the 
formation, as well as the prediction & control of mechanical action of the drill bit on the 
formations. 
Rock drillability anisotropy of the formation to be drilled has significant effects on the well 

trajectory control so that it is very important to evaluate it. Definitions of rock drillability 

anisotropy and acoustic wave anisotropy of the formation to be drilled are presented in this 

chapter. The acoustic velocities and the drillability parameters of some rock samples from 

Chinese Continental Scientific Drilling (CCSD) are respectively measured with the testing 

device of rock drillability and the ultrasonic testing system in laboratory. Thus, their 

drillability anisotropy and acoustic wave anisotropy are respectively calculated and 

discussed in detail by using the experimental data. Based on the experiments and 

calculations, the correlations between drillability anisotropy and acoustic wave anisotropy 

of the rock samples are illustrated through regression analysis. What’s more, the correlation 

of rock drillability in directions perpendicular to and parallel to the bedding plane of core 

samples is studied by means of mathematical statistics. Thus, a mathematic model is 

established for predicting rock drillability in direction parallel to the formation bedding 

plane by using rock drillability in direction perpendicular to the formation bedding plane 

with the well logging or seismic data. The inversion method for rock anisotropy parameters 

(┝,├) is presented by using well logging information and the acoustic wave velocity in 

direction perpendicular to the bedding plane of the formation is calculated by using acoustic 

wave velocity in any direction of the bedding plane. Then, rock drillability in direction 

perpendicular to the bedding plane of the formation can be calculated by using acoustic 

wave velocity in the same direction. Thus, rock drillability anisotropy and anisotropic 

drilling characteristics of the formation can be evaluated by using the acoustic wave 

information based on well logging data. The evaluation method has been examined by case 

study based on oilfield data in west China. 
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2. Anisotropic drilling characteristics of the formation 

Although many theories have been proposed to explain the hole deviation since the 1950s 

(Gao et al, 1994), it is only the rock drillability anisotropy theory (Lubinski & Woods, 1953) 

that was recognized by petroleum engineers and widely applied to petroleum engineering 

because it can be used to quantify the anisotropic drilling characteristics of the formation 

and to explain properly the actual cases of hole deviation encountered in drilling 

engineering. The theory suggested that since values of rock drillability are not always the 

same in the directions perpendicular and parallel to the bedding plane of the formation, the 

formation will bring the bit a considerable force, which may likely cause changes on the 

original drilling direction and hole deviation. 

The orthotropic or the transversely isotropic formations are the typical formations 

encountered frequently in drilling engineering. The anisotropic effects of the formations 

(rock drillability) on the well trajectory must be considered in hole deviation control and 

directional drilling. Based on the rock-bit interaction model, the formation force is defined 

and modeled in this section to describe quantitatively anisotropic drilling characteristics of 

the formations to be drilled. 

2.1 Definition of rock drillability anisotropy 
Because of rock drillability anisotropy, the real drilling direction does not coincide with the 

resultant force direction of the drill bit (supposed that it is isotropic) on bottom hole. Besides 

calculating the drill bit force by BHA (bottom hole assembly) analysis, rock drillability 

anisotropy of the formation must be considered in hole deviation control. 

The formation studied here is typical orthotropic one, and the transversely isotropic 

formation discussed previously is regarded as its particular case. Let de


, ue


 and 

se


represent unit vectors in the directions of inner normal, up-dip and strike of the 

formation respectively, as shown in Fig.1.There are different physical properties along 

different directions of them. γ in Fig.1 represents dip angle of the formation to be drilled. 

Rock drillability anisotropy of the formation can be expressed by rock drillability anisotropy 

index. If the components of penetration rate of the drill bit (isotropic) along inner normal, 

up-dip and strike of the orthotropic formation are noted as dipR , strR  and nR  respectively, 

correspondingly the net applied forces are dipF , strF  and nF respectively, the rock 

drillability can be defined as: 
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Rock drillability anisotropy of the orthotropic formation may be represented by two indexes 

( r1I  and r2I  ) which are defined as: 
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n

D
I

D
=  , 

str
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n

D
I

D
=     (2) 

Dip angle and strike of the formation can be obtained from the analysis of well logging and 

geological structure survey. The values of r1I  and r2I  for the orthotropic formation can be 

evaluated by the experimental analysis or using the acoustic wave information. 
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Fig. 1. Descartes coordinates for the formation geometry 

2.2 The formation force 
Assumed that the drill bit is isotropic for eliminating the effects of its tilt angle on hole 

deviation, the effects of the orthotropic formation on hole deviation can be presented by the 

formation force analysis. The two parameter equations related to the formation forces can be 

derived from the rock-bit interaction model (Gao & Liu, 1989): 
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Where Gα  and Gφ  are called as the building angle parameter (positive for building up the 

inclination of well trajectory) and the drifting azimuth parameter (positive for left walking 

of well trajectory) of the formation respectively , and the ijt (i, j=1,2,3) can be expressed as 

(Gao & Liu, 1990): 
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where ij jia a= , ij jic c=  (i, j=1, 2, 3) can be calculated by the following equations: 

dip angle

horizontal plane 
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Where ϕ ϕ ψ∆ = − ; ϕ and α are respectively azimuth and inclination of well trajectory on the 

bottom hole; γ and ψ are respectively dip angle and up dip azimuth of the formation to be 

drilled. 

