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1. Introduction

Practical systems are often modelled by nonlinear dynamics. Controlling nonlinear systems
are still open problems due to their complexity nature. This problem becomes more complex
when the system parameters are uncertain. To control such systems, we may use the
linearization technique around a given operating point and then employ the known
methods of linear control theory. This approach is successful when the operating point of
the system is restricted to a certain region. Unfortunately, in practice this approach will not
work for some physical systems with a time-varying operating point. The fuzzy model
proposed by Takagi-Sugeno (T-S) is an alternative that can be used in this case. It has been
proved that T-S fuzzy models can effectively approximate any continuous nonlinear
systems by a set of local linear dynamics with their linguistic description. This fuzzy
dynamic model is a convex combination of several linear models. It is described by fuzzy
rules of the type If-Then that represent local input output models for a nonlinear system. The
overall system model is obtained by “blending” these linear models through nonlinear
fuzzy membership functions. For more details on this topic, we refer the reader to (Tanaka
& al 1998 and Wand & al, 1995) and the references therein.

The stability analysis and the synthesis of controllers and observers for nonlinear systems
described by T-S fuzzy models have been the subject of many research works in recent
years. The fuzzy controller is often designed under the well-known procedure: Parallel
Distributed Compensation (PDC). In presence of parametric uncertainties in T-S fuzzy
models, it is necessary to consider the robust stability in order to guarantee both the stability
and the robustness with respect to the latter. These may include modelling error, parameter
perturbations, external disturbances, and fuzzy approximation errors. So far, there have
been some attempts in the area of uncertain nonlinear systems based on the T-S fuzzy
models in the literature. The most of these existing works assume that all the system states
are measured. However, in many control systems and real applications, these are not always
available. Several authors have recently proposed observer based robust controller design
methods considering the fact that in real control problems the full state information is not
always available. In the case without uncertainties, we apply the separation property to
design the observer-based controller: the observer synthesis is designed so that its dynamics
are fast and we independently design the controller by imposing slower dynamics. Recently,
much effort has been devoted to observer-based control for T-S fuzzy models. (Tanaka & al,
1998) have studied the fuzzy observer design for T-S fuzzy control systems. Nonetheless, in
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40 Recent Advances in Robust Control — Novel Approaches and Design Methods

the presence of uncertainties, the separation property is not applicable any more. In (El
Messousi & al, 2006), the authors have proposed sufficient global stability conditions for the
stabilization of uncertain fuzzy T-S models with unavailable states using a robust fuzzy
observer-based controller but with no consideration to the control performances and in
particular to the transient behaviour.

From a practical viewpoint, it is necessary to find a controller which will specify the desired
performances of the controlled system. For example, a fast decay, a good damping can be
imposed by placing the closed-loop poles in a suitable region of the complex plane. Chilali
and Gahinet (Chilali & Gahinet, 1996) have proposed the concept of an LMI (Linear Matrix
Inequality) region as a convenient LMI-based representation of general stability regions for
uncertain linear systems. Regions of interest include a-stability regions, disks and conic
sectors. In (Chilali & al 1999), a robust pole placement has been studied in the case of linear
systems with static uncertainties on the state matrix. A vertical strip and a-stability robust
pole placement has been studied in (Wang & al, 1995, Wang & al, 1998 and Wang & al, 2001)
respectively for uncertain linear systems in which the concerned uncertainties are polytopic
and the proposed conditions are not LMI. In (Hong & Man 2003), the control law synthesis
with a pole placement in a circular LMI region is presented for certain T-S fuzzy models.
Different LMI regions are considered in (Farinwata & al, 2000 and Kang & al, 198), for
closed-loop pole placements in the case of T-S fuzzy models without uncertainties.

In this work, we extend the results of (El Messoussi & al, 2005), in which we have developed
sufficient robust pole placement conditions for continuous T-S fuzzy models with
measurable state variables and structured parametric uncertainties.

