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1. Introduction

In volume holographic memory (van Heerden, 1963), the information is stored as a volume
hologram and retrieved through the holographic reconstruction process by illuminating the
hologram with a readout probe beam whose wavelength, incident angle, and wavefront
should be identical to those of the reference beam used in the recording process. This
requirement stems from the fact that diffraction from the volume hologram is restricted by
Bragg’s law. While such a restriction is responsible for the large storage density of volume
holographic memories, it also causes some obstacles for implementing practical memory
systems. For example, in rewritable recording media, like photorefractive materials,
illumination with a readout probe beam will rewrite the recorded hologram, destroying the
stored information. Even in a photopolymer, some of the storage capacity will be wasted
during the readout if some monomers still exist in the readout volume. These issues are
obviously caused by the destructive probe beam having the ability to expose the recording
medium in a similar manner to the recording beam.

To avoid such a problem, several nondestructive readout methods have been proposed so
far (Gulanyan et al., 1979; Petrov et al., 1979; Kiilich, 1987), where the readout is performed
at a longer wavelength, outside the sensitive spectral region of the recording material. These
methods can successfully reconstruct the stored image at a wavelength different from the
recording one, but most of these methods may not be practical for holographic memory
systems because the multiplexing capability is considerably lowered. For example,
anisotropic diffraction (Petrov et al., 1979) requires a specific recording configuration and
thus limits the number of multiplexed pages. A spherical probe beam method (Kiilich, 1987)
tends to produce severe crosstalk noise from other multiplexed pages, which demands a
large angular separation between two adjacent multiplexed holograms, resulting in a small
storage density.

Recently, we proposed another way to reconstruct an image at a different wavelength
(Fujimura et al., 2007). Our method, which we call polychromatic reconstruction (PCR),
utilizes a spectrally broad light source for the probe beam, as shown in Fig. 1. Each angular
spectral component of the recorded gratings can be Bragg-matched with one particular
wavelength within the broadband spectrum of the probe beam. Thus, the whole image can
be reconstructed from the volume hologram even though the probe wavelength is very
different from the recording one. On the other hand, analogous to the spherical probe beam
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220 Holograms — Recording Materials and Applications

method, the large spectral width of the polychromatic probe beam causes deterioration of
the angular selectivity and results in considerable lowering of the multiplexing capability.
However, unlike the case of the spherical probe beam, such a drawback can be overcome by
using a selective detection method (Fujimura et al., 2010). If the proper optical component,
such as a wavelength filter or grating, is additionally inserted in the imaging system, we can
detect the signal image alone even though the crosstalk-noise waves are diffracted from
other multiplexed pages. Therefore, PCR with the selective detection method is a promising
way to achieve nondestructive readout in volume holographic memories without sacrificing
the multiplexing capability.

Recording Readout
wavelength wavelengt!

sensitive
region of
recording media

Absorption

Wavelength

Fig. 1. Concept of the nondestructive readout in the PCR method.

When we implement the PCR method in a holographic memory system, it is important to
know the properties of the holographic reconstruction process with the polychromatic light.
Indeed, the PCR method shows several notable features as compared with conventional
monochromatic reconstruction. For example, the reconstructed image has a wavelength
distribution that linearly shifts along the grating vector, and image magnification occurs in a
direction perpendicular to the incident plane. In fact, knowledge of the required bandwidth
of the polychromatic probe beam is essential to design a practical memory system.

In this chapter, we develop the theory of holographic reconstruction with polychromatic
light, especially from the viewpoint of its application to volume holographic memory. Based
on the plane-wave expansion model, we will derive expressions for the required bandwidth,
the distortion of the reconstructed image, the optimum recording configuration, the
diffraction efficiency, the inter- and intra-page crosstalk noise, and the theoretical limit of
the storage density. The obtained expressions show unique features of the PCR method and
are very informative for constructing actual holographic memory systems utilizing the PCR
method.

2. Basic principle of the image reconstruction

2.1 Reconstruction from a plane-wave hologram

First we consider the diffraction from a plane-wave hologram that is formed by signal and
reference plane waves. When the grating recorded at a wavelength A, is read out with a
probe wavelength 4, the Bragg condition is given by

G, (1)

w

kp(ed—ep):kw(es—er)sk
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where e, e, e, and e; are the unit direction vectors of the signal, reference, probe, and
diffracted plane waves, respectively; k;, = 2mn,/A; (3 = w, p) is the wave number at the
wavelength 4; and the refractive index n,; and G is the grating vector normalized by the
recording wave number k. In order to obtain diffraction from the grating G, the unit direction
vector e, and the probe wavelength 4, should be properly chosen so as to satisfy Eq. (1). Such a
restriction can be derived from Eq. (1) and the relation |eq|2=1, which is written as

(ep+ﬁcj-c;=o, @)
2

where 4 is the ratio of the wave numbers of the recording and probe beams, i.e., i = ku/ky.
Hereafter, for simplicity, we assume that wavelength dispersion of the refractive index can
be neglected, i.e., n, = 11, = n, and thus, u# can be approximated by the ratio of wavelengths. If
e, and 4, satisfy Eq. (2), the grating will reproduce the plane wave with the unit direction
vector e; expressed as

e, =e,+UG. )

Generally, there are many combinations of e, and A, that satisfy Eq. (2). Thus, it is possible
to obtain diffraction from a plane wave hologram even when the readout probe wave vector
is not identical to the reference wave vector in the recording process, i.e., 4, # Ay, or e, # e,.
For example, when the probe wavelength 4, is given, the incident angle of the probe beam
should be adjusted so that the vector e, + uG/2 lies on the plane normal to the grating G, as
shown in Fig. 2. Note that there is a maximum value for the allowed A, because the relation
4G |/2 <1 should hold, as is seen from Fig. 2. In this case, the trace of e, forms a circle,
which is regarded as the Bragg degeneracy.

On the contrary, when e, is given, the probe wavelength A, should satisfy the following
relation:

2ep -G @)

<

’[[ =
Note that, in this case, the wavelength ratio # is uniquely determined by the set of (e,, G).

7 -G
EP+EG 2 /

Fig. 2. The possible choice of the incident angle of the probe beam to reconstruct the plane
wave hologram represented by G.
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222 Holograms — Recording Materials and Applications

2.2 Reconstruction of the image information

A volume holographic memory usually stores two-dimensional image information.
Therefore, the signal beam consists of many plane waves and creates various grating vectors
after interfering with the reference plane wave. We express the i-th signal component e;; as
esi = ey + Oes, where ey is the central direction vector of the diverged signal beam, and Je,; is
the deviation vector from ey. Similarly, the corresponding diffracted component e; is
expressed as e; = ey + dey. In this case, the Bragg condition for each angular spectral
component is given by

kp(edi—ep)zkw(esi—e,)zkai, )

where G; is the normalized grating vector for i-th component. In order to reproduce the
whole image, the Bragg condition of Eq. (5) should be satisfied at all components i. If we
assume that Eq. (5) is satisfied at the central signal component (i = 0) and that the divergence
angle of the signal beam is sufficiently small, i.e., the relation |des|2 << 1 holds, then Eq. (2)
can be rewritten as

(ep+§Gij-Gizedo~6esi. (6)

In order to satisfy the Bragg condition at any component i, the probe wave vector should be
identical to the reference wave vector (i.e., 4, = 4, and e, = e,) so that the relation e = ey
holds. Otherwise, the obtained diffracted waves are limited to those from the components
satisfying the relation ez -0es;= 0. Therefore, it is usually considered that the image
information cannot be completely reproduced when the probe wavelength is different from
the recording one.

However, there are two possible ways to satisfy Eq. (5) for all components even when 4, #
Aw. One is Kiilich’s approach (Kiilich, 1987), where a probe beam having adequate angular
divergence is used instead of the plane wave. In this method, for each signal component i,
there is a probe plane wave component e,; = e, + de,; that satisfies

(epi+§G1)-Gizedo-[ﬁesﬁlﬁepij:O, )
u

where we assume that the divergence angles of the probe and signal beams are sufficiently
small, and thus, the relations |desi|2 << 1, |de,i|2 << 1, and Je,; -8e;; << 1 hold. Then, the
diffracted wave is reproduced as described by the following relation:

e; =e, + UG, =e, +0e, +ude,. (8)

Note that, in this method, special care should be taken about the diffraction due to the Bragg
degeneracy. If several probe components simultaneously satisfy Eq. (7) for one particular
signal component, its grating component will produce several diffracted waves with
different direction vectors, as represented by Eq. (8). This will degrade the quality of the
reconstructed image. To avoid such a situation, the angular spectral components of the
probe beam should exist on only one particular plane. For example, it is preferable that the
probe beam should be expanded by using a cylindrical lens, not a spherical lens.
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Fig. 3. Schematic diagram of (a) the recording and (b) the reconstruction schemes in the PCR
method. €, is the internal half crossing angle of e and e,; 6, is the internal incident angle of
ey, and f; and f; are the focal lengths of the Fourier transform lenses in the recording and
reconstruction processes, respectively.