It is obviously that the values of Gα  and Gφ   are not only controlled by rock drillability 

anisotropy of the formation, but also affected by the formation geometry and the well 

trajectory. Therefore, Gα  and Gφ   can be used to describe the anisotropic drilling 

characteristics of the formation to be drilled. Thus, the formation force can be 

mathematically defined as: 

 
ob

ob

GF G W

GF G W

α α

φ φ

=


=
                (7) 

Where GFα and GFφ are called as the inclination force (positive for building up the 

inclination) and the azimuth force (positive for decreasing the azimuth) of the formation 

respectively, and obW  is weight on bit. It should be pointed out that both GFα and GFφ  are 

only an equivalent expression of anisotropic drilling characteristics of the formation and 

they are completely different from the mechanical action forces of the drill bit on the 

formation. Rock drillability anisotropy of the formation is the internal cause of the 

generations of GFα and GFφ  , while weight on bit is the its external cause. 
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2.3 Gα and Gϕ of the transversely isotropic formation 

By using equations (5) and (6) and making r1 r2 rI I I= = , equation (3) can be simplified as the 

following expressions of Gα  and Gφ  for the transversely isotropic formation: 
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Where all the symbols here express the same meanings as the previous ones. 

3. Experiments on rock anisotropy 

Evaluation of rock drillability anisotropy is necessary for hole deviation control in drilling 

engineering. Many efforts have been made to evaluate rock drillability of the formation 

through the core testing, the inverse calculation and the acoustic wave. Proposed in this 

section is an alternative solution by using the acoustic wave to evaluate rock drillability 

anisotropy of the formation. First, a correlation between the P-wave velocity anisotropy 

coefficient and the rock drillability anisotropy index of the formation which are calculated 

according to the core testing data in laboratory, is established by means of mathematical 

statistics. Then, a mathematical model is obtained for predicting the rock drillability 

anisotropy index by using the P-wave velocity anisotropy coefficient. Thus, rock drillability 

anisotropy of the formation can be evaluated conveniently by using the well logging or 

seismic data (Gao & Pan, 2006).  

3.1 Rock drillability anisotropy 
3.1.1 Definition 

The transversely isotropic formation is a typical anisotropic formation, whose anisotropy 

can be expressed by a rock drillability anisotropy index: 

 
h

r

v

D
I

D
=   (10) 

where v v vD V F=  and h h hD V F=  are respectively rock drillability parameters in the 

directions perpendicular and parallel to the bedding plane of the transversely isotropic 

formation; vV  & vF and hV  & hF  are the corresponding components of the penetration rate 

& the net applied force of the isotropic bit to the formation.  

When the rock drillability is tested in laboratory using the core samples, the weight on the 

bit and the rotary speed are constant so that rock drillability anisotropy index of the 

transversely isotropic formation can also be expressed as: 

 r

h

T
I

T
=

v
     (11) 
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where Tv and hT are two parameters representing the drilling time (seconds) in directions 

perpendicular and parallel to bedding plane of the core samples respectively. The 

standard definition of rock drillability can be expressed by the following equation (Yin, 

1989): 

 d 2logK T=     (12) 

where dK  is the rock drillability and T  the drilling time. Taking two sides of equation (11) 

into logarithm to the base 2, we can obtain the following equations: 

 2 r 2 v 2 h dv dh dlog log logI T T K K K= − = − = −∆     (13) 

 d
r 2 KI −∆=  (14) 

3.1.2 Rock samples 
Fourteen core samples used in laboratory came from the measured depth interval of 

48m∼1027 m of the well KZ-1 for scientific drilling in China, which were supplied by the 

Engineering Center for Chinese Continental Scientific Drilling (CCSD). In the directions 

perpendicular and parallel to the bedding plane, these core samples were cut into shapes of 

cube or cuboid and their surfaces of both ends were polished and kept parallel to each other, 

with an error of less than 0.2 mm. Then, the machined samples were put into an oven with a 

temperature of 105-110ºC and roasted for 24 h. Finally, all of the samples can be used for the 

testing of rock drillability after cooling down to room temperature. 

3.1.3 Testing method 
The rock drillability can be measured with a device for testing the rock drillability (shown 

in Fig.2). During the measurement, some weight is applied on the micro-bit by the 

function of a hydraulic pressure tank with the fixed poises, so that the weight on the 

micro-bit is kept at a constant value. The measured depth to be drilled to is set with the 

standard indicator, and the drilling time is logged with a stopwatch. Both the roller bit 

(bit of this kind has three rotating cones and each cone will rotate on its own axis during 

drilling) drillability and the PDC (the acronym of Polycrystalline Diamond Compact) bit 

drillability can be tested with the above-mentioned instrument, which is of the following 

standard data. 

The diameter of the micro-bit is 31.75 mm. 

Weight is 90±20 N on the roller bit and 500±20 N on the PDC bit. 