The main goal of this paper is to study the pole placement constraints for T-S fuzzy models
with structured uncertainties by designing an observer-based fuzzy controller in order to
guarantee the closed-loop stability. However, like (Lo & Li, 2004 and Tong & Li, 2002), we do
not know the position of the system state poles as well as the position of the estimation error
poles. The main contribution of this paper is as follows: the idea is to place the poles associated
with the state dynamics in one LMI region and to place the poles associated with the
estimation error dynamics in another LMI region (if possible, farther on the left). However, the
separation property is not applicable unfortunately. Moreover, the estimation error dynamics
depend on the state because of uncertainties. If the state dynamics are slow, we will have a
slow convergence of the estimation error to the equilibrium point zero in spite of its own fast
dynamics. So, in this paper, we propose an algorithm to design the fuzzy controller and the
fuzzy observer separately by imposing the two pole placements. Moreover, by using the H..
approach, we ensure that the estimation error converges faster to the equilibrium point zero.
This chapter is organized as follows: in Section 2, we give the class of uncertain fuzzy
models, the observer-based fuzzy controller structure and the control objectives. After
reviewing existing LMI constraints for a pole placement in Section 3, we propose the new
conditions for the uncertain augmented T-S fuzzy system containing both the fuzzy
controller as well as the observer dynamics. Finally, in Section 4, an illustrative application
example shows the effectiveness of the proposed robust pole placement approach. Some
conclusions are given in Section 5.

2. Problem formulation and preliminaries

Considering a T-S fuzzy model with parametric uncertainties composed of r plant rules that
can be represented by the following fuzzy rule:
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Plant rulei:

. . x(t) = (A; + AA;)x(t) + (B; + AB; )u(t),
If z (t)is Mjiand ...and z (t) is M,; Then _ 1)
y(t) =Cx(t) i=1,.,r
The structured uncertainties considered here are norm-bounded in the form:
AA; = H A, (HE,;,
)

AB; = HyAyi(D)Ey, i=1,..,

Where H ;,H,,; ,E

A,i(t),Ayi(t) are unknown matrix functions satisfying;:

ais .i-Epi are known real constant matrices of appropriate dimension, and

3)

Al.(t)is the transposed matrix of A (t)and I is the matrix identity of appropriate
dimension. We suppose that pairs (A;,B;) are controllable and (A;,C;)are observable. M;
indicates the j fuzzy set associated to the i variable z;(t), r is the number of fuzzy model
rules, x(t) e R" is the state vector, u(t)eR" is the input vector, y(t)e R is the output vector,

A, eR™", B, e R™™ and C, e R™". z,(t),...,z,(t) are premise variables.

From (1), the T-S fuzzy system output is :

5(H)= X (ZO)[(A; +AA)x(E)+ (B, + AB,Yu(t)]
@
y(0) = 2 hi(()Cix(t)

where hi(z(t‘))zM and w;(z(t)) = ﬁﬂM,..(Zj(t))
j=t 7

r

2 w;(=(1))
Where Hm, (zj(t))is the fuzzy meaning of symbol M;;.

In this paper we assume that all of the state variables are not measurable. Fuzzy state
observer for T-S fuzzy model with parametric uncertainties (1) is formulated as follows:
Observer rule i:

If z,(f)is My and ...and z,(#) is M, Then {’ic(t):Aif‘(t)*Bl’”(t?_Gi(y H=9®) 5
y(t) =Cix(t) i=1,.,r

The fuzzy observer design is to determine the local gains G; € R in the consequent part.

Note that the premise variables do not depend on the state variables estimated by a fuzzy
observer.
The output of (5) is represented as follows:
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r

() = Y i (z()){ A1) + Bu(t) - G (y(t) - (1))}
(6)

§(t) =2 hi(z())Cix(t)

i=1

To stabilize this class of systems, we use the PDC observer-based approach (Tanaka & al,
1998). The PDC observer-based controller is defined by the following rule base system:
Controller rule i :

If z,(t)is Mziand ...and z,(t) is M,,; Then u(t) = K;x(t) i=1,.,r (7)
The overall fuzzy controller is represented by:

r

Y w2 )KA)
u(t) == =2 hi(2(H)K&(t) (8)
2wiz(t)
i=1
Let us denote the estimation error as:
e(t) = x(t) - &(t) ©)
The augmented system containing both the fuzzy controller and observer is represented as
follows:
x(t)y| - x(t)
= A(z(t 10
{40} (Z(»X{dﬂ} (10)
where

i=1j=1
(A +AA)+ (B +AB)K;, (B +AB)K, (1
y Z

The main goal is first, to find the sets of matrices K; and G; in order to guarantee the global

asymptotic stability of the equilibrium point zero of (10) and secondly, to design the fuzzy
controller and the fuzzy observer of the augmented system (10) separately by assigning both
“observer and controller poles” in a desired region in order to guarantee that the error
between the state and its estimation converges faster to zero. The faster the estimation error
will converge to zero, the better the transient behaviour of the controlled system will be.

