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Forward Stagnation Region - 
Part 2 - Combustion Rate 
in Special Environments 
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1. Introduction  

Carbon combustion is a research subject, indispensable for practical utilization of coal 
combustion, ablative carbon heat-shields, and/or aerospace applications with carbon-
carbon composites (C/C-composites). Because of this practical importance, extensive 
research has been conducted not only experimentally but also theoretically and/or 
numerically, and several reviews (Batchelder, et al., 1953; Gerstein & Coffin, 1956; Walker, et 
al., 1959; Clark, et al., 1962; Khitrin, 1962; Mulcahy & Smith, 1969; Maahs, 1971; Rosner, 1972; 
Essenhigh, 1976, 1981; Annamalai & Ryan, 1993; Annamalai, et al., 1994) describe the 
accomplishments in this field, as mentioned in Part 1. Nevertheless, because of the 
complexities involved, there still remain several problems that must be clarified to 
understand basic nature of carbon combustion. 
In Part 1, after describing general characteristics of the carbon combustion, it was intended 
to represent it by use of some of the basic characteristics of the chemically reacting boundary 
layers (Chung, 1965; Law, 1978), under recognition that flow configurations are 
indispensable for proper evaluation of the heat and mass transfer, especially for the 
situation in which the gas-phase reaction can intimately affect overall combustion response 
through its coupling to the surface reactions. The flow configuration chosen was that of the 
stagnation-flow, which is a well-defined, one-dimensional flow, being characterized by a 
single parameter, called the stagnation velocity gradient, offering various advantages for 
mathematical analyses, experimental data acquisition, and/or physical interpretations.  
Specifically, formulation of the governing equations was first presented in Part 1, based on 
theories on the chemically reacting boundary layer. Chemical reactions considered were the 
surface C-O2 and C-CO2 reactions and the gas-phase CO-O2 reaction. Generalized species-
enthalpy coupling functions were then derived without assuming any limit or near-limit 
behaviors, which not only enable us to minimize the extent of numerical efforts needed for 
generalized treatment, but also provide useful insight into the conserved scalars in the 
carbon combustion. After that, it was shown that straightforward derivation of the 
combustion response could be allowed in the limiting situations, such as those for the 
Frozen, Flame-detached, and Flame-attached modes.  
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Next, after presenting profiles of gas-phase temperature, measured over the burning carbon, a 
further analytical study was conducted about the ignition phenomenon, related to finite-rate 
kinetics in the gas phase, by use of the asymptotic expansion method to obtain a critical 
condition for the appearance of the CO-flame. Appropriateness of this criterion was further 
examined by comparing temperature distributions in the gas phase and/or surface 
temperatures at which the CO-flame could appear. After having constructed these theories, 
evaluations of kinetic parameters for the surface and gas-phase reactions were then conducted, 
in order for further comparisons with experimental results.  
In this Part 2, it is intended to make use of the information obtained in Part 1, for exploring 
carbon combustion, further. First, in order to decouple the close coupling between surface 
and gas-phase reactions, an attempt is conducted to raise the velocity gradient as high as 
possible, in Section 2. It is also endeavored to obtain explicit combustion-rate expressions, 
even though they might be approximate, because they are anticipated to contribute much to 
the foundation of theoretical understanding of carbon combustion, offering mathematical 
simplifications, just like that in droplet combustion, and to the practical applications, such as 
designs of ablative carbon heat shields and/or structures with C/C-composites in oxidizing 
atmospheres.  
After having examined appropriateness of the explicit expressions, carbon combustion in 
the high-temperature airflow is then examined in Section 3, relevant to the High-
Temperature Air Combustion, which is anticipated to have various advantages, such as 
energy saving, utilization of low-calorific fuels, reduction of nitric oxide emission, etc. The 
carbon combustion in the high-temperature, humid airflow is also examined theoretically in 
Section 4, by extending formulations for the system with three surface reactions and two 
global gas-phase reactions. Existence of a new burning mode with suppressed H2 ejection 
from the surface can be confirmed for the carbon combustion at high temperatures when the 
velocity gradient of the humid airflow is relatively low. Some other results relevant to the 
High-Temperature Air Combustion are further shown in Section 5. 
Concluding remarks not only for Part 2 but also for Part 1 are made in Section 6, with 
references cited and nomenclature tables.  

2. Combustion response in high stagnation flowfields 

It has been recognized that phenomena of carbon combustion become complicated upon the 
appearance of CO-flame, as pointed out in Part 1. Then, another simpler combustion 
response, being anticipated to be observed by suppressing its appearance, by use of the high 
velocity gradients, would provide useful insight into the carbon combustion, as well as 
facilitate deeper understanding for it. In addition, under simplified situations, there is a 
possibility that we could find out an explicit combustion-rate expression that can further 
contribute much to the foundation of theoretical understanding of the carbon combustion, 
offering mathematical simplifications, just like that in droplet combustion. Various 
contributions to practical applications, such as designs of furnaces, combustors, ablative 
carbon heat-shields, and high-temperature structures with C/C-composites in oxidizing 
atmosphere, are also anticipated. 