Another way to satisfy Eq. (5) is our approach, the PCR method. This method utilizes a
broadband probe beam instead of monochromatic light. The recording and readout schemes
of the PCR method are illustrated in Fig. 3. In the recording process, a monochromatic signal
beam bearing the image information passes through a Fourier transform lens and records a
Fourier hologram in the usual way. In the readout process, the recorded hologram is
readout by using a spectrally broad but spatially coherent light source, such as a super
luminescent diode (SLD). All grating components satisfy the Bragg condition because the
probe beam includes a spectral component that satisfies the following relation for each
component i:

ﬂ _ kw lpi 2ep 'Gi (9)
= = = — 2 ,
kﬂl’ ﬂw |Gi|

where k, and A4, are the Bragg-matched wavenumber and wavelength for a grating
component G;, respectively. Note that image degradation due to Bragg degeneracy will not
occur in the PCR method because the Bragg-matched wavelength A,; is uniquely determined
by the set of (e, G)). In this case, the diffracted waves are reproduced with the direction
vector

e; =e,+UuG,. (10)

The characteristic feature of the PCR method is that the wavelength of each diffracted
plane wave is different at different grating components G;. Therefore, the PCR method
can be applied only to Fourier holograms, where one grating vector corresponds to one
particular point on the object plane. Even though all diffracted waves are obtained in an
image hologram and a Fresnel hologram with polychromatic light, the image cannot be
reconstructed since waves with different wavelengths cannot construct a point image.

An example of the reconstructed image in the PCR method is presented in Fig. 4, where we
calculated the wavelength ratio 1 and the direction vector ey for each grating component G;
by using Egs. (9) and (10), neglecting off-Bragg diffraction. In this simulation, we assumed
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224 Holograms — Recording Materials and Applications

that the input image, which was an outline character “A” with dimensions 1 cm X 1 cm,
shown in Fig. 4(a), was recorded at 4, = 532 nm and was reconstructed with a polychromatic
probe beam with a central wavelength 4,0 of 815 nm. From the figure, we can see that the
reconstructed image was formed with spectral components ranging from 795 nm to 835 nm,
and image magnification occurred in the ys-direction. Such features are considered as a
consequence of using the polychromatic light for the holographic reconstruction. In the
following section, we will develop a theory of holographic reconstruction with
polychromatic light and investigate characteristic features of the PCR method especially in
holographic memory systems.

(a) (b)
nm
10 10 I 835
= 5 =5 . EEEy Fyl
= =
= £ T
=0 — — 0 = W 815
= S |
T 5 | ls0s
10 10 e | 795
-10 -5 0 5 10 -10 -5 0 5 10
X, (mm) X, (mm)

Fig. 4. Simulated results of image reconstruction by PCR. (a) Input image and (b) the
reconstructed image. The color in (b) represents the Bragg-matched wavelength of each
diffracted wave. The calculation parameters are as follows: A, = 532 nm; 6, = 30°; 6, = 50°;
n=1;and f; = f;= 100 mm.

3. Theory of holographic reconstruction with polychromatic light

3.1 Definition of the coordinate system

In this section, we introduce a coordinate system that allows for a more quantitative
discussion of the PCR method. A Cartesian coordinate system is defined here using unit
direction vectors ey and e,, as shown in Fig. 5(a), whose normal bases are given by

e,—e e ,xXe e,+e
ex — _s0 r , ey — _ _—s0 r , eZ — 30 r , (es() ¢ier) (11)
e,—e €., Xer €, +er

r

We introduce an elevation angle o and azimuthal angle f to specify a unit direction vector
ey, as is depicted in Fig. 5(b). In this case the Cartesian components of e, are written as

€ cosa, sin f3,
e =|e, sina, |- (k=si,r,p,di) (12)
e, cos &, cos f3,
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(a) (b)

vile,

p

-

Fig. 5. Definition of (a) the Cartesian coordinate system and (b) the elevation angle ¢4 and
the azimuthal angle / of the unit direction vector ey.

€ \
€0—€C. = G:J 3

From the symmetry of the coordinate system and the Bragg condition of Eq. (5), the
relations o =0, & = 0, B = —fo, and Bi = —f3, should hold. Thus, the direction vectors are
written as

sin 3, —sin 3, cos &, sin ﬁp —Cosa, sin ﬂp
e, = 0 , €, = 0 , ep = sin ap , €4 = sin ap ,
cos B, cos B, cos, cos f3, cosa, cos f3, 3
2sin B,
G,=e,—e =| O : (0< B, <7/2)
0

Note that if the grating component Gy and the wavelength ratio 1 are given, then e, and e
have only one free parameter. This is because, from Eq. (5), &, and £, should satisfy

cosa, sin ff, =—p,sin 3, . (14)

Furthermore, we express o, B, 0ui, and B, as i = o + 0, i = Poo + B, i = Oho + 004,
and B = B + B, respectively, and hereafter for simplicity, we assume that the divergence
angles of the signal and diffracted beams are sufficiently small (i.e., dosi, 0B, daui, OB << 1)
and the relations |des |2, |desi|2 << 1 hold at all components i. Then, the deviation vectors
de;; and dey; are approximated by

0 cos f,,
6esi = esi - esO = 5asi 1 + §IB€1 0 = 6vsiesoz + é;Bsiesﬁ 4
0 —sin S,
sina, sin f3, cos f, (15)
Oe, =e, —e, =00, cosa, +cosa, B, O
—sina, cos f, sin f,

=00, +cosa,0f e, ,
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Fig. 6. The relation between the angular spectral component and the imaging position in the
Fourier hologram. (a) The recording process and (b) the reconstruction process.

Note that the unit direction vectors es, and essz correspond to the normal bases at the Fourier
plane of the input image, as shown in Fig. 6(a). Thus, the position on the input plane (xs, Vsi)
and the set of the deviation angles (dci, f:) are related via

b, 1 (X
oe )£l 00

where f; is the focal length of the Fourier transform lens in the recording process. Similarly,
the relation between the position on the reconstructed image plane (x4, y4) and the set of the
deviation angles (dayi, 9f3) is given by

[xdi] i (cos apé',Bdi] , a7
Yai

where f; is the focal length of the Fourier transform lens in the reconstruction process.
Furthermore, hereafter we assumed that the dimensions of the input image are in the ranges
—XsMax < Xsi < XsMax and —Ysmax < Ysi < Ysmax. Therefore, the maximum deviation angles of the

signal beam, dctmax and vy, are
O 1(x
( IBSMax j — _( sMax] p (18)
§asMax fs y sMax

3.2 Spectral width required for the reconstruction
In order to reconstruct the image information, an adequate spectral width is needed for the

probe beam to satisfy the Bragg condition at every grating component. In this section, we
will theoretically estimate such a spectral width. When we rewrite Eq. (9) using the
deviation vectors des;, the difference between y; and yy is given by

Ol = i — Iy = _—2Si' (19)
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where we assume that the relation |des; |2 << |Gg|? holds. Equation (19) indicates that the
Bragg-matched wavelength does not depend only on the amplitude |&es|, but is
determined by the projection of des on es. If we rewrite Eq. (19) using the Cartesian
components in Egs. (13) and (15) and the relation of Eq. (14), we obtain

sin,éa,; —cos &, sin ( Bo+ B, ) B,
2sin® B,

_H m—apga,_ 1 /1 3B.
2 |sinf,sinf, " (tanf, tanpg, | |

Therefore, the spectral width required for the full image reconstruction (A4su) is given by

A=A tan‘ap‘ 5ysMax + 1 + 1 5st/zx ) (21)
M Po sin 3, sin (_'BP) f, tan 5, tan ﬁp .

The Bragg-matched wavelength generally depends on both deviation angles dox and J5.:.
When e, lies in the xz-plane (i.e., & = 0°), however, Ju; depends only on the azimuthal
deviation angle df:. To see these features more clearly, the spatial distributions of the Bragg-
matched wavelength are illustrated in Fig. 7. In this simulation, we calculated the
reconstructed image with the Bragg-matched wavelength assuming that the grating
recorded at 532 nm was read out at around 815 nm. As is predicted from Eq. (21), the
spectral width required for the probe beam has a minimum at ¢, = 0°. Furthermore, the
distortion of the reconstructed image is also smallest at ¢, = 0°, which will be treated further
in Section 3.3.

o, =—

a,=—40.0° a,=-30.0° a,= 0.0° a,= 30.0° a,= 40.0°
P

B,=-90.0° B,=-62.0° B,=-50.0° fB,=-62.0° B,=-90.0° nm

715

Fig. 7. The reconstructed images in the PCR method at several probe elevation angles ¢,
The input image was the same as that in Fig. 4. The calculation parameters were as follows:
Aw =532 nm; Ay =815 nm; B =30°% n=1; f; = fi= 100 mm; and 4, is determined from Eq. (14)
at each a.