3. Main results

Given (1), we give sufficient conditions in order to satisfy the global asymptotic stability of
the closed-loop for the augmented system (10).
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Lemma 1: The equilibrium point zero of the augmented system described by (10) is globally
asymptotically stable if there exist common positive definite matrices P, and P, , matrices
W;, V; and positive scalars ¢; -0 such as

H” SO, i=1,...,1’ 12
[, +T1, <0, i<j<r (12)
And
211 SO, i=1,...,1’ 13
Z;+2;<0, i<j<r 13)
with
E,P, —05¢1 0 0 0 EK; -&'l 0 0 0
I, =| EuV; 0 -05¢I 0 0 | %, =|H, 0 —g' 0 0
Bi 0 0 —gl 0 HIP, 0 0 0551 0
i Hy, 0 0 0 _gijl_ K; 0 0 0 —51-;11

D; = AP + P A! + BV, + ijBf + g,.].Hm.H;. + g,.ijiH{,l.

D; = PBA; + AP, + WC; +CiW/ + gi;lK;E{,iEbin
Proof: using theorem 7 in (Tanaka & al, 1998), property (3), the separation lemma (Shi & al,
1992)) and the Schur’s complement (Boyd & al, 1994), the above conditions (12) and (13)
hold with some changes of variables. Let us briefly explain the different steps...

From (11), in order to ensure the global, asymptotic stability, the sufficient conditions must

be verified:

3X = X' >0: Mp(A,X) = AjX + X Ajj <0 (14)
X 0
Let: X = { 011 k } where 0 is a zero matrix of appropriate dimension. From (14), we have:
2
Mp(A,X) =M}, + Mj (15)
- 1 _[D1 0
With Mp = where
0 2
and
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From (15),
M2 =
| AAX, + ABK Xy, — XppKLB! - X,,K'AB! A,

From (15), we have:

0 X1 AA] + X1, KiAB; Ay O
2, = and X5 =

Let X;; =P, X;; = P;* . From the previous equation and (2), we have:

0 0 0 O 0 B 0 0 0 0 0 0
Y, = + 1 +
o —ptkt "B o]l oo -kt |Tlo —BKEL || alHL

18
0 Hya, | |0 0 )
+ bi=bi x B
And,
Y. = 0 O_X EqPy O I PE,; 0 % 0 ALH n 0 0 % EK;b 0
>|HaA, 0/ L 0 0/ ] 0 0|0 o HyA, 0 0 0
T (19)
| PKGEs 0] 10 ALH),
0 0| |0 0
And finally:
Y. = HyAy HyAy % E;P 0 + PlEzii PlK]t'Elt)i o AfziHLtzi 0
3 0 0 E,K;P 0 0 0 ALHL 0
(20)

0 0 0 0 0 0 0 0
+ X gt Attt | X -
0 —-HpA 0 EbinPZ 0 P Kijl- 0 —-Ay,H

From (18), (19) and (20) and by using the separation lemma (Shi & al, 1992)), we finally obtain:

M3 < Lo 0 (21)
0 T,

Where:
T, =&:'B.B! + e:'H, A, A' H!. + &P ELE P, + . P K:EL.E, K.P
1‘91]11‘91] bi=bi=bi* ~ bi gl]lﬂlllllgljl_]blbljl