The rotary speed is 55±1 r/min. 

The total depth to be drilled to is 2.6 mm for the roller bit with a pre-drilled depth of 0.2 mm 

and 4 mm for the PDC bit with a pre-drilled depth of 1.0 mm. 

During testing the rock drillability, the micro-bit is often checked so that each of the worn 

micro-bits should be replaced in time to ensure the testing accuracy. The testing points of 

drilling time for each tested side of a rock sample should be gained as many as possible and 

their average value is taken as the test value of the side. The grade value of each side 

drillability of the rock sample can be calculated by equation (16) with the test data of drilling 

time for each side of the rock sample.  

www.intechopen.com



  
Acoustic Waves – From Microdevices to Helioseismology 

 

154 

1

2

3

4

5
6

7 8

9

10

 

Fig. 2. Testing device for rock drillability(Note: 1. Rock sample; 2. micro-bit; 3. cutting tray; 
4. turbine rod; 5. lever; 6. weight; 7. meter for measuring depth; 8. bar with thread for 
adjusting lever; 9. worktable; 10. compaction bar with thread) 

3.1.4 Experimental result and analysis 
Some testing results of rock drillability for the 14 core samples from CCSD are obtained in 
laboratory and shown in Table 1 and Table 2.  
 

No. of the 
cores from 

CCSD 

Measured 
depth, m 

Rock drillability with the roller bit (KdRB) Rock 
drillability 
anisotropy 

index 

Perpendicular to the 
bedding plane 

Parallel to the 
bedding plane 

9 48 6.03 6.12 0.94 

38 145 9.18 9.86 0.62 

57 197 10.29 10.79 0.71 

104 305 11.11 11.39 0.82 

143 400 8.21 8.17 1.03 

179 504 8.70 8.99 0.82 

218 607 9.25 10.29 0.49 

252 698 10.64 10.78 0.91 

281 775 8.78 9.21 0.74 

288 795 10.17 8.22 3.86 

304 834 7.92 8.57 0.64 

340 925 8.89 9.08 0.88 

363 998 9.15 10.20 0.48 

373 1027 8.12 10.21 0.23 

Table 1. Experimental results of rock drillability with the roller bit 
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No. of the 
cores from 

CCSD 

Measured 
depth, m 

Rock drillability with the PDC bit (KdPDC) Rock 
drillability 
anisotropy 

index 

Perpendicular to the 
bedding plane 

Parallel to the 
bedding plane 

9 48 4.55 4.34 1.16 

38 145 8.57 10.65 0.24 

57 197 9.89 10.06 0.89 

104 305 10.78 10.90 0.92 

143 400 7.82 7.40 1.34 

179 504 8.48 8.47 1.01 

218 607 8.61 9.14 0.69 

252 698 9.52 9.86 0.79 

281 775 8.22 9.03 0.57 

288 795 9.55 7.31 4.72 

304 834 6.06 7.71 0.32 

340 925 8.14 8.95 0.57 

363 998 8.18 8.64 0.73 

373 1027 7.93 8.77 0.56 

Table 2. Experimental results of rock drillability with the PDC bit 

It is observed clearly from Table 1 and Table 2 that the rock samples from CCSD have the 
anisotropic characteristics in the rock drillability. The rock drillability perpendicular to the 
bedding plan is different from that parallel to the bedding plane, whether it is for the roller 
bit or for the PDC bit. For the roller bit, indices of drillability anisotropy of the rock samples 
are ranged from 0.23 to 0.94, except the anisotropy indices of rock samples of 143# and 288#, 
which are 1.03 and 3.86 respectively. The case is similar to the PDC bit; indices of drillability 
anisotropy of the rock samples are between 0.24 and 0.92, except the anisotropy indices of 
rock samples of 9#, 143#, 179# and 288#, corresponding to 1.16, 1.34, 1.01 and 4.72, 
respectively. Generally, the rock drillability perpendicular to the bedding plan is less than 
that parallel to the bedding plane, so that the formation can be penetrated more easily in the 
direction perpendicular to the bedding plane.  

3.2 Acoustic anisotropy of rock sample 
3.2.1 Definition 
It is supposed that the formation is the transversely isotropic, and thus the acoustic 

anisotropy of the formation rock can be expressed by an acoustic anisotropy index ( vI ): 

 v av ah/I V V=        (15) 

where avV  and ahV  are the acoustic velocities in rock along the directions perpendicular and 

parallel to the bedding plane of the formation respectively. 

3.2.2 Testing method 

With the method of making the ultrasonic pulse penetrating through a rock sample, the 

acoustic velocities avV  and ahV   can be measured in laboratory. The ultrasonic testing 
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system used in laboratory is shown in Fig. 3, in which the ultrasonic transducers can 

provide a frequency of 0.5 MHz and the butter and honey can be used as its coupling media. 