Rewriting Eq. (20) using the relation of Eq. (14) at the condition ¢, = 0° yields

S, = —&{ L 1 )]}5@, )

2 [tan g, ’can[arcsin(—,u0 sin 3,
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There is an optimum recording angle B0, that minimizes the required spectral width for a
given i, as shown in Fig. 8, which is given by

Boop = arctan [i], (4 #1) (23)

Hy
Then, Eq. (22) can be simplified to
P
o, :_E(ﬂo _1)5:551'- (24)

In this case, the required spectral width A4gy reaches a minimum and is expressed as

1 \ox
Agyinsin = ﬂ’pO (ﬂo - ﬂ—j% (25)
0 s

However, in most cases, the allowed deviation angle dfma is determined by the spectral
width A4, of a given probe light source. Assuming that ¢, = 0°, from Egs. (21), we obtain

-1
1 1 AL
5ﬂsmax = + p (26)
tanf, tang, | A,
At the optimum recording angle, Jfmux reaches a maximum
1Y A4,
§ﬁsMax = IUO - T (27)
0 0

For example, if we have a probe light source whose central wavelength 4, is 815 nm and
whose full spectral width A4, is 50 nm, and the recording wavelength 4, is 532 nm, then
the optimum recording angle So,: is about 33°, and the allowed deviation angle fax is
about 4.0°.

slope coefficient |A(Sw) &(Sf,,) |

0 10 20 30 40 50
Signal incident angle £ (degree)

ftl

Fig. 8. The slope coefficient of Jf; in Eq. (22) is plotted as a function of the signal incident
angle fBo. We assumed that 4, =532 nm and 4,0 = 815 nm.
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So far, assuming the small deviation angles of the signal beam, we derived the expression
for the Bragg-matched wavelength and found that the wavelength shift is simply
proportional to the deviation angles das; and Jf;. However, for large deviation angles, their
relation cannot be expressed by Eq. (20) and becomes nonlinear. Examples for the
reconstructed images at large deviation angles are shown in Fig. 9. In this simulation, the
focal length of the Fourier transform lenses was varied from 50 mm to 10 mm while the
input image size was kept constant, which resulted in an increase of the maximum deviation
angle from 5.7° to 30°. A larger angular spectrum of the signal beam results in greater
deviation from the linear relationship and requires a probe beam of much broader spectrum.
Moreover, considerable distortion of the reconstructed image occurs at large deviation
angle.

(a) nm (b) nm (€) nm
855 . g 950 1200
#‘ 835 890 1050
A 815 830 900
f 795 770 7 750
| 775 710 600

Fig. 9. Influence of large deviation angles dox; and 0f; on the reconstructed image. The input
image was the same as that in Fig. 4. The focal lengths of the Fourier transform lenses are (a)
fs=fa=50 mm, (b) f; = fs =20 mm, (c) f; = fs = 10 mm. The calculation parameters were as
follows: A, =532 nm; 4,0 =815 nm; fo=30% and n=1;

3.3 Distortion of the reconstructed image

In a thin hologram, it is well-known that magnification or reduction of the reconstructed
image occurs during readout at a wavelength different from the recording one (Champagne,
1967). The PCR method, in contrast, produces a directionally-stretched image depending on
the readout configuration, as shown in Fig. 7. Such distortion is likely to cause errors in
retrieving data from volume holograms, but if the property of the distortion is known and
predictable, the stored information can be completely recovered after the image processing
of the distorted image. In this section, we will derive an expression for the distortion of the
reconstructed image in the PCR method.

From Eq. (10), the deviation vector de,; is approximated by

Oe, =e, —e, = u0e.+ouG,, (28)

where we neglect the product of de;; and duy. From Egs. (13), (15), and (20), the Cartesian
components of dey; are expressed as

c0s Sy sin &, 60, — cos &, sin (ﬁso + 5, ) B, 2sin B,
de,; = 1, o, - : 2sin’ 3 0 . (29)
- Sin IBSOé‘ﬁsi o . O
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On the other hand, de;; is also expressed by Eq. (15) using e, and ess Rewriting Eq. (29)
using normal bases of e;, and ey yields

tan o
de,, = [A é‘asiJeda +(,u0 ,Bp oa,; + cos apéﬂsi]edﬁ. (30)

tan )

Comparing the coefficients in (30) with those in Eq. (15), we obtain the relation between the
deviation angles (dcsi, o) and (doui, OB):

tana,
cosa, fty, —t
(. s, ) -
o, 0 Hy e, )
COs Olp

From Egs. (16) and (17), we can finally derive the expression for a transfer matrix between
the object and reconstructed image plane, that is,

tan ap
cosa, MU,—F
. ‘ B tan
(xdlj:T(xy]' Tt Al 32
Yai Ysi f. 0 Hy
cosa,

When ¢, = 0° or 3, = -90°, non-diagonal components in the transfer matrix become zero and
the image can be reconstructed without any tilting. However, the distortion becomes
minimal at ¢, = 0°, as was seen in Fig. 7.

3.4 Multiplexing with crystal rotation

In this section, we investigate the multiplexing capability in the PCR method. While many
multiplexing methods have been proposed so far, we adopt peristrophic multiplexing
(Curtis et al., 1994) and rotation of the crystal angle (hereafter, the latter will be called crystal
angle multiplexing). The multiplexing configuration considered here is shown in Fig. 10.
Note that other multiplexing methods are also possible in principle, but most of them are
probably not suitable for the PCR method because they require a complicated system to
read a target page. For example, ordinary angle multiplexing, which varies the incident
angle of the reference beam, will also require moving the imaging system. This is because e
will be pointed in a different direction at each multiplexed page, as expressed by Eq. (10).
The situation is similar in the case of the wavelength multiplexing method. Peristrophic
multiplexing and crystal angle multiplexing, in contrast, do not require any additional
movement other than the crystal rotation. In addition, the imaging properties are almost
unchanged with each multiplexed page because the recording angle is constant. Thus, these
multiplexing methods are suitable for holographic memory systems employing PCR.

In the peristrophic and crystal angle multiplexing methods, recording of another page is
performed after crystal rotation by the proper angle. In order to retrieve the stored information
without crosstalk, the rotation angle should be sufficiently large so that the other multiplexed
holograms cannot produce noise diffracted waves that would disturb the detection of the target
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signal image. On the other hand, the theoretical limit of the storage density is inversely
proportional to the angular separation between the adjacent multiplexed holograms. Therefore,
the angular selectivity (i.e., how small the angular separation can be made) is an important
figure of merit determining the total storage density of the system. In the following sections, we
will derive an expression of the minimum rotation angle for each multiplexing method.

yile,

Rotation axis of
crystal angle multiplexing
'~ Rotation angle: ¢,

zile,

\ Rotation axis of
peristrophic multiplexing

Rotation angle: o¢_

Recording medium

Fig. 10. Configuration of crystal angle multiplexing combined with peristrophic rotation.
Peristrophic multiplexing and crystal angle multiplexing are performed by rotating the
crystal around the z-axis and an axis inclined at ¢.. from the y-axis, respectively.

3.4.1 Peristrophic multiplexing
When the crystal is rotated by a small angle d¢.. around the z-axis (peristrophic rotation), the
displacement vector of the grating component (8e..) is approximated by

1 -6p. 0 0
6ecz = §¢cz 1 0 Gi _Gi = ZSIH ﬂ505¢c2 : (33)
0 0 1 0

Note that we neglected the product of small quantities. Due to the small rotation of the
grating vectors, the Bragg-matched wavelength and the unit direction vector of each
diffracted wave are also changed according to Egs. (9) and (10). The shift of the wavelength
ratio after the peristrophic rotation (Ju..) is given by

2e, (G, +de,,) 2e, G,
G, +8e_[’ G,

ou., =

~_ 2ed0 ) azecz (34:)
fe
sin &,

=— L 5¢

. cz/
sin 5,
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where last equality is obtained by substituting Eqgs. (13) and (33). The displacement vector of
e, after the peristrophic rotation (deq;) is expressed as

de, = [ep +(u;+0u, ) (G, +oe, )]— (ep +,u,G,)
~ fy0e_, +ou,G,
sina, (35)
=-20¢, | cosa,sinf, |,
0

where we use Egs. (13), (14), (33), and (34) to derive the last equality. If we rewrite Eq. (35)
using normal bases of e, and ejs and compare the coefficients with those in Eq. (15),
similarly to Section 3.3, we obtain the shift amount of the imaging position due to the
peristrophic rotation:

tan a,

ox tan 8
=24, s " 108, 36
(5ydiczj IUO sin sOfd 1 ¢cz ( )

cosa,

For simplicity, we assume that ¢, = 0. Then, from Egs. (20), (32), (34), and (36), the Bragg-
matched wavelength Apae. can be expressed as a function of the imaging position (x4, y4) and
the rotation angle J¢.:

y) 1 1 |x
7 /5 zﬂ/ _LO + 7
/’LBMCZ (.X'd Ya ¢cz) PO 2 [tanﬂso tanﬂp ] fd

fo oo < Ja (37)