+6'in A 'At H;z + ginbiAbiAéiHéi + gi;lPlEt‘E ‘Pl =+ 851P1K§E£iEbinP1

ar—ar—a ar—a
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and
Ty = ;05 ' KiK Py ' + &Py ' KSELE K Py + 63H A AL HL,
+6;iHyi iy Hiy + 8 H A yiAy Hy + gi}lelK;EZiEbinPil
From (15), (16), (17) and (21), we have:
— D, +T; 0 R, O
Mp(A,X) < = (22)
0 D, +T, 0 R,
In order to verify (14), we must have:
R, O
<0 (23)
0 R,
Which implies:
R, <0
(24)
R, <0

First, from (24), by using (3), using the Schur’s complement (Boyd & al, 1994) as well as the

introduction of the new variable: V; =KD, :

R, <0
| D; P 1521' Vthtt;i B Hy |
E,P, —05¢1 0 0
o BV, 0 <0551 0 0 |<0
B! 0 0 —g;l 0
Hy, 0 0 0 —gl

Where [ is always the identity matrix of appropriate dimension

D; = AP + P A + BV, + VB + &;H,Hy +&;H,Hy

(25)

and

Then, from (24), by using (3), using the Schur’s complement (Boyd & al, 1994) as well as the

introduction of the new variable: W, = B,G; :

R, <0
' D; KE, RBH,; PH, K |
E,K; —&'1 0 0 0
e |HLP, 0 —g'l 0 0 |<0
HjP, 0 0 051 0
K; 0 0 0 &'
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Where Dj; = P A; + A{P, + W,C; + CiW/ + &' KiE,E,K;

Thus, conditions (12) and (13) yield for all i, j from (25) and (26) and by using theorem 7 in
(Tanaka & al, 1998) which is necessary for LMI relaxations.

Remark 1: In lemma 1, the positive scalars ¢; are optimised unlike (Han & al, 2000), (Lee &
al, 2001), (Tong & Li, 2002), (Chadli & El Hajjaji, 2006). We do not actually need to impose
them to solve the set of LMIs. The conditions are thus less restrictive.

Remark 2: Note that it is a two-step procedure which allows us to design the controller and
the observer separately. First, we solve (12) for decision variables (P;,K;,¢;) and secondly,
we solve (13) for decision variables (P,,G;)by using the results from the first step.
Furthermore, the controller and observer gains are given by: G, =P;,'W, and K ;= V]-Pl_1 ,
respectively, for 1,j=1,2,..,r.

Remark 3: From lemma 1 and (10), the location of the poles associated with the state
dynamics and with the estimation error dynamics is unknown. However, since the design
algorithm is a two-step procedure, we can impose two pole placements separately, the first
one for the state and the second one for the estimation error. In the following, we focus in
the robust pole placement.

We hereafter give sufficient conditions to ensure the desired pole placements by using the
LMI conditions of (Chilali & Gahinet (1996) and (Chilali & al, 1999) to the case of uncertain
T-S fuzzy systems with unavailable state variables. Let us recall the definition of an LMI
region and pole placement LMI constraints.

Definition 1 (Boyd & al, 1994): A subset D of the complex plane is called an LMI region if
there exists a symmetric matrix a =[ay;]e R and a matrix f= [Bri] e R such as:
D={zeC:fy(z)=a+pz+ Bz <0 (27)

Definition 2 (Chilali and Gahinet, 1996): Let D be a subregion of the left-half plane. A
dynamical system described by: x=Axis called D-stable if all its poles lie in D. By
extension, A is then called D-stable.

From the two previous definitions, the following theorem is given.

Theorem 1 (Chilali and Gahinet , 1996): Matrix A is D-stable if and only if there exists a
symmetric matrix X >0 such as

Mp(A,X)=a®X+O®AX + B @ XA' <0 (28)

where ® denotes the Kronecker product.

From (10) and (11), let us define: T;; = (A; + AA;)+ (B; + AB))K; and §;; = A; + G,C, —ABK; .

We hereafter give sufficient conditions to guarantee that zz Iy ( z(t))h]-( Z(t))Tij and
i=1j=1

Zr:ihl( z(t))h]-( Z(t))sij are Dy -stable and Dg-stable respectively in order to impose the
i=1j=1
dynamics of the state and the dynamics of the estimation error.