2.1 Experimental results for the combustion rate 

Figure 1(a) shows the combustion rate (Makino, et al., 1998b) as a function of the surface 
temperature, with the velocity gradient taken as a parameter. The H2O mass-fraction in 
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airflow is set to be 0.003. Data points are experimental and solid curves are results of 
combustion-rate expressions to be mentioned. When the velocity gradient is 200 s-1, the 
same trend as those in Figs. 2 and 8 in Part 1 is observed. That is, with increasing surface 
temperature, the combustion rate first increases, then decreases abruptly, and again 
increases. In Fig. 1(a), the ignition surface-temperature predicted is also marked. 
As the velocity gradient is increased up to 640 s-1, the combustion rate becomes high, due to 
an enhanced oxidizer supply, but the trend is still the same. A further increase in the 
velocity gradient, however, changes the trend. When the velocity gradient is 1300 s-1, which 
is even higher than that ever used in the previous experimental studies (Matsui, et al., 1975; 
1983; 1986), the combustion rate first increases, then reaches a plateau, and again increases, 
as surface temperature increases. Since the ignition surface-temperature is as high as 1970 K, 
at which the combustion rate without CO-flame is nearly the same as that with CO-flame, 
no significant decrease occurs in the combustion rate. On the contrary, a careful observation 
suggests that there is a slight, discontinuous increase in the combustion rate just after the 
appearance of CO-flame.  
Since the ignition surface-temperature strongly depends on the velocity gradient (Visser & 
Adomeit, 1984; Makino & Law, 1990), as explained in Section 4 in Part 1, the discontinuous 
change in the combustion rate, caused by the appearance of CO-flame, ceases to exist with 
 

 
                                           (a)                                                                      (b) 

Fig. 1. Combustion rate as a function of the surface temperature, with the velocity gradient 
taken as a parameter (Makino, et al., 1998b), (a) when there appears CO-flame within the 
experimental conditions; (b) when the velocity gradient is at least one order of magnitude 
higher than that ever used in the previous studies. Oxidizer is air and its H2O mass-fraction 
is 0.003. Data points are experimental with the test specimen of 1.25103 kg/m3 in graphite 
density; curves are results of the explicit combustion-rate expressions.  
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increasing velocity gradient, as shown in Fig. 1(b). Here, use has been made of a graphite 
rod with a small diameter (down to 5 mm), as well as airflow with high velocity (up to 50 
m/s). We see that the combustion rate increases monotonically with increasing surface 
temperature. Note that the velocity gradient used here is at least one order of magnitude 
higher than those in previous works.  
As for the “negative temperature coefficient” of the combustion rate, examined in the 
literature (cf. Essenhigh, 1981), a further comment is required because it completely 
disappears at high velocity gradients. This experimental fact suggests that it has nothing to 
do with chemical events, related to the surface reactions, hitherto examined. Although it is 
described in the literature that some (Nagel and Strickland-Constable, 1962) attributed it to 
the sites of surface reactions and others (Yang and Steinberg, 1977) did it to the reaction 
depth, Figs. 1(a) and 1(b) certainly suggest that this phenomenon is closely related to the 
gas-phase reaction, which can even be blown off when the velocity gradients are high.  

2.2 Approximate, explicit expressions for the combustion rate  
In order to calculate the combustion rate, temperature profiles in the gas phase must be 
obtained by numerically solving the energy conservation equation for finite gas-phase 
reaction kinetics. However, if we note that carbon combustion proceeds with nearly frozen 
gas-phase chemistry until the establishment of the CO-flame (Makino, et al., 1994; Makino, 
et al., 1996) and that the combustion is expected to proceed under nearly infinite gas-phase 
kinetics once the CO-flame is established, analytically-obtained combustion rates (Makino, 
1990; Makino, 1992), presented in Section 3 in Part 1, are still useful for practical utility.  
However, it should also be noted that the combustion-rate expressions thus obtained are 
implicit, so that further numerical calculations are required by taking account of the relation, 
(-fs)/()s, which is a function of the streamfunction f. Since this procedure is slightly 
complicated and cannot be used easily in practical situations, explicit expressions are 
anxiously required, in order to make these results more useful.  
In order to elucidate the relation between the nondimensional combustion rate (-fs) and the 
transfer number  (Spalding, 1951), dependence of ()s on the profile of the streamfunction f 
is first to be examined, by introducing a simplified profile of f as 
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as shown in Fig. 2(a), and then conducting an integration. Here, b, c, and d are constants, 
f(*) = fs, and f(**) = fo. 
Recalling the definitions of  and ()s, and making use of a relation, (-fs)<<1, as is the case 
for most solid combustion, we have the following approximate relation:  
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                                          (a)                                                                         (b) 