- stax f - xd - stax 7
s s

_luoysMax %-‘_ 21”0 Sin sOfd5¢cz < yd < /'lOysMux %+ 21“0 Sin sOfd5¢cz

Note that the inequality in Eq. (37) represents the location of the reconstructed image. The
peristrophic rotation causes the reconstructed image to shift in the y; direction while
keeping the spatial distribution of the Bragg-matched wavelength unchanged. In order to
record another page without crosstalk, the rotation angle should be large enough to shift the
noise image away from the signal imaging area. Thus, from the inequality in Eq. (37), the
minimum angular separation in peristrophic multiplexing (0@..min) is expressed as

O ) :M' 38

¢czMzn sin Sofs ( )

This equation does not include the wavelength ratio y. Therefore, the readout at a longer

wavelength does not affect the angular selectivity in the peristrophic multiplexing, even

though the reconstructed image was magnified by a factor of i in the y; direction. This is
because the amount of spatial shift is also increased by a factor of 4, as shown in Eq. (36).
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In order to see these behaviours more clearly, in Fig. 11, we show the simulated results of
the reconstructed image obtained while varying the peristrophic rotation angle o¢... We also
present results for the conventional monochromatic readout for comparison. Note that the
off-Bragg diffraction was also neglected in the monochromatic case, but here, in order to see
the influence of the peristrophic rotation on the Bragg condition, the probe light was
assumed to be quasi-monochromatic with a small spectral width of 1 nm, instead of taking
the finite hologram dimension into account. Although a part of the image faded away due to
the Bragg selectivity in the quasi-monochromatic case, the rotation angles required for
multiplexing are almost the same in both cases. Therefore, the use of polychromatic light in
the PCR method has only a small influence on the multiplexing capability in the
peristrophic multiplexing method, and the PCR method could employ peristrophic
multiplexing without any adverse influence on the multiplexing capability.

5 = —6.0° S =—-3.0° 8. = 0.0° Sp_=3.0° dg. = 6.0°
i N AR H ' EREEEE
| L ] | | |
s L O o O 0 I

(b) | : .
ag,. = —6.0° 4., =-3.0° 8¢ =0.0° 5¢. = 3.0° 5, = 6.0°

Ty [ 1 5 B o
] ll L‘____
dl : "ﬁ —

= 28 . ’ !
M| =, L !
FPeas | | W7
Fig. 11. Influence of the peristrophic rotation on the reconstructed image obtained with (a)
conventional quasi-monochromatic light whose central wavelength is 532 nm and whose

spectral width is 1 nm, and (b) polychromatic light whose central wavelength is 815 nm and
whose spectral width is 40 nm. ¢ is the peristrophic rotation angle.

3.4.2 Crystal angle multiplexing with peristrophic rotation

Next, let us consider the angular selectivity in the crystal angle multiplexing, where the
crystal is rotated around an axis inclined at ¢, as shown in Fig. 10. Note that the inclination
angle ¢, results from the crystal rotation due to the peristrophic multiplexing. In a similar
way to the previous section, the displacement vector G; due to a small rotation in the crystal
angle multiplexing (de,) is approximated by

1 0 cos¢,.0¢,, 0
de,, = 0 1 sing6¢, |G, -G, = 0 . (39
—cos ¢, 04, —sing og, 1 —2sin 3, cos @09,

In this case, the shift of the wavelength ratio (di,) and the displacement vector of e, after
the crystal rotation (des.,) are expressed as
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2e,,-de, cosa,cospf,

ou,, =— = coS@_ox 40
Moy G,[” sin 3, (-0 (40)
and
cos f,
oe,, = t,0e, +0u, G, =2cosa, cosp 04, | 0 |, (41)
sin f3,

respectively. Then, the imaging shift due to the rotation of the crystal angle multiplexing is
written as

[5xdicy ] = f, (2 cosa, BOS ¢CZ§¢W J (42)

Thus, the reconstructed image will shift in the x; direction regardless of ¢,. Assuming that
o, = 0, we obtain the Bragg-matched wavelength gy, as a function of the imaging position
(x4, ya) and the rotation angles 6¢., and ¢..:

A 1 1 X A 0
’ ’ 5 ’ = ﬂ/ - LO + N + P 5
ﬂ’BMcy (xd Ya ¢cy ¢cz) 10 2 [tan ﬁso tan ﬂp ] fd tan ﬂso COS ¢cz ¢cy

_stax %4_ 2fd cos cz§¢cy s xd S stax %4_ 2fd cos cz§¢cy (43)

fd < yd < luoysMax &

£ f.

In contrast to peristrophic multiplexing, the crystal angle multiplexing leads to a change
in the Bragg-matched wavelength as well as a shift of the imaging location. The Bragg-
matched wavelength in Eq. (43) is plotted at several rotation angles ¢, in Fig. 12. The
dotted part of the Bragg-matched line in the figure corresponds to the portion of the
image that is not reconstructed by the probe beam because the Bragg-matched
wavelength is beyond the probe spectral band. Such behaviour can be clearly seen in
Fig. 13.

When the solid part of the Bragg-matched line lies inside the signal imaging area, the noise
diffraction will spatially overlap with the signal image and cause severe crosstalk.
Therefore, the angular separation between adjacent holograms should be sufficiently large
so that the solid part will be shifted away from the signal imaging area. If we assume that
the central wavelength of the probe beam is 4,0 and its full spectral width is A4, the
minimum angular separation (d¢.,mix) is given by

5¢a Min = min XSMIZX s fan ﬂsO Aﬂ* + 2/ 0 L + 1 xSMﬂX , (44)
! cos@. f, 2cosg. A 7 "ltan g, tanp,

270

- luoysMux
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where min[a, b] is a minimum function yielding the smaller value of a and b. Note that the
former parameter in the minimum function is the rotation angle required for separating the
noise and signal images spatially, and the latter corresponds to that required for spectral
separation. The above equation implies that an unnecessarily large spectral width increases
the minimum angular separation needlessly. Thus, if we take the spectral width required for
the full image reconstruction, Adpy in Eq. (25), as the probe spectral width A4, then d¢.yumin is
given by

tan X
5¢cyMin =1+ ﬁsO sMax . (45)
tan ,Bp cos @, f.
860 I ] 1 1 I
T — |Probe spectral band - 5 !
E Cer?ter irdia o Oy = 0.8
?f Full width : AL, ! 5., = 1.6°
~ 840 / i
= / :
‘;:JJ
= 8201 i
z
=
=
2 g00f .
=
=
& 5.,=-1.6°
5 780 i
o ag_ =—-0.8°

1 L 1 = 1
-10 -5 0
Position x, (mm)
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Fig. 12. The imaging location x; and the Bragg-matched wavelength Ap., at each rotation
angle o¢.,. The reconstructed image field is limited by the probe spectral band A4,. The
dotted part of the Bragg-matched line corresponds to the portion of the image that will not
be reconstructed by the probe beam. The peristrophic rotation angle ¢, is assumed to be
Zero.

5, =—1.6° 5., =—0.8° Oy = 0.0° Oy = 0.8° Sy =16" g3
| [ [.~ # ' 5 I‘ | Nsos
"‘ y } ¥ & 4 l A 815
‘ :\ 1 |1 i E ‘ | =

795

Fig. 13. The reconstructed images after the crystal rotation around the y-axis. ¢, is the
rotation angle. The polychromatic light with a central wavelength of 815 nm and a spectral
width of 40 nm was used.
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Note that when the wavelength ratio i is unity (i.e., the readout wavelength is the same as
the recording one), the required angular separation 0@.,mi» becomes zero. This is because we
assumed that the hologram dimension is large enough to neglect off-Bragg diffraction. In
other words, if we employ the PCR method, the angular separation specified by Eq. (45) is
always required, regardless of the hologram dimension.

3.5 Off-Brag diffraction

So far, we considered only the diffracted wave satisfying the Bragg condition. In reality,
however, owing to the finite hologram dimension, the grating produces non-Bragg-matched
diffracted waves, referred to as off-Bragg diffraction. In this section, we consider the off-
Brag diffraction in the PCR method and derive expressions for crosstalk noise.