Lemma 2: Matrix ZZhi(Z(t))h j(z(t))T; is Dy -stable if and only if there exist a symmetric

i=1j=1
matrix P, >0 and positive scalars z; -0 such as
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Q,;<0,i1=1,...,1, 29
Q; +Q; <0, i<j<r. (29)

With
E; (B ®BEy) (A ®VE,)
= (,3 ® Euipl) —,UijI 0
(ﬂ ® Ebivj) 0 —ul

(30)
Ejj =G+ 1 (I ® HaiHZi)+ Hij (I ® HbiHlii)

§i=a®P +fRAP + @PA + OBV, +p ®V/B;

Proof: Using theorem 1, matrix Tj; is Dr-stable if and only if there exists a symmetric matrix

X >0 such that:

Mp (T;, X)=a®X +BRT,X + ' ® XT, <0 (31)
Mp (T;, X)=a®@X +f®AX + ' ® XA{ + fOBK;X + ' ® XKB + f ® H ;A ,E,; X @)
+f' ® XEyAyHy + f® HyAyEK X+ ' ® XKiEyAyHiy,

Mp (T;,X) =& + (I ®H,A )(ﬁ®EaiPl)+(:Bt®PlE1§i)(I®A1t1iH:§i)+(1®HbiAbi)(ﬂ®EbiVj)

ai=ai

(33)
+(B' ®ViE,)(I ® AyHy)
where
5 =a®P +B®AP +p ®PA +B®BV,+ 5 ®V/B| (34)
Using the separation lemma (Shi & al, 1992) and (3), we obtain:
Mp, (T, X)< Sif +:uz'j(1 ® H,Hy )"',Uz] (B' ® RE,)(B®E,P) (35)
+44;(1® HyHy;) + ﬂi}l(ﬂt ®V/Ey)(S®E,V))
Thus, matrix Ti] is Dr-stable if:
Sij + 1 (1 ® H,H,)+ H(I® HyHy,)+ Hij (B PE;)(B®E,P,) (36)

+u (B ®VIER)(BOE,V;)<0

Where, of course, i € R Vi, j
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By using the Schur’s complement (Boyd & al, 1994),

E;  (#'®PE;) (A ®VE,)
(BOE,P) —;l 0 =<0, 37
(ﬁ ® Ebivj) 0 —l

t t
Ej =&+ 1 (I ®H H!, ) + 4 (1 ® H,H!, )
Thus, conditions (29) easily yield for all i, j.

Lemma 3: Matrix ZZhi(z(t))h]-(z(t))Sij is Ds-stable if and only if there exist a symmetric
i=1j=1

matrix P, >0, matrices W;, K; and positive scalars 4; -0 such as

CDii <0,i=1,..r 28
q)i]‘+q)]‘l'so,i<j£r ( )
with
B R; ”g(ﬂ* ®K§Egi)(ﬁ®5bi1<j) I® B,H,,
Rl']'=a®P2+ﬁ®P2Ai+ﬂt®A;P2+ﬁ®l/\/icj+ﬂt®c;m/it (39)
W = PG,
Proof: Same lines as previously can be used to prove this lemma.
Let:
Mp, (S, X)=a®X+B®AX+ ' ® XA+ BRGC, X + ' ® XCIG; o)
4

- ®XK§E£i(I ® AyHy) —(1® AyHy) (S ® E,K;X)<0

Using the separation lemma (Shi & al, 1992), by pre- and post- multiplying by 1® X', we
obtain:

a®X T+ BOXTA )+ B ®AXT)+ BO(XTIGC))+ B ®(CIGIXT)

B B (41)
+2i(B' @ KIE ) (BOE,K)+1/ 2;(1® X ' Hy)(I® HyX ') <0
Where, of course, ﬁi]- eR Vi, j
Thus, by using the Schur’s complement (Boyd & al, 1994) as well as by defining P, = X" :
a®P,+fOPA + ®AP, + BRPGC, + f ®CIGIP, + 4;(f ®KIE, ) (BRE,K;) [®PH,, 0(42)
= <

! [®HyP, —Al

By using W, = X'G, , conditions (38) easily yield for all i, j. The lemma proof is given.
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Remark 4: Any kind of LMI region (disk, vertical strip, conic sector) may be easily used for
Dsand Dy .