The pulse generator can generate electric pulses with a strength range of 1-300 V. The width 

and iteration frequency of the electric pulse can be adjusted and controlled. During testing, 

the signal generator makes an electric pulse signal which will touch off the emission end of 

the energy exchanger to generate ultrasonic pulses. The ultrasonic pulses (acoustic waves) 

propagating through the rock sample are incepted by the reception end of the energy 

exchanger. Finally, the propagation time and the signal strength of the ultrasonic pulses 

(acoustic waves) through the rock sample are logged by a digital memory oscillograph. 
In order to reduce the errors from the artificial operations, the emission end of the energy 
exchanger is aimed at its reception end as accurately as possible during testing. Before each 
test, the ultrasonic testing system should be calibrated using the aluminum rod to ensure the 
accuracy of the test results. Testing for each point of a rock sample is conducted for three 
times in the actual testing. The average value of the test data of three times for each point is 
taken as a final test result for the point of a rock sample. With the test data, the acoustic 
velocity may be calculated by the following equation:   

 
0

l
V

t t
=

−
                 (16) 

where V  is the acoustic velocity; l is length of the rock sample, mm; t is propagation time of 

the acoustic wave, µs; and 0t is delayed time of the testing system, µs. 
 

 

Fig. 3. The ultrasonic testing system 

3.2.3 Experimental result and analysis 
Some ultrasonic test results of the 14 core samples from CCSD are logged with the above 
test method and with the ultrasonic testing system in laboratory, and the rock acoustic 
velocities shown in Table 3 can be calculated by equation (16). 
It can be obviously observed from Table 3 that the rock samples from CCSD are of the rock 
acoustic anisotropy. The rock acoustic velocity perpendicular to the bedding plan is 
different from that parallel to the bedding plane. Based on the acoustic velocity data in Table 
3, the acoustic anisotropy of the rock samples can be calculated by equation (15). The 

Ultrasonic generator 
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acoustic anisotropy indices of the rock samples are between 0.85 and 0.98, except the 363# 
and 373#, which are 0.77 and 0.76 respectively. For the test of the rock samples from CCSD, 
the rock acoustic velocity perpendicular to the bedding plan is less than that parallel to the 
bedding plane, as shown in Table 3. The main reason for this difference is that there are 
many fractures with different scales in the rock sample. When the acoustic wave penetrates 
through the fractures, the fractures cause a loss of the pulse energy so as to make the 
acoustic velocity reduce more quickly, on the other hand, the pulse energy is dissipated in 
the process of propagation. According to some progress in geophysics (Patrick & Richard, 
1984), the fractures can play a role in guiding the wave when the elastic wave has 
propagated in the direction parallel to the bedding plane of the rock sample, and play a role 
in obstructing the wave when the elastic wave has propagated in the direction 
perpendicular to the bedding plane. Therefore, the propagation of the acoustic wave 
penetrating through the rock sample is probably controlled by such a kind of geophysical 
mechanism.  
 

No. of the 
core from 

CCSD 

Measured 
depth, m

P-wave velocities of the rock samples, m/s Acoustic 
anisotropy index of 

the rock sample 
Perpendicular to bedding 

plane (Vav) 
Parallel to bedding 

plane (Vah) 

9 48 4387 4457 0.98 
38 145 4442 5120 0.87 
57 197 6365 6826 0.93 
104 305 5431 5714 0.95 
143 400 4410 4928 0.89 
179 504 4568 4744 0.96 
218 607 4177 4671 0.89 
252 698 5805 5990 0.97 
281 775 4776 5516 0.87 
288 795 5142 5453 0.94 
304 834 4392 5129 0.86 
340 925 4325 5096 0.85 
363 998 3816 4928 0.77 
373 1027 3761 4930 0.76 

Table 3. Experimental results of acoustic velocities of the rock samples 

3.3 Correlations between Ir and Iv  
With the experimental data in table 1 to table 3 and the corresponding calculations, it can be 
found that the rock drillability anisotropy is inherently related to the acoustic anisotropy of 
the rock samples. Therefore, exponential function, logarithmic function, polynomial 
function, and linear function, are used to make a regression analysis of the data obtained by 
experiments. With the matching & extrapolating effects of these regression functions 
comprehensively considered, exponential function is finally selected as the regression model 

of correlation between rI and vI . The results of regression calculations for the correlations 

are listed in Table 4. 

In Table 4, rRBI  is denoted as the drillability anisotropy index of the rock sample with a 

roller bit, vpI  as the acoustic anisotropy index of P-wave through the rock sample, dRBK∆  as 
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the rock drillability difference between both directions perpendicular and parallel to the 

bedding plane of the rock sample with a roller bit, calculated by equation (13), and rPDCI as 

the drillability anisotropy index of the rock sample with a PDC bit. 
 