We assume that a set of (G;, ey, ey) satisfies the Bragg condition at 4, and 4,; and consider
the situation where a grating component G; + deco produces a diffracted wave whose
wavelength and unit direction vector are A, + dor and ey, respectively. In this case, the off-
Bragg vector AK can be written as

2zn oA
_ _ off 46
AK=kw(Gi+6eGOﬁ)—7/1l+52ff (edi—ep)~kzu[6ecoﬁ+—/1 GO}, (46)
i 0,

0

where we also assumed that the relation o4 << 4, holds. The grating deviation vector dec,
can be divided into two classes according to the origin. One is related to the grating that is
formed by a different signal component e + des. The other corresponds to the grating
recorded in a different multiplexed page. Thus, 6ec.y can be expressed as

de.,; =de_,; +de +Be_, (47)

where de.. and de., are the displacement vectors due to the crystal rotation, defined by Eqgs.
(33) and (39), respectively. Then the Cartesian components of Eq. (46) can be written as

0,
AK, 0 cosp, 0 0 2sin | By
AK, |=k,[1 0 0 2sinf, 0 5, |, @9
AK, 0 —sinf, -2cosg_sinp, 0 0 op,,
Ay /A

where Oogor and Of.r are the off-Bragg deviation angles that are related to dess through Eq.
(15). If we assume that the modulation of the grating is weak enough to validate the Born
approximation, the intensity of the off-Bragg diffracted wave can be expressed as
(Barbastathis & Psaltis, 2000)

2
AK, L
Iy o< {sinC(AKZXL" j-sinc[ 2y Y j-sinC(AKzsz ﬂ I, (/1;71' +5/10ff)d/1, (49)

where L,, L, and L., are the hologram dimensions in the x, y, and z directions,
respectively;
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sinc(x) = sin (x) (50)
X
is the sinc function;
I A-A
I(4)= P rect o (51)
p A/ip Axip

is the spectral intensity of the probe beam whose central wavelength, full spectral width,
and intensity are 4,0, A4, and I, respectively; and rect(x) is the rectangle function, defined
as

1 |x<1/2
rect(x)=41/2 |x[=1/2. (52)
0 |x| >1/2

Equation (49) indicates that the off-Bragg diffraction will occur at AK around the origin. The
diffracted intensity will become zero when the relation

2r .
A== (i=xy,2) (53)
holds at any component of the off-Bragg vector AK. Thus, hereafter, we assume that Eq. (53)
represents an upper limit of |AKj| in which the grating G; + dec, can produce off-Bragg

diffraction.

3.5.1 Properties of signal diffraction

Before considering the crosstalk noise, let us first discuss the prpperties of signal diffraction
from a target grating G;. In this case, we can set 00z = Ofoff = 0@y = 0@, = 0°. Then the off-
Bragg vector in Eq. (48) can be simplified to

AK, 2sin 3, 04 / Ay
AK, =k, 0 | (54)
AK, 0

From Eq. (49), the intensity of the signal diffracted wave at wavelength A,; + 04 is written
as

. 7oA,
Ly o< s1nc2( i ]Ip (lpi +5/10ff)d/1, (55)
offMax
where
A A
N —_ w0 (56)

IV D sin B, L,
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is the half spectral width of the signal diffracted wave. Therefore, a target grating G;
produces the signal diffraction with a certain spectral width which depends on the
hologram dimension L.. The total intensity of the signal diffracted wave (Iz) can be
calculated by integrating Eq. (565). The result is given by

Ly o J. sinc{

where we assumed that the probe spectral width A4, is much larger than ddom, meaning
that I,(A) is considered to be a constant over the region where the integrand is appreciable,
and we used the relation

oA

offMax
]Ip (4, +4 I

oA
. = oﬁ)d(goﬁ)z AL po”
p

(57)
offMax

f sinc® (x)dx =7. (58)
Note that if A4, — 0, then Isir — 0. Thus, the diffraction efficiency in the PCR method is
a factor of 0d.gmax/AA, smaller than that in monochromatic readout. This is because the
grating component G; can diffract only the limited spectral component around A,.
Such a reduction in the diffraction efficiency is an unavoidable drawback of the PCR
method.

3.5.2 Intra-page crosstalk noise
In this section, we will consider the intra-page crosstalk noise which is derived from the

unwanted diffraction coming from the same page but a different grating component, G; +
deyp. In this case, we can set ¢, = d¢.. = 0°, and then the off-Bragg vector in Eq. (48) can be
rewritten as

AK, 08 By 0B,z +2in By Oy [ A
AK, | =k, Oy ' )
AK, —sin 5,00,

The off-Bragg diffraction will occur only when a set of (dcws, 0o ) satisfies all of the
following inequalities:

A N A
- <of . +2tan ¥ < 4 , 60
nw Cos s0'x ﬂwff IBSO ﬂ’pO nw Cos IBSOLx ( )
A A
- <o . <2,
n,L, & n,L, (61)
A g A @

nw s ﬂsOLz nw s ﬂsOLz

On the other hand, the variable ranges of ds.p B, and ooy are also restricted by the input
image size or the probe spectrum, which are given by
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- 5asMux = 5asi + 50{501? S JasMax

(63)
& oo, - oa,,, < 50@01? <-oo, +oc,,,
- 5ﬂsMﬂx < 5ﬁsi + §ﬂsoff < 5ﬁsMax (64:)
A _§ﬂsi - §ﬂsMux < 5ﬂsojf < _5ﬂsi + §'BSMIZX
AZ, AZ,
Ao e SA,+OA, +0A; <4, +T )

AZ, A%,
I

where 04, is the difference between 4, and 4,. Note that the above ranges depend on the
targeting position (xs;, ¥si) within the input image.

y_\- Vd

o

N N

Observation point

Bragg diffraction

-
-

-

- -

> X, > X,

Input image plane Reconstructed image plane

Fig. 14. Schematic diagram of the intra-page crosstalk noise. The off-Bragg diffracted waves
coming from other input positions will reach the same position as the signal diffracted
wave.

Our goal in this section is to find an upper limit of the off-Bragg deviation angles (oo
OBsof). Such maximum angles specify an input image area suffering from intra-page crosstalk
noise, as shown in Fig. 14. First, we will consider the conventional monochromatic case
because it can be understood more easily. Since the probe beam is monochromatic, we can
set oo = 0. Then, the maximum off-Bragg deviation angles dttogiax(mone) and Ofsogmax(mono) are
obtained from Egs. (60), (61), and (62):

50!SoﬂMax(mono) = ;L—w (66)
n,L,
y) A
o) =min < 4 . ’ o
’Bsofﬂvmx(mono) |:7’lw Ccos ﬂsOLx nw sin ﬂsOLZ :| ( )

Note that 0cogmvax(mono) and SBsomaxmone) are usually much smaller than doevay and Ofimar and
satisfy Egs. (63) and (64), respectively.
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Next, we move to the polychromatic case. In this case, the variable range of O is
appreciable owing to the large spectral width A4, as expressed in Eq. (65). On the other
hand, in order to satisfy Eqs. (60) and (62) at the same B there should exist a common
region in the two inequalities; that is,

oA
—.ﬂ—w <2tan B, —ZL + A,
n,sin S,L, Ao n,c08 L,

—2tan A, Oy Ay PP (68)
A, mn,cosPB,L. n, sinf L,

0
o % Sy A, 1 1
A

< + .
20 ‘ 2n, tan 3, (cos BoL, sin ,BsOLZJ

The off-Bragg diffraction will occur at A,; + 0d. only when oAy satisfies both Egs. (65) and
(68). However, because A4, is sufficiently large, every oo, within Eq. (68) will always satisfy
Eq. (65). Therefore, Eq. (68) could be considered a sufficient condition for 64,y Similarly, if
we choose a proper 0. from Eq. (68), every o8,y within Eq. (62) will always satisfy Eq. (60).
Thus, Eq. (62) is considered to be a sufficient condition for Jf.s. Consequently, the variable
ranges of da and OBy are determined by Egs. (61) and (62), respectively. Thus the
maximum off-Bragg deviation angles dotomaxrpcr) and OBsopmax(pcr) are given by

Ay
5asoijux(PCR) = n L 4 (69)
wy
Ay
§lBsoﬁMnx(PCR) = (70)

nw sm IBSOLZ

The above equations imply that the intra-page crosstalk noise in the PCR method does not
depend on the hologram dimension L. This feature of the PCR method is clearly shown in
Fig. 15, where the normalized diffracted intensity is plotted as a function of the position (x;,
ys) at several values of L,. While the input image area suffering from the crosstalk noise
shrinks with increasing L, in the conventional monochromatic case, that in the PCR method
is unchanged.

3.5.3 Inter-page crosstalk noise

In this section, we will consider the inter-page crosstalk noise which is caused by the
unwanted diffraction coming from a grating component in another multiplexed page, i.e., G;
+ desof + Oe.; + de.y. Similar to the previous section, we obtain the set of inequalities given by

éﬂ’off l én’ojj" ﬂ
—2tan 3, — w < éﬂmﬁ <-2tanf, + w , (71)
ﬂ’pO nw Cos ﬂsOLx ﬂ’pO 7/lw COs IBSOLx
oo oo
o ,ﬂw <6p <—L 4 ’1 , (72)
2sinf,, 2n,sinf,L, 2sinf, 2n,sinfL,
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Fig. 15. The input image area suffering from intra-page crosstalk noise in (a) the
conventional monochromatic case (A, = 4,0 =532 nm, A4, = 0 nm) and (b) the PCR method
(Aw =532 nm, 4,0 = 815 nm, A4, = 50 nm). The calculation parameters are as follows: B0 = 30°;
1w =1; f=100 mm; and L, = L, = 10 mm.