From lemma 2 and lemma 3, we have imposed the dynamics of the state as well as the
dynamics of the estimation error. But from (10), the estimation error dynamics depend on
the state. If the state dynamics are slow, we will have a slow convergence of the estimation
error to the equilibrium point zero in spite of its own fast dynamics. So in this paper, we add
an algorithm using the H, approach to ensure that the estimation error converges faster to

the equilibrium point zero.
We know from (10) that:

e(t) = Zr: Zr:h,- (z(t))hj(z(t))(Al- +G;C; —ABK; )e(t)
i=1j=1
L (43)
+ 3 D hi(2()h; (2(1)S; (AA; + ABK; ) x(t)
i=1j=1
This equation is equivalent to the following system:
H = iihi(zu))hj(z(t)){ri ' Gic;’ TABE A4 +OABZ’KJ’ M] (44)
i=1j=1

The objective is to minimize the L, gain from x(f) to e(t) in order to guarantee that the
error between the state and its estimation converges faster to zero. Thus, we define the
following H,, performance criterion under zero initial conditions:

{e (He(t) — y2x (t)x(t)}dt < 0 (45)

O —8

where y e R™" has to be minimized. Note that the signal x(t) is square integrable because of
lemma 1.

We give the following lemma to satisfy the H, performance.

Lemma 4: If there exist symmetric positive definite matrix P, , matrices W, and positive
scalars y -0, B; -0 suchas

Fll < 0, l = 1,...,1’

I +T;<0,i<j<r (46)
With
Zi]’ PHy, PH, —ﬂzjK]t'Elt;iEbiK j
H ltJiP 2 —ﬂijl 0 0
[ =
]
H!.P, 0 gl 0
__;Bin]t'EéiEbiK j 0 0 uij )
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Zj=PA; + AP, + WiC; +C;VVit +1+ ﬂin]t'EiiiEbin

Uy =-y T+ ﬂin]t'Elt:iEbiK it :BijEptziEai
Then, the dynamic system:

. (47)

H r iihi(z(t))hj(z(t)) B AN ABinMﬂ
€] is1j=1 ! ’

satisfies the H, performance with a L, gain equal or less than y (44).

Proof: Applying the bounded real lemma (Boyd & al, 1994), the system described by the
following dynamics:

&(t) = (Al. +G,C;— ABK; Je(t) + (AA; + ABin)x(t) (48)

satisfies the H_ performance corresponding to the L, gain y performance if and only if
there exists P, =P, >0:

(49)
+Py(AA; + ABK)(7° 1) (AA; + ABK,)' P, + 1< 0
Using the Schur’s complement, (Boyd & al, 1994) yields
; i 5 <0 (50)
AA;P, + KjAB; P, -yl
0,
where
i =PA; + AP, + BGC; + C!G/P, - B,ABK, —K!AB/P, +1 51
ij 244 it2 2N~ jiT2 25N jorit2
We get:
0. - PzAi+AfP2+P2GiCj+C§GfP2 +1 0 N —PzABin—K;Aprz PAA; + BABK; 52)
v 0 1 AA;P, + KiAB/P, 0
A;
By using the separation lemma (Shi & al, 1992) yields
A <f KéEltﬂiEbin _Kit'EltJiEbin + 41 PyHyiAyAyiHyiPy + PH A Ay H Py 0 (53)
T _K]t‘EltJiEbiK i K;E{viEbiK it E,E, ’ 0

With substitution into ®;; and defining a variable change: W, = P,G; , yields
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Q;; -B.KELE, K
0| S 54
—BiKiELEyK; =71+ BKiEEyK; + BiELE,;

where

Q; =Ry + [31]1 P,Hy Ay ALHLP, + eijl P,H, A ALHLD,, 55)

R =P,A; + AP, + W,C; + CW; + 1+ B, KIELE,K;.
Thus, from the following condition

Qyi _:Bin;EliiEbiK i <0 56)
_ﬂin;EéiEbiK i 7 1+ ﬁin§EZiEbiK it ﬁijEZiEai

and using the Schur’s complement (Boyd & al, 1994), theorem 7 in ( Tanaka & al, 1998) and
(3), condition (46) yields for all 7,;.