Regression functions vp( )
rRB e a bII +=  vp( )

dRB e a bIK +∆ =  vp( )
rPDC e a bII +=  

a 

Value −3.418 8.129 −4.286 

Standard error 0.840 1.893 1.491 
t-ratio −4.0679 4.295 −2.875 
Prob(t) 0.00226 0.00157 0.02068 

b 

Value 3.401 -9.993 4.366 

Standard error 0.914 2.361 1.661 
t-ratio 3.721 −4.232 2.628 

Prob.(t) 0.00397 0.00174 0.03026 

Correlation coefficient R 0.793 0.832 0.710 

F-ratio 16.92 22.41 8.09 

Prob.(F) 0.0021 0.0008 0.0217 

Table 4. Results of the regression calculations 

4. Evaluation method based on acoustic wave information 

Many studies have been made to evaluate the rock drillability anisotropy with the core 
testing method (Gao & Pan, 2006) and the inversion method (Gao et al, 1994). However, as 
for the core testing method, its result may not reflect the actual rock drillability anisotropy 
since the experimental conditions are different from the downhole conditions. Moreover, the 
profile of rock drillability anisotropy along the hole depth can not be established because of 
the limitation of the core samples. The inversion method needs to work with a bottom hole 
assembly (BHA) analysis program and some parameters in the inversion model are not easy 
to obtain so that its applications are limited to some extent. Thus, the evaluation method will 
be presented in this section so as to predict rock drillability anisotropy of the formation by 
using the acoustic wave information (Gao et al, 2008).  

4.1 Acoustic wave velocity of the formation 
The formation studied here is the transversely isotropic formation which is frequently 
encountered in drilling for oil & gas. Experimental investigation shows that layered rock has 
the transversely isotropic characteristics. 

4.1.1 Phase velocity in the transversely isotropic formation 
For the transversely isotropic media, Hooke’s law can be written as 
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   (17) 

Elastodynamic equation of the elastic media can be obtained from the textbook and 
expressed as 

  

2

2

2

2

2

2

0

0

0

xx yx zx

yy zy xy

zz xz yz

u
X

x y z t

v
Y
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σ σ σ
ρ

σ σ σ
ρ

∂ ∂ ∂ ∂
+ + + − =

∂ ∂ ∂ ∂


∂ ∂ ∂ ∂
+ + + − =

∂ ∂ ∂ ∂


∂ ∂ ∂ ∂ + + + − =
 ∂ ∂ ∂ ∂

    (18) 

where X , Y , and Z are respectively the body force in directions of x, y and z (Xu, 2011). u, 

v and w are the corresponding displacements. ρ  is the density of the elastic media, 3g / cm . 

Substituting equation (17) into equation (18) and solving with geometric equations without 
considering body force, we can get the following wave equation : 

 

2 2 2 2 2 2
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y z










∂ +
 ∂ ∂

   (19) 

Because of the symmetry of the stress and strain in the direction normal to z direction, the 
wave equation can be simplified to two dimensions without any loss of generality. In the 
plane of y=0(that is the xz plane), the wave equation (19) can be written as  

 

2 2 2 2

11 44 13 442 2 2

2 2 2

66 442 2 2

2 2 2 2

44 33 13 442 2 2

( )

( )

u u u w
C C C C

t x z x z

v v v
C C

t x z

w w w u
C C C C

t x z x z

ρ

ρ

ρ

 ∂ ∂ ∂ ∂
= + + +

∂ ∂ ∂ ∂ ∂
 ∂ ∂ ∂

= +
∂ ∂ ∂

 ∂ ∂ ∂ ∂
= + + +

∂ ∂ ∂ ∂ ∂

    (20) 

The solutions of equation (20) are  
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 2 2
33 44 11 33

1
( ) [ ( )sin ( )]

2
Pav C C C C Dρ θ θ θ= + + − +     (21) 

 2 2
33 44 11 33

1
( ) [ ( )sin ( )]

2
SVav C C C C Dρ θ θ θ= + + − −    (22) 

 2 2 2
66 44( ) sin cosSHav C Cρ θ θ θ= +    (23) 

Where 

2 2 2
33 44 13 44 33 44 11 33 44

2 2 4 1/2
11 33 44 13 44

( ) {( ) 2[2( ) ( )( 2 )]sin

         [( 2 ) 4( ) ]sin }

D C C C C C C C C C

C C C C C

θ θ

θ

= − + + − − + − +

+ + − − +
, 

where Pav  is phase velocity of the P-wave; SVav  is phase velocity of P-SV wave; SHav  is 

phase velocity of SH-wave; θ  is phase angle which is the angle between the wave front 

normal and the unique (vertical) axis as shown in Fig.4. 

 

θ

O

A

g

0 1

a
v

g
v

ray

(source)

wavefront

 

Fig. 4. Phase angle and group angle 

It is defined that 

     
11 33

332

C C

C
ε

−
=     (24) 

 
66 44

442

C C

C
γ

−
=     (25) 

 * 2
13 44 33 44 11 33 442

33

1
[2( ) ( )( 2 )]

2
C C C C C C C

C
δ = + − − + −    (26) 

and 

 0 33 /Cα ρ= ， 0 44 /Cβ ρ=        (27) 
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where 0α  is the vertical P-wave velocity; 0β  is the vertical SV-wave velocity; ρ  is rock 

density. ε , γ  and *δ  are rock anisotropy parameters of the formation.  
Substituting equation (24), (25), (26) and (27) into equation (21), (22) and (23), we can get 

 2 2 2 *
0( ) [1 sin ( )]Pav Dθ α ε θ θ= + + ,    (28) 

 
2 2
0 02 2 2 *

0 2 2
0 0

( ) [1 sin ( )]SVav D
α α

θ β ε θ θ
β β

= + −     (29) 