By A, - oy . A

2cos¢. 2n,cos@, sin L, 2cos¢. 2n,cosg,_ sin L,

Note again that the off-Bragg diffraction will occur only when the set of (0o, S, Oy
0¢.. , 84y ) satisfies all of the above inequalities. First, let us consider Eq. (72) to find the
rotation angle J¢.. that is large enough to avoid inter-page crosstalk noise. Since the variable

range of oo is expressed as Eq. (63), the off-Bragg diffraction will occur whenever 6¢..
satisfies the following inequality:

) 5asMux + 5“51‘ ~ /’iw < §¢ < 5asMux 1 é‘asi + /lw ) (,7 4)
2sinfB,  2n,sinf,L, “ 2sinf, 2n,sinfL,

The above inequality is an expression that is applicable at one particular position (xs, ysi)
within the input image. In order to avoid crosstalk at every position, the peristrophic
rotation angles ¢, should be set larger than d@..uminp; that is,

— 5asMux /1

Brortnior) = on,sin L,
¢csz(0ff) Sin 0 an SinﬂsOLy (75)

where we used the relation —douvux < 00 < 00smar. The right side in Eq. (75) consists of two
parts: one is the minimum peristrophic rotation angle d@..vin obtained in Section 3.4.1; and the
other is the contribution from the off-Bragg diffraction. However, the latter is usually much
smaller than the former, and thus the influence of the off-Bragg diffraction can be neglected in
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the peristrophic multiplexing. Moreover we should also note that Eq. (75) is applicable in both
the monochromatic case and the PCR method. This is consistent with the result in Fig. 11.
Next, we will focus on Egs. (71) and (73) to find the rotation angle ¢, that is large enough to
avoid crosstalk noise. Before considering the case of PCR, we will again treat the conventional
monochromatic readout first. In this case, we can set 61,4= 0. Thus, Eq. (71) is simplified to

<t (76)
n, cos fB,L,

By

Note that every Jf.y within Eq. (76) always satisfies Eqgs. (64). From Egs. (73) and (76), the
off-Bragg diffraction will occur whenever 8¢, satisfies the following inequality:

‘5% <

Ay 1 +— 1 . (77)
21’lw Cos ¢cz Cos ﬁsOLx sm ﬂsOLz

Conversely, in order to avoid inter-page crosstalk noise, the crystal rotation angle should be
set larger than &@umin(mono); that is,

A 1 1
. _ ) N _ 78
Doyt mono) 2n, cosq, [ cos BoL, sinfL, j ()

Now, let us return to the case of the PCR method. Due to the wide spectral width A4, the
restriction of 0fsin Eq. (71) is considerably relaxed as compared with the monochromatic
case; that is,

tan 3, (25/1}”‘ _Alp) - A, <op
’ Ay n, cos f3,L, o
‘ . (79)

204, +AA
5ﬂsoﬁ < tan ﬂsO ( p/ll p) + //Lw

0

n, cos fB,L,

On the other hand, the variable range of Jf.y is also limited by the input image size, as is
expressed in Eq. (64). Since the off-Bragg diffraction will occur only when 4,4 satisfies both
Egs. (64) and (79), the sufficient condition for 08y to produce the off-Bragg diffraction is
given by

( lpi p) — 513 5ﬁ < éﬁ
t w ;= L —
max| tan ﬂSO ﬂpo coS ﬁSOLx si sMax soff
7 ( )
< i (252,’” + Alp ) A
0 S t ’ i
ﬂsojf min| tan ﬁsO /’lpo ) S ﬁSOLX éﬁsy éﬁsMax

where max[a, b] is a maximum function yielding the larger value between a and b. If we
assume that ¢, = 0 and take the spectral width required for the full image reconstruction
AApm of Eq. (25) as the probe spectral width A4, then Eq. (80) can be modified to
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tan 5. A,
-1+ VNP + OBy ) ———2—< B,
( tan f3, J( M ) ,cos B,L. d 81)
tan S A
0B, <—|1+ 0 (6B, -5 +—0
P ( tan 3, }( Bi = Boune) n, cos f,L,

where we used the relation of Eq. (20) in the derivation. From Egs. (73) and (81), the off-
Bragg diffraction will occur whenever &¢., satisfies the following inequality:

t 5 si _5 sMax
(1 T an J ( B = P ) - 5¢CyMin(mon0) S 5¢0y

tan 3, 2cos@,

+00_ ...
tanﬂp 2COS ¢CZ ¢cme(mono)

5, < (1+ tan /i, J (B + PBiver)

The above inequality is an expression that is applicable at one particular position (xs;, Vsi)
within the input image. In order to avoid crosstalk at every position, the crystal rotation
angles d¢., should be set larger than d@.minpcr); that is,

tan B | OBiver
5¢cyMin(PCR) = {1 + 0 J M + 5¢cme(mono / (83)

tan 3, |cos

where we used the relation —fimax < 9B < OPmax- The right side in Eq. (83) consists of the
minimum crystal rotation angle d@.nin obtained in Section 3.4.2 and the contribution from
the off-Bragg diffraction O@-minmono. Similarly to the peristrophic rotation, the latter is
usually much smaller than the former, and thus the influence of the off-Bragg diffraction can
be ignored also in the crystal angle multiplexing.

3.6 Storage capacity

Since a single point on the input image corresponds to one particular plane wave in the
recording medium, a Fourier hologram stores the information in such a way that one data
bit is stored at one localized point in frequency space, and thus, nonlocally in real space.
However, due to the off-Bragg diffraction, one data point in frequency space will reproduce
an image with a finite dimension in the reconstructed image plane. In order to distinguish
two different bits, corresponding data points in frequency space must maintain a certain
interval large enough to avoid crosstalk. Therefore, one data bit in real space actually
occupies a finite volume in frequency space. If such a volume is denoted by Vi, the
storage capacity of the holographic memory (Ny;) is expressed as

V
Nbi =K ’ (84:)
t VKlbit

where Vic is the volume in frequency space which the grating vector can attain through
multiplexing. Note that, if the readout wavelength is different from the recording one, as is
in the present case, there exists a grating vector that cannot satisfy the Bragg condition with
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that probe beam. Such a grating vector should be removed from Vkg, because the data
stored there cannot be read out. Therefore, the theoretical limit of the storage capacity is
ultimately determined by the readout wavelength not the recording one.

Although Vi and Vi are generally different in different multiplexing methods, we will
consider here the crystal angle multiplexing combined with the peristrophic rotation discussed
in Section 3.4. Furthermore, for simplicity, we assume ¢, = 0° in this section. First, let us
consider Vi after the crystal angle multiplexing around the axis inclined at ¢... The matrix that
rotates at ¢, around the z-axis, and subsequently rotates at ¢, around the y-axis, is expressed as

cosg, cosg, cosg, sing, sing,
R (¢cy 4 ¢cz ) = - Sin cz cos cz O ° (85)

—sing, cos¢, —sing, sing, cosg,

The grating vector k.(Go + des;) operated on by that matrix is written as

cos @, cosg, cos @, sing,
R (% P ) k, (G, +08e,) =2k, sinf, —sing_ +k, cos @, oo,
—sing, cosg, —-sing, sing,

(86)
cos 5, cos @, cos @, —sin f, sin g,
+k —cos fB,,sing_ B, .

w

—cos f,sing,, cos¢,, —sin f5, cosg,,

If above grating is further rotated around the y-axis by a small angle &¢,, we obtain the
differential grating vector (8Kg) resulting from small shifts of doz, 94, and d¢.,:

6I<G = kw (5%6e1<0(s + é‘IBsaeKﬂs + 5¢cy6eKcy)’

cos @, sing, cos f3,, cos ¢, cos ¢, —sin f,,sing,,
aeKafs = Cos ¢cz ’ aeKﬁs = —COSs ﬂSO sma,, ,
—sing, sing, —cos f3,,sing,, cosg,. —sin 5, cos g, (87)

sing, cosg,
de,, =-2sinf,, 0
cos @, cos g,

Thus, the differential volume in frequency space is given by

dVi =k,’[ (8ey,. xBeyy, )-Bey,, | 6w.0B.50,

e (59)
=k, cos¢, sin2f ,60.06.0¢,, .