Fig. 2.(a) A profile of the streamfunction f for the two-dimensional stagnation flow, as a 
function of the boundary-layer variable , when the surface temperature Ts  1450 K, the 
ambient temperature T  320 K, and the combustion rate (-fs) = 0.10. The solid curve is the 
result obtained by a numerical calculation, and the dashed curve is the simplified profile 
used to find out the approximate expression (Makino, et al., 1998b). (b) Combustion rates for 
the three limiting modes in the stagnation airflow as a function of the surface temperature 
when the surface Damköhler number for the C-O2 reaction, DasO, and that for the C-CO2 
reaction, DasP, are 108. The solid curves are results of the implicit expressions and dashed 
curves are those of the explicit expressions.  

Equation (2) shows that the combustion rate (-fs) can be expressed by the transfer number  
in terms of the logarithmic term, ln(1+). Note that the first and second terms in Eq. (3) are 
one order of magnitude smaller than the third term (/2)1/2.  
In order to obtain the specific form of the transfer number , a two term expansion of the 
exponential function is expected to be sufficient because (-fs)<<1, so that use has been made 
of the following relation (Makino, 1992; Makino, et al., 1998b).  

     .exp1
1 ss fKfK 




 (4) 

By virtue of this relation, Eqs. (44), (47), and (55) in Part 1 can yield the following 
approximate expressions for the transfer number.  
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Flame-detached mode: 
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Flame-attached mode: 
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Although these are approximate, the transfer number can be expressed explicitly, in terms of 
the reduced surface Damköhler numbers, As,O and As,P, and O2 and CO2 concentrations in 
the freestream.  
In addition, we have  
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where ks,i is the specific reaction rate constant for the surface reaction. Note that the factor, 
K/[2j a (/)]1/2, in Eq. (8) also appears in the combustion rate defined in Eq. (32) in Part 1, 
by use of the relation in Eq. (2), as  
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2.3 Correction factor K and mass-transfer coefficient 

In order to elucidate the physical meaning of the factor, K/[2j a (/)]1/2, let us consider a 
situation that  << 1, with the Frozen mode combustion taken as an example. Then, Eq. (9) 
leads to the following result:  
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We see that this expression is similar to the well-known expression for the solid combustion 
rate,  

  


 O

Ds

Y

hk

m
11

1 , (11) 

for the first-order kinetics (Fischbeck, 1933; Fischbeck, et al., 1934; Tu, et al., 1934; Frank-
Kamenetskii, 1969). Here, hD is the overall convective mass-transfer coefficient. It is seen that 
the factor, [2j a (/)]1/2/K, corresponds to the mass-transfer coefficient hD, suggesting that 
the specific form of hD is of use in determining a form of the correction factor K.  
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Furthermore, by evaluating mass fluxes at the surface and in the gas phase, with the 
elemental carbon, (WC/WF)YF+(WC/WP)YP, taken as the transferred substance, and by use of 
the coupling function in Eq. (33) in Part 1, we have  
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suggesting that the correction factor K depends on both ()s and the representative 
temperature TR in the boundary layer.  