 2 2 2
0( ) [1 2 sin ]SHav θ β γ θ= +     (30) 

where 
 

 
2 * 2 2
0 0 0* 2 2 4 1/2

2 2 2 2 2 2 2
0 0 0 0 0

1 4 4(1 / )
( ) (1 ){[1 sin cos sin ] 1}

2 (1 / ) (1 / )
D

β δ β α ε ε
θ θ θ θ

α β α β α

− +
= − + + −

− −
  (31) 

Letting 
2

π
θ =  and substituting it into equations (28), (29), (30) and (31), we can get  

 

( )

( )

0.5

,90 0

,90 0

0.5

,90 0

1 2

1 2

Pa

SVa

SHa

v

v

v

α ε

β

β γ

 = +



=


= +

    (32) 

For the case of weak rock anisotropy (i.e. the quantity of ε , γ ,θ  and *δ is small), 

expanding equation (31) in the Taylor series at fixed θ and neglecting the second order of 

small quantity can be simplified as 
 

 
*

* 2 2 4

2 2
0 0

sin cos sin
(1 / )

D
δ

θ θ ε θ
β α

≈ +
−

    (33) 

Using equations (33) in equation (28) and (29), expanding Pav , SVav  and SHav  in a Taylor 

series at the fixed θ and neglecting the second order of small quantity can be expressed as 
 

 2 2 4
0( ) (1 sin cos sin )Pav θ α δ θ θ ε θ= + +     (34) 

 
2
0 2 2

0 2
0

( ) [1 ( )sin cos ]SVav
α

θ β ε δ θ θ
β

= + −      (35) 

 2
0( ) (1 sin )SHav θ β γ θ= +      (36) 

Where 

*

2 2
0 0

1

2 (1 / )

δ
δ ε

β α

 
= + 

− 
. 
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4.1.2 Phase velocity and group velocity 
The phase velocity is the velocity in the direction of the phase propagation vector, normal to 

the surface of constant phase, which is also called the wave front velocity since it is the 

propagation velocity of the wave front along the phase vector. The phase angle is formed 

between the direction of phase vector and the vertical axis. In contrast, the ray vector points 

always from the source to the considered point on the wave front. The energy propagates 

along the ray vector with the group velocity, while the group angle is formed between the 

propagation direction and the vertical axis. The difference between the phase angle and the 

ray angle is illustrated in Fig.4. 

The relationship between the phase angle and the group angle can be expressed by the 

following equation: 

 tan( )

a

g

a

dv

d
v
θφ θ− =      (37) 

Where gφ  is the group angle; av  is the phase velocity; θ  is the phase angle. Expanding 

equation (37) leads to 
 

 
1 tan

tan( ( )) (tan ) /(1 )
a a

g

a a

dv dv

v d v d

θ
φ θ θ

θ θ
= + −      (38) 

The group velocity ( gv ) is related to the phase velocity ( av ) as shown by the following 

formula 

 ( )
2

2 2( ) ( )
a

g g a

dv
v v

d
φ θ θ

θ

 
= +  

 
     (39) 

Where gv  is the group velocity. 

The following section makes the solution for the relationship between the group velocity 

and the phase velocity, the group angle and the phase angle of the P-wave at any angle. 

Another rock anisotropy parameter δ  is introduced and expressed as 
 

 
* 2 2

13 44 33 44

2 2
0 0 33 33 44

1 ( ) ( )

2 (1 / ) 2 ( )

C C C C

C C C

δ
δ ε

β α

  + − −
= + = 

− − 
     (40) 

Letting 2 2
0 01 /t β α= − , equation (38) can be rescaled as  

 

 
2

2

2
0

( )
1 sin ( )

Pav
D

θ
ε θ θ

α
= + +     (41) 

Where 

2 4 2 21 1
( ) 4( 2 2 )sin 4 (2 )sin

2 2
D t t t t tθ ε ε δ θ δ ε θ= + − + − + − . 

Making derivation to both sides of equation (41) , we can get 
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2
0 2 2( ) sin cos

2( 2 2 )sin 2 ( )
( ) ( )

Pa

Pa

dv
t t t t R

d v R

θ α θ θ
ε ε δ θ δ ε ε θ

θ θ θ
 = + − + − +     (42) 

Where 

( )
1

2 4 2 2 2( ) 4( 2 2 )sin 4 (2 )sin 2 ( )R t t t t D tθ ε ε δ θ δ ε θ θ= + − + − + = + . 

Substituting equations (41) and (42) into equation (38), we can get 

 
{ }2

3 2 1 4 3

2
3 2 4

2 ( ) ( ) 2 sin ( ) 2 ( ) tan
tan

2 ( ) ( ) sin ( )
g

M M M M M

M M M

θ θ θ θ θ θ
φ

θ θ θ θ

− − − −  
=

− −  
    (43) 

Where  

2
1 2 2M t tε δ ε= − + ; 

2( ) 4 ( ) 2M t R tθ δ ε θ ε= + − ; 

3( ) 2 ( )M t R tθ δ ε θ ε= + − ; 

2
4( ) ( ) 2 ( )M t tR Rθ θ θ= − + . 