When we assumed that oo, Jf, and d¢., are in the ranges —0cerax < 00 < O0sMax, —OPsmax <
OB < OPvaxr, and —O0@ymax < Oy < OPeymar, Tespectively, then Vg after crystal angle
multiplexing around the axis inclined at ¢, which is denoted by Vkc_g4-, can be written as
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VKG7¢cz (¢cz ) = _[ dVK
bbq/Mnx oo, 's max 5ﬂs max
=k, cosg._sin2p, J‘ dog, I doc, I dop, (89)
_§¢CyMHX —50!5 max _‘Sﬁs max

= Skw3 cos ¢cz sin zﬁsoga 5ﬂsmax5¢cyMax :

smax

Next, let us consider this in combination with peristrophic multiplexing. In this case, crystal
angle multiplexing is performed at each inclined angle ¢.,; that is,

oo
¢czn = n5¢czMin = nﬂ (” =-n

"_2/_1/ 0/ 1/ 21'”nmax 4 90
sin 5, ) ()

max /

where d¢..pin is the minimum angular separation in peristrophic multiplexing of Eq. (38); n
is an integer; and 71,4, is the maximum integer that satisfies the relation

oo,

¢czMax 2 nmax ﬂ 4 (91)
Sin <0

where @..pax is @ maximum peristrophic rotation angle. If we take the summation of cosg..,
over all n, we obtain

nl

Z cosg., = 2 Cos[n%j

N==Mmax N==Mmax Sin s0
COS [ 5asmax
2sinf, ) . | o« oo,
= VLsin| ——mx (1) |—cos| —m2x (g +1)| (92)
sin( oo, sin 3, sin 3,
2sin 3
s0
2sin 8
~ 50 o1 —
5a sm czMax Cos czMax 7

smax

where we assumed that doupx << 1 and the relation

oo,

¢czMax | &(nmax + 1) (93)
sin 3,

approximately holds. Then, Vkc after crystal angle multiplexing in combination with
peristrophic multiplexing, which is denoted by V¢ _sta, is expressed as

Mmax

Ve tom = n;ﬂ: VKGJCZ (¢CZ") (94)

~max

= 8kw3 sin zﬂsO§IBsmax5¢cyMux (2 sin IBSO sin czMax 5a cos czMax )

smax

In particular, if we set d@ynax = @zmar = T/ 2, We oObtain

VKG_total = 87Z.kw3 Sin s0 Sin 2ﬁ505ﬁs (95)

max *
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We find that Vkc_ e increases with increasing maximum deviation angle iy Note that
Vke is, of course, independent of the readout scheme, and thus, Eq. (95) can be applied to
both the monochromatic case and the PCR method.

Next, we move on to Vkmir. Let 0ck1vit, Ofsivi, and O@ey1page denote the angular separations
needed to distinguish two different bits or pages. Then Vk1ir can be written as

VKlbit = kw3 cos ¢cz sin 2ﬂ505a51bit5ﬂslbit5¢cylpage : (96)

In the monochromatic case, we can adopt 0Ckomaxmone) in Eq. (66), OPsofmax(mono) in Eq. (67),
and O@eymin(mono) in Eq. (78) as 01vit, Ofs1vit, and O@ey1page, respectively:

A,

5ag1bit(mano) - nwLy (97)

A 1 1

oB.... =—min ,
ﬂslbzt(rnono) nw |:COS ﬁsoLx sin ﬁSOLZ :| (98)
A 1 1
OB, 1 pagenons) = 7 +

Peytpasenone 2n,cosg,. (cos BoL, sinfS,L. j %9)

Then, Vi for the monochromatic case is given by

87’

VKlbit(mono) = LLL (1+m1n[§/1/§])’ (100)

x Yy Tz

where

tan S,,L,
I

X

$= (101)

On the other hand, in the case of the PCR method, we similarly adopt doemaxpcr) in Eq.
(69), Bopmaxecry in Eq. (70), and O@wyminecr) in Eq. (83) as Ockmwit, OB, and  O@eyipages
respectively:

A
5aslbit(PCR) F T (102)
n,L,
Ay
OB.1vir(pcr) = wsinBL (103)
w 50~z
— tan IBSO 5ﬂsMﬂx
5¢cy1puge(PCR) - (14_ tan ﬂp ]COS 3 +§¢cy1page(mono)
(104)
=| 1+ ta]ﬁﬁsO JﬁsMux ,
tan f, |cosg,
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where we assume that the second term at the right side of Eq. (104) is much smaller than the
first term and can be neglected. Then Vi for the PCR method is given by:

V

1670, sin B, [ 1 1
K1bit(PCR)
A,L,L.

= + o) .

tan 3, tan ﬁp] Posu (105)
Equation (105) does not include L, but depends on Jfmax instead. Due to this feature, Viipit
for the PCR method is much larger than that for monochromatic readout. If we rewrite Eq.
(105) using Adgm in Eq. (21) and Mopnviax in Eq. (56), we obtain

v 8 Ay,
K1bit(PCR) — (106)
LLL o4
x—yz offMax

Therefore, Viir for the PCR method is a factor of AAsm/ 0dopvax larger than that in the
monochromatic readout. The resultant storage capacity in each readout method is

N = 16ﬂnw3LxLyLz Sin3 ﬂsO tan ﬂsO
bit(mono) lws 1+min [51 1/§] sMax

(107)

47Z'le2LyLz sin Zﬂso
N bit(PCR) — 2
Ao L 1,1 ] (108)

tanf, tanp,

For example, if A, = 532 nm, A, = 815 nm, £ = 30°, 11, =1, fmax =4.0°, and Ly =L, =L, =10
mm, then £, = -50°. The resultant storage capacities Npittmono) and Nyixpcr) are 3.2 Tbit and 4.3
Gbit, respectively. Therefore, the storage capacity in the PCR method decreases by more
than two orders of magnitude.

4. Selective detection method

In the previous section, we see that the PCR method causes a significant decrease in the
storage capacity. However, such a problem can be overcome if we employ the selective
detection method together with PCR (Fujimura et al., 2010). The method is based on the
selective detection of a target signal image that is submerged in noise waves. By inserting a
suitable wavelength separator into the reconstructed image plane, we can retrieve the stored
information without crosstalk even if the angular separation is not large enough to suppress
the noise diffraction. In this section, we will explain how to remove the crosstalk noise, and
we derive theoretical limit of the storage capacity after the improvement.

4.1 Basic concept and principle

As seen in Fig. 12, the Bragg-matched wavelength at a certain imaging position (x4, ya) will
change after the crystal rotation of d¢.,. From Eq. (43), the amount of shift of the Bragg-
matched wavelength 04, .5 is expressed as

., . = dll S 109
cy _xfix WCOS cz ¢cy : ( )
s0
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If we take advantage of this difference of the Bragg-matched wavelength, it should be
possible to detect the signal image alone, even if the noise images overlap with the target
signal image. For example, let us consider inserting a special wavelength filter into the
reconstructed image plane as shown in Fig. 16, whose transmittance Trvr is represented by

ﬂ’_ﬂ’BMcy (xd’yd’0’¢cz)J
Aﬂ"LVF

where A is the wavelength; Adrvr is the full width of the transmitting band; and rect(x) is the
rectangle function defined in Eq. (52). Note that the transmission spectrum of this filter
depends on the illuminated location on the filter; that is, the optical waves passing through
different spatial positions will undergo different spectral filtering by this filter. Such a
wavelength filter is known as a linear variable filter (LVF) since the spectral shift of the
transmission band is proportional to the spatial shift of the illuminated position.

Ty (x4, 4) = rectL (110)

Reconstructed image plane

Fig. 16. Configuration for the selective detection method. A special wavelength filter, like a
band-pass linear variable filter, is inserted at the reconstructed image plane.

The principle of the selective detection is shown in Fig. 17. Since the transmitting
wavelength of the LVF coincides with the spectral dispersion of the target signal image,
every diffracted wave that constitutes the signal image can go through the LVF and will be
detected by the imager. On the contrary, the LVF will reject the noise diffracted wave whose
wavelength lies outside the transmission band of the LVF.