Remark 5: In order to improve the estimation error convergence, we obtain the following
convex optimization problem: minimization y under the LMI constraints (46).

From lemma 1, 2, 3 and 4 yields the following theorem:

Theorem 2: The closed-loop uncertain fuzzy system (10) is robustly stabilizable via the
observer-based controller (8) with control performances defined by a pole placement
constraint in LMI region D; for the state dynamics, a pole placement constraint in LMI

region Dg for the estimation error dynamics and a L, gain y performance (45) as small as

possible if first, LMI systems (12) and (29) are solvable for the decision variables

(P, K;, &, 145) and secondly, LMI systems (13), (38) , (46) are solvable for the decision

variables (P,,G;,4;, B;) - Furthermore, the controller and observer gains are K; = VJ-P{1 and

G; = Pz_ll/\/l- , respectively, for i,j=1,2,...,7.

Remark 6: Because of uncertainties, we could not use the separation property but we have
overcome this problem by designing the fuzzy controller and observer in two steps with
two pole placements and by using the H,approach to ensure that the estimation error

converges faster to zero although its dynamics depend on the state.

Remark 7: Theorem 2 also proposes a two-step procedure: the first step concerns the fuzzy
controller design by imposing a pole placement constraint for the poles linked to the state
dynamics and the second step concerns the fuzzy observer design by imposing the second
pole placement constraint for the poles linked to the error estimation dynamics and by
minimizing the H_ performance criterion (18). The designs of the observer and the

controller are separate but not independent.

4. Numerical example

In this section, to illustrate the validity of the suggested theoretical development, we

apply the previous control algorithm to the following academic nonlinear system (Lauber,
2003):
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: 1 1

() = (Cosz(xz(t)) - m}xz(t) + (1 +m]u(t)

X, (1) = b(l + #f(t)} sin(x, (1)) - 1.5x; ()-3x,(t) (57)
+ (ac052 (x5 (1)) - 2)u(t)

y(t) =x,(t)

yeR is the system output, u € Ris the system input, x =[x, xz]t is the state vector which

is supposed to be unmeasurable. What we want to find is the control law u which globally
stabilizes the closed-loop and forces the system output to converge to zero but by imposing
a transient behaviour.

Since the state vector is supposed to be unmeasurable, an observer will be designed.

The idea here is thus to design a fuzzy observer-based robust controller from the nonlinear
system (57). The first step is to obtain a fuzzy model with uncertainties from (57) while the
second step is to design the fuzzy control law from theorem 2 by imposing pole placement
constraints and by minimizing the Heo criterion (46). Let us recall that, thanks to the pole
placements, the estimation error converges faster to the equilibrium point zero and we
impose the transient behaviour of the system output.

First step:

The goal is here to obtain a fuzzy model from (57).

By decomposing the nonlinear term and integring nonlinearities of x,(t) into

1+x7(t)
incertainties, then (20) is represented by the following fuzzy model:
Fuzzy model rule 1:

If x,(H)is M, then{x:(AﬁAtlg(BﬁAB])u (58)
Fuzzy model rule 2:
If x,()is M, then{*:(AﬁAA;ig(Bz*ABz)” (59)
where
0 0.5 1 0 05 2
A = , B, = A, = ’ , B, = ,
BN ST VRSN R DY (—1.5 —3+(1+m)bj 27122
2 2
01 0 0
Hﬁi: 0 0.1 ’Hbl: 1 ,Ebleb220.5|a|
E—O . o C=(1 0)
“lo 1_Tm|b| Cr 0 (1-my) /

m=-0.2172, b=-0.5, a=2 and i=1,2
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Second step:
The control design purpose of this example is to place both the poles linked to the state
dynamics and to the estimation error dynamics in the vertical strip given by:

(¢q a@)=(-1 -6). The choice of the same vertical strip is voluntary because we wish to

compare results of simulations obtained with and without the H_ approach, in order to

show by simulation the effectiveness of our approach.

The initial values of states are chosen: x(0) = [—0.2 —0.1] and x(0) = [0 0] .