Substituting equation (41) and (42) into equation (39), we can get the following equation: 
 

 ( ) { }
1

2 24 2 4 2 2 2
0 1 3

1
( ) ( ) ( ) sin cos 2 sin ( )

( ) ( )
Pg g Pa

Pa

v v R M M
v R

φ θ θ θ α θ θ θ θ
θ θ

 = + +     (44) 

Where Pgv  is the group velocity of the P-wave; Pav  is the phase velocity of the P-wave.  

In the case of 0θ =   and 90θ =  , ( )
0Pa

dv

d

θ

θ
= , the phase velocity is equal to the group 

velocity.Thus, when the group angle of the P-wave at the considered point of the formation 

is given, its phase angle can be calculated by using equation (43). Phase velocity and group 

velocity of the point can also be made out by using equation (41) and (44). 

4.1.3 Methodology for determining rock anisotropy parameters 

From the above discussion, we know that if rock anisotropy parameters δ , ε  and γ , are 

known, the wave velocity at any direction can be calculated by using acoustic wave velocity 

perpendicular to the bedding of the formation. In other words, the acoustic wave velocity 

perpendicular to the bedding of the formation can be make out if the wave velocity at any 

direction and rock anisotropy parameters, δ , ε  and γ , are known. 

It is assumed that the formation to be drilled is transversely isotropic with symmetry axis 

perpendicular to the bedding of the formation and the formation properties do not change 

significantly from one well to another. Acoustic wave logging provides a way to measure 

the velocity of P-wave or S-wave in the formation (or slowness time). The schematic figure 

for measuring the velocity of P-wave or S-wave is illustrated in Fig.5. 
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In the figure 5, S1 and S2 are monopole sonic transducers. R1, R2, R3 and R4 are sonic 

receivers. When the sonic is transmitted from S1, time difference between R2 and R4 is 

recorded. In the same way, when the sonic is transmitted from S2, time difference between 

R1 and R3 is recorded. The average of time difference between R2 and R4 and time difference 

between R1 and R3 is the velocity in the formation measured. 

 

 

Fig. 5. The principle of acoustic wave logging 

Since available S-wave velocity is limited in logging data, we restrict ourselves to take 

consideration of the P-wave only. The frequency of the acoustic wave logging is about 

20kHz~25kHz， which has long wave length. Since a monopole sonic transducer has a 

mini-bulk, a monopole borehole sonic tool may be approximated by a point source in line 

with an array of point receivers. The group velocity surface is the response from a point 

source and so the monopole sonic tool response is approximated as a point source coupled 

with a series of point receivers in an infinite media (neglecting borehole effects). Therefore, 

we measure group velocity with borehole sonic tools. 

Three parameters, the vertical P-wave velocity (α0) and the anisotropy parameters ε and δ 

can be recovered using borehole sonic measurement at different angles relative to the axis of 

symmetry by following objective function: 

    
2

1

1
( ) ( )

n

P Pmi Pci

i

v v v
n

θ θ
=

∆ = −     (45) 

where ( )Pmiv θ  is the measured P-wave velocity; ( )Pciv θ  is the P-wave velocity calculated by 

equation (32); n is the total number of the measured signals. The goal of the inversion is to 

find the optimization value of C11, C13, C33 and C44, to minimize value of Pv∆ , by which α0, δ 

and ε can be calculated, as shown in Fig.6 (Gao et al, 2008). 
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Fig. 6. Flow chart for the inversion calculations of rock anisotropy parameters 
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4.2 Prediction model of rock drillability anisotropy  
Based on the previous section 3, a calculation model has been established to predict rock 
drillability anisotropy of the formation: 

 1 dv 2
r 2C K CI +=     (46) 

 dv 3 4 ln( )K C C t= + ∆   (47) 

Where Kdv is the rock drillability perpendicular to the bedding plane of the formation; ∆t is 

the time interval of acoustic wave in the same direction, us/m; jC  (j=1,2,3,4) are the 

regression coefficients based on the experimental data and the survey data in drilling 

engineering. For example, by the regression analysis based on some oilfield data in west 

China,  we can get such coefficients as C1=0.05246, C2=-0.76732, C3=32.977, C4=-4.950. 

4.3 Evaluation method of rock drillability anisotropy based on acoustic wave 
From equations (46) and (47), it is shown that the key point for the evaluation of rock 
drillability anisotropy is how to obtain the rock drillability perpendicular to the bedding 
plane of the formation which depends on the time interval of acoustic wave in the same 
direction. Thus, the evaluation of rock drillability anisotropy comes down to determine the 
time interval of acoustic wave perpendicular to the bedding plane of the formation.  
Provided that the formation is of the transversely isotropy and has the symmetry axis 
perpendicular to the bedding plane of the formation, the angle between hole axis and the 
formation normal can be calculated by the following formula which is derived from 
transformation of the formation coordinates to the bottom hole coordinate.  

 arccos cos cos sin sin cos( )fω α β α β φ φ= − −      (48) 

where ω  is the angle between hole axis and normal of the formation; α  is hole inclination, 

degree or radian; φ  is azimuth, degree or radian; β  is stratigraphic dip, degree or radian; 

fφ  is azimuth of the formation tendency, degree or radian. 
When rock anisotropy parameters of a hole section is known, its acoustic wave velocity 
perpendicular to the bedding plane of the formation can be calculated by the following 
procedures: 
1. Calculating group angle according to stratigraphic dip angle & up dip direction, and 

inclination & azimuth of hole. 
2. Making an initial guess for the acoustic wave velocity ,0Pv . 