4.2 Theoretical description of the selective detection method

In this section, we will see the influence of the LVF on the properties of the crosstalk noise,
and we formulate the achievable storage capacity in the selective detection method. As was
seen in Section 3.5.3, the off-Bragg diffraction will occur only when the set of (dkof , OBsofr
Oy , O, , OAoy ) satisfies all of inequalities in Eqgs. (71), (72), and (73). Now, due to the
transmission band of the LVF, the variable range of 4. should be modified to

Adyr <Si. < A4 yr ' (111)
2 T
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| ey [ I=n
—~ B60F LVF transmission band ol
= Full width: Adyr | J¢, = 0.8°
5 840 Ll
5 g .
E 8._0 = '-.... ==
z W, s
z
3 800+ %
i:_‘:’i / os,
= ;
= 54, =-1.6°
S‘ﬁ 780 . <
£ 59, =—0.8°

I 1 i | 1

-10 -3 0 5 10

Position x, (mm)

Fig. 17. The concept of the selective detection method. The dotted part of the Bragg-matched
line corresponds to the portion of the image that will not be detected by the imager.
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Note that the variable range of d. is now independent of the targeting position (xs, ysi)
within the input image because of the transmitting property of the LVF. In this case, the
restriction of §f.in Eq. (71) should be changed to

A

w

+ :
n, cos L, (112)

6.5 | <

A

0

From Egs. (73) and (112), we find that the off-Bragg diffraction will occur in the range

50, < _tanfy Ay A, [ 1 1 j

+
2cosg, A, 2n,cosg@, \cosf,L, sinfL, (13)

Therefore, in order to avoid inter-page crosstalk noise, the crystal rotation angle should be
set larger than d¢umin(seper); that is,

op tan 3, Aﬂtvp Ay 1 + 1
cyMin(SelDet) — 2 cos ¢ /’L Z”w coS ¢cz CcOS ﬂsOLx sin ﬁsOLz

AX’LVF 5¢

2AﬂaBM cyMin(PCR) + 5¢ cyMin(mono) /

(114)

where  0@Minimony and  O@yminpcr) are the minimum crystal rotation angle in the
monochromatic case and the PCR method, respectively; and we use Eq. (21) to derive the
second equality. If we ignore the 0@:,min(mono), We see that dgeymin(seiper) is improved by a factor
of 2AAsm/ AALve than &@umincr). Note that the probe spectral width A4, need not be equal to
the spectral width required for the full image reconstruction Adpy because Eq. (114) no
longer includes A4,

Furthermore, the intra-page crosstalk noise will be also suppressed if Adrvr is sufficiently
small. Since the off-Bragg diffraction will occur only when Jf.y satisfies both the
inequalities in Egs. (60) and (62) under the range of Eq. (111), the restriction of df..s should
be written as

. A4, A A
é‘ < t VF w W
‘ ﬂsoﬂf‘ mm[ an By Ao n ,cos B,L."n, sinpB,L. } (115)

Therefore, the maximum off-Bragg deviation angles Jttopvax(sepey and fsopmax(seiper are
obtained as follows:

5& SelDet e — 116
soffMax(SelDet) ”wLy ( )

. AA A A

o) =min| tan VE - L
IBsoijax(SelDet) { B /1;70 n cos B L. n sin B L. ] (117)
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If we adopt 0ckogmax(seipen in EQ.(116), Ofsofmax(seipen in Eq. (117), and d@eymtinseiner in Eq. (114) as
Ovit, OPstvit, and Oey1page in Eq. (96), respectively, then Vi for the selective detection
method is written as

_ 1 87’ . ¢ F[Aﬂtvp]
VKlbit(SelDet) = F[Aﬂwp] LXLyLZ {1+mlr{F[Aﬂlw] , : }}, (118)

where

F[AAy]

Mye 1)
( ) 1} (119)

offMax

is the improvement factor of the storage capacity. When the condition AArvr >> 2 oman
holds, Eq. (118) can be simplified to

v 87° Ay
K1bit(SelDet) — LLL 25ﬂ~ﬁM (120)

Comparing this with Vkuirpcr) in Eq. (106), we find that the storage capacity will be
improved by a factor of 2AApp/AALve. On the other hand, when AALvr << 204.pva is satisfied,
Viavitsepery becomes identical to Viipitmono). Therefore, the storage capacity in the PCR method
will be completely recovered if we use an LVF having a sufficiently small AA;vr. However, it
should be noted that, in this case, the diffraction efficiency will also decrease with
decreasing AAvr. This is because the assumption used to derive Eq. (57) is no longer valid,
and the integration range should be modified to -AALvr/2 < oAy < Adrvi/2:

Aﬂ'L VF

I o f sinc{”&"ff ]Ip(zpﬁ&oﬁ)d(&oﬁ) Aﬁ”l (121)

Adyr offMax P

In order to avoid such reduction in the diffraction efficiency, by considering the spectral
width dggvar Of the signal diffracted wave, we should set Adivr = 20dopviax. In this case,
ViabitseiDery becomes

167°
Victit(seiper) = LLL {1+mm{2§ f}} (122)

Since the relation 0 < min[¢ 1/ &] < 1 holds, we see that the storage capacity at Adiyr =
2 Mofviax Will reach about half that of the monochromatic case.
From Egs. (95) and (118), the resultant storage capacity in the selective detection method is

8zn,’L,.L,L,  F[A4,|sinf,sin2f,
Nbit(selDet) 3

A { ¢ F[Aﬂmq P (123)
+min ,
Flady]” ¢
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In most cases, Jfmux is limited by the spectral width A4, of a given probe light source. Thus,
if Eq. (26) is substituted into Eq. (123), we obtain

N _ 167z.nw3LxL]/Lz F[AZy] sin’ 3, Aﬂp
bit(selDet) A7 - mir{ & F[AA, ]} 1, tanf, Ao (124)
F[AZ ] S tan f,

For example, if A4, =532 nm, 4, = 815 nm, A4, =50 nm, By =30° ny,=1, Ly=L,=L, =10 mm,
and Adivr = 20dopmar = 0.043 nm, then the resultant storage capacity Nuireper is 1.3 Thit.
Therefore, in this case, the storage capacity in the selective detection method reaches 40
percent of the theoretical limit for the monochromatic case.

Finally, the storage capacity in Eq. (124) is plotted as a function of AArvr in Fig. 18. The
improvement starts at Adzyr = 100 nm, then the storage capacity increases linearly with
increasing AArvr, and finally, it asymptotically approaches the theoretical limit of the
monochromatic case. Note that the kink observed at Adyr = 0.06 nm is derived from the
minimum function; that is to say, from that point on, the storage capacity further increases
due to the reduction of the intra-page crosstalk noise Jfmux in Eq. (117).

Monochromatic reconstruction

L I TYIU'

LR AR | TTT”[

i1 |||n||

Storage capacity N, (bit)
S

Polychromatic reconstruction without LVF

T 1 TTI"]

]'J ol [EREERTIT L eanul e asuul TR ETTTT M

0.01 0.1 1 10 100
Transmission bandwidth A4, ;. (nm)

Fig. 18. Storage capacity as a function of transmission bandwidth A4, vr. The calculation
parameters are as follows: 4, = 532 nm, 4,0 = 815 nm, A4, =50 nm, £ =30° ny,=1, and L, =
Ly=L,;=10 mm.

5. Summary

We have developed the theory of holographic reconstruction with polychromatic light. In
particular, focusing on its application to holographic memory, the required spectral
width, distortion of the reconstructed image, diffraction efficiency, intra- and inter-page
crosstalk, and storage capacity were investigated. The obtained results are summarized
below.
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The required spectral width and image distortion

A larger input image (Xsmav, Ysmax) Or smaller focal length f; require a larger spectral width
AApm to reconstruct the whole image. Generally the required spectral width depends on both
directions Xsvax and ysyax, but if the signal, reference, and probe beams lie in the same plane
(o = 0°), it becomes independent of ysyvux. Furthermore, the condition ¢, = 0° minimizes the
image distortion, where the image is magnified by the wavelength ratio i in the yu-
direction, but is unchanged in the x4-direction.

Multiplexing method

Crystal angle multiplexing used in combination with peristrophic multiplexing is the most
suitable multiplexing method in polychromatic reconstruction (PCR). Other multiplexing
methods are also possible in principle, but most of them require a complicated system to
read a target page because the diffracted wave e will be pointed in a different direction at
each multiplexed page.

Diffraction efficiency

Since the grating component can diffract only a limited spectral component, the diffraction
efficiency, which is defined here as the ratio of the diffracted power by one grating
component to the total power of the input probe beam, is much smaller than in the
conventional monochromatic readout. This may be an unavoidable drawback of the PCR
method.

Intra- and Inter-page crosstalk noise

Due to the wide spectral width of the probe beam, the hologram dimension L, does not
influence the intra-page crosstalk noise, and thus the input image area suffering from the intra-
page crosstalk noise is slightly enlarged. On the other hand, the inter-page crosstalk noise is a
crucial problem in the PCR method. The angular Bragg selectivity is greatly degraded, and
thus, the storage capacity decreases by more than two orders of magnitude. However, this
problem can be solved by using the selective detection method mentioned below.

Selective detection method and the achievable storage capacity

Taking advantage of the wavelength difference after the crystal rotation, we can detect the
signal image alone, even if the noise images overlap with the target signal image. The
storage capacity when employing the selective detection method reached 40 percent of the
theoretical limit for the monochromatic case.

PCR is a unique and useful method for holographic memory systems. While other
nondestructive readout methods have failed to achieve a high storage capacity, we
theoretically proved that PCR, when used in combination with the selective detection
method, enables us to achieve both nondestructive readout and a high storage capacity,
simultaneously.
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