By solving LMIs of theorem 2, we obtain the following controller and observer gain matrices
respectively:

t t
Ky =[-1.95 -017],K, =[136 -0.08],G, =[7.75 -80.80]',G, =[7.79 -82.27]" (60)

The obtained H,, criterion after minimization is:

¥ =0.3974 (61)

Tables 1 and 2 give some examples of both nominal and uncertain system closed-loop pole
values respectively. All these poles are located in the desired regions. Note that the
uncertainties must be taken into account since we wish to ensure a global pole placement.
That means that the poles of (10) belong to the specific LMI region, whatever uncertainties
(2), (3). From tables 1 and 2, we can see that the estimation error pole values obtained using
the H_approach are more distant (farther on the left) than the ones without the
H_ approach.

With the H_ approach Without the H, approach
Pole 1 Pole 2 Pole 1 Pole 2
A; +BK; -1.8348 -3.1403 -1.8348 -3.1403
A, +B,K, -2.8264 -3.2172 -2.8264 -3.2172
A +GG -5.47 +5.99i | -5.47-5.99i -3.47 + 3.75i -3.47-3.751
Ay +G,C, -5.59 +6.08i | -5.59 - 6.08i -3.87 + 3.96i -3.87 - 3.961

Table 1. Pole values (nominal case).

With the H_ approach Without the H_ approach

Pole 1 | Pole 2 Pole 1 Pole 2
A +H,E, + (B, + HyE)K, | -2.56 + .431 | -2.56-0.43i | -2.56+ 0.43i -2.56 - 0.43i
Ay +HpE, +(By + HyEp)K, | -3.03+0.70i | -3.032-0.70i | -3.03 + 0.70i -3.03 - 0.70i
A -HuE, + (B +HyE K, | -2.58 +0.10i | -2.58- 0.10i -2.58 +0.10i -2.58 - 0.10i
Ay —H,E, + (B, + HyE)K, | -3.09 +0.54i | -3.09-0.54i -3.09 + 0.54i -3.09 - 0.54i
A +G,C, -H,E, K -5.38+45.871 | -5.38-5.87i | -3.38 + 3.61i -3.38 - 3.61i
A, +G,C, —H,E, K, -5.55 +6.01i | -5.55-6.01i | -3.83 + 3.86i -3.83 - 3.86i

Table 2. Pole values (extreme uncertain models).
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Figures 1 and 2 respectively show the behaviour of error e,(t) and e,(t) with and without
the H, approach and also the behaviour obtained using only lemma 1. We clearly see that
the estimation error converges faster in the first case (with H_approach and pole
placements) than in the second one (with pole placements only) as well as in the third case
(without H_ approach and pole placements). At last but not least, Figure 3 and 4 show
respectively the behaviour of the state variables with and without the H, approach whereas
Figure 5 shows the evolution of the control signal. From Figures 3 and 4, we still have the
same conclusion about the convergence of the estimation errors.

0.05

-0.05
%
g
w
-0.1 | |
S i B e eeE—
Lo T | — With the H,, approach
ot 7/7 L o ] - Without the H,, approach ||
j 7 l l — ——Using lemma 1
02 | | | | | | l l l
0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2
Time

Fig. 1. Behaviour of error e;(f) .
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Fig. 3. Behaviour of the state vector and its estimation with the H,, approach.
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Fig. 4. Behaviour of the state and its estimation without the H_ approach.
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Fig. 5. Control signal evolution u(t).
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5. Conclusion

In this chapter, we have developed robust pole placement constraints for continuous T-S
fuzzy systems with unavailable state variables and with parametric structured uncertainties.
The proposed approach has extended existing methods based on uncertain T-S fuzzy
models. The proposed LMI constraints can globally asymptotically stabilize the closed-loop
T-S fuzzy system subject to parametric uncertainties with the desired control performances.
Because of uncertainties, the separation property is not applicable. To overcome this
problem, we have proposed, for the design of the observer and the controller, a two-step
procedure with two pole placements constraints and the minimization of a H,, performance

criterion in order to guarantee that the estimation error converges faster to zero. Simulation
results have verified and confirmed the effectiveness of our approach in controlling
nonlinear systems with parametric uncertainties.
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