3. Reading shear wave velocity from shear wave logging or calculating it by equation (46). 
4. Calculating phase angle by equation (43). 
5. Calculating phase velocity and group velocity of the P-wave by equation (41) and 

equation (44), respectively. 
6. Comparing the P-wave group velocity with the measured velocity. 
7. If group velocity of the P-wave matches the measured velocity, ,0Pv  is what we find. 

Otherwise, we should repeat step 2 to step 7 until they are matched.  
The flow chart for inversion of the acoustic wave velocity perpendicular to the bedding 
plane of the formation is shown in figure 7. 
The rock drillability can be calculated by equation (47) after obtaining the time interval of 
the acoustic wave perpendicular to the bedding plane of the formation. Thus, the profile of 
rock drillability anisotropy index can be established by using equation (46). 
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Fig. 7. Inversion method of the acoustic wave velocity perpendicular to the bedding plane 

5. Case study 

Based on some well logging data and drilling information from Qinghai oilfield in west 

China, the case study is presented in this section to verify the evaluation method for the 

anisotropic drilling characteristics of the formation to a certain extent.  

Based on these data in table 5, rock drillability anisotropy of the fromation and its 

anisotropic drilling characteristics can be calculated by using the evaluation method 

described above. The inversion result of shale anisotropy parameters is shown in table 6. 

 

Well 
Number 

Well logging information 

Well 5 
gamma-ray, compensated acoustic wave and compensated density, 

inclinometer data and geologic stratification data 

Well 6 
gamma-ray, compensated acoustic wave and compensated density, 

inclinometer data and geologic stratification data 

Well 7 
gamma-ray, compensated acoustic wave and compensated density, 

inclinometer data and geologic stratification data, and some other records 

Table 5. Well drilling & logging information from some completed wells at the Honggouzi 
conformation in Qinghai oilfield 
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vP,0 (m/s) ε δ 
root-mean-

square (m/s) 

4029.1 1.6833 1.6098 98.6153 

Table 6. The inversion result of shale anisotropy parameters for the Honggouzi 
conformation 

From the data in the table 6, we can see that the shale is of strong rock anisotropy. The 
acoustic wave front of the shale section is shown in figure 8. 
 

 

Fig. 8. Acoustic wave front of the shale section of the Honggouzi conformation 

Based on the wave front of the shale shown in Fig.8, the rock anisotropy parameters of the 

formation at any measured depth, ε  and δ , can be approximately calculated by the 

following equations: 

 
cur cur

sh

min max min

(2 1) (2 1)

( ) ( )

sh c

sh c

GR G G

V

V

V

GR GR GR GR GR

ε ε

δ δ
∆ ⋅

= 


= 


= − − 
∆ = − − 

   (49) 

where ε  and δ  are rock anisotropy parameters of the formation at any measured depth; cε  

and cδ  are rock anisotropy parameters of the shale section; shV  is the shale content, %; 

GR is gamma ray value; maxGR is the maximum value of gamma ray; minGR is the minimum 

value of gamma ray; curG is the Hilchie index whose value is 3.7 for the Neogene 

Stratigraphy and 2 for old strata. 

After obtaining the rock anisotropy parameters( ε and δ ), we can calculate the acoustic 

wave perpendicular to the bedding plane of the formation by using the inversion method 
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shown in Fig.7 and the well logging data of acoustic wave. Thus, the rock drillability 

anisotropy of the formation can be calculated by equations (46) & (47), and the 

corresponding anisotropic drilling characteristics can be evaluated by equations (8) & (9), as 

shown in figure 9. 
 

 

Fig. 9. The evaluation results of anisotropic drilling characteristics of the formation at the 
Honggouzi conformation in Qinghai oilfield 

6. Conclusion 

The orthotropic formation and the transversely isotropic formation are the typical 

formations encountered frequently in drilling engineering. Based on rock-bit interaction 

model, the two parameter equations have been derived for us to calculate the anisotropic 

drilling characteristics of them as soon as rock drillability anisotropy of the formations is 

evaluated quantificationally by using the oilfield data. 

The correlation between rock drillability anisotropy and acoustic wave anisotropy of the 

formation can be matched to each other by an exponential function which is of the best 

extrapolative performance and relativity. Coefficients in the model are various for different 

formations to be drilled.  

To a certain extent, the research results presented here have shown a new way for us to 

evaluate conveniently rock drillability anisotropy of the formation by using well logging or 

seismic data. Case study shows that this evaluation method is better for applications of rock 

drillability anisotropy of the formation in drilling engineering. 
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