2.4 Approximate expression for the correction factor K  

In obtaining an approximate expression for the factor K, it seems that we can use the 
accomplishment in the field of heat and mass transfer. The mass-transfer coefficient is given 
as (Katto, 1982; White, 1988). 
Two-dimensional Stagnation Flow: 
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Axisymmetric Stagnation Flow: 
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based on the analogy between heat and mass transfers, where 
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However, this kind of expression is far from satisfactory because Eqs. (13) and (14) are 
originally obtained for heat-transfer problems without mass transfer. In addition, this 
relation is obtained under an assumption that there is no density change, even though there 
exist temperature and/or concentration distributions in the gas phase.  
Because of the simultaneous existence of temperature and concentration distributions in the 
carbon combustion, we are required to obtain an approximate expression for the factor K in 
another way. In this attempt, (/2)1/2 in the factor K in Eq. (3) is kept as it is because it is 
1/()s for inviscid stagnation flow without mass ejection from the surface. The remaining 
part of the factor K is then determined by use of numerical results (Makino, 1990; Makino, et 
al., 1994; Makino, et al., 1996). In this determination, use has been made of a curve-fitting 
method, with (T/Ts) taken as a variable, to have a simple function. It has turned out that 
we can fairly represent the combustion rate for the Frozen and/or Flame-attached modes in 
two-dimensional stagnation flow with  
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within 3% error when the O2 mass-fraction YO, is 0.233 (cf. Fig. 2(b); Makino, et al., 1998b); 
for YO,=0.533, error is within 5%; for YO,=1, error is within 8%. Examinations have been 
made in the range of the surface Damköhler numbers Das,O and Das,P from 106 to 1010, that of 
the surface temperature Ts from 1077 K to 2424 K, and that of the freestream temperature T 
from 323 K to 1239 K. The Frozen and Flame-attached modes can fairly be correlated by the 
single Eq. (16) because the gas-phase temperature profiles are the same. Note that the 
combustion rate in high O2 concentrations violates the assumption that (-fs)<<1. 
Nonetheless, the expressions appear to provide a fair representation because these 
expressions vary as the natural logarithm of the transfer number.  
For axisymmetric stagnation flow, it turns out that the combustion rate in the Frozen and/or 
Flame-attached modes can fairly be represented with 
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within 3% error for YO,=0.233 (Makino, et al., 1998b); within 5% error for YO,=0.7. 
Difference in the forms between Eq. (16) and Eq. (17) can be attributed to the difference in 
the flow configuration.  
For the combustion rate in the Flame-detached mode, not only the surface and freestream 
temperatures but also the oxidizer concentration must be taken into account. It has turned 
out that  
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can fairly represent the combustion rate in two-dimensional stagnation flow, within 4% 
error when the O2 mass-fraction YO is 0.233 and 0.533, although the error becomes 6% near 
the transition state for the flame attaches. In an oxygen flow, the error is within 6% except 
for the transition state, while it increases up to 15% around the state.  
For axisymmetric stagnation flow, the combustion rate in the Flame-detached mode can be 
represented with 

   .
2

~
2105.0~

2

~
1~

~

3
2

O,
ss
























 

 Y
T

T

T

T
K  (19) 

The error is nearly the same as that for the two-dimension case.  

2.5 Experimental comparisons at high velocity gradients 

In order to verify the validity of the explicit combustion-rate expressions, comparisons have 
been made with their values and the experimental results (Makino, et al., 1998b). Kinetic 
parameters are those evaluated in Section 5 in Part 1. The values of thermophysical 
properties are those at T=320 K, which yields =2.1210-5 kg2/(m4･s) and 
/=1.7810-5 m2/s. Results for the explicit combustion-rate expressions are shown in 
Figs. 1(a) and 1(b) by solid curves. As shown in Fig. 1(a), up to the ignition surface-
temperature, a reasonable prediction can be made by Eq. (2), with the transfer number  for 
the Frozen mode in Eq. (5) and the correction factor K in Eq. (16), for two-dimensional case. 
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When the surface temperature is higher than the ignition surface-temperature, Eq. (2) with  
for the Flame-detached mode in Eq. (6) and K in Eq. (18) can fairly represent the 
experimental results, except for the temperatures near the ignition surface-temperature, 
especially, in airflow with low velocity-gradient, say, 200 s-1. In this temperature range, we 
can use Eq. (2) with  for the Flame-attached mode in Eq. (7) and K in Eq. (16) although 
accuracy of this prediction is not so high, compared to the other cases. This is attributed to 
the fact that we cannot assume the gas-phase reaction rate infinitely fast because the 
combustion situation is that just after the establishment of CO-flame.  
When the velocity gradient is high, as shown in Fig. 1(b), the expression in Eq. (2) with  for 
the Frozen mode in Eq. (5) and K in Eq. (16) fairly represents the experimental results, up to 
about 2500 K in the surface temperature.  

3. High-temperature air combustion 

Here, carbon combustion has been examined, relevant to the High-Temperature Air 
Combustion, characterized by use of hot air (~1280 K) and attracted as one of the new 
technology concepts for pursuing energy saving and/or utilization of low-calorific fuels. 
Although it has been confirmed to reduce NOx emission through reduction of O2 
concentration in furnaces, without reducing combustion rate of gaseous and/or liquid fuels 
(Katsuki & Hasegawa, 1998; Tsuji, et al., 2003), its appropriateness for solid-fuel combustion 
has not been examined fully. Since solid fuels are commonly used as one of the important 
energy sources in industries, it is strongly required to examine its appropriateness from the 
fundamental viewpoint. Here, focus is put on examinations for the promoting and 
suppressing effects that the temperature and water vapor in the airflow have. From the 
practical point of view, the carbon combustion in airflow at high temperatures, especially, in 
high velocity gradients, is related to evaluation of ablative carbon heat-shield for 
atmospheric re-entry. As for that in airflow at high H2O concentrations, it is related to 
evaluation of protection properties of rocket nozzles, made of carbonaceous materials, from 
erosive attacks of water vapor, contained in working fluid for propulsion, as well as the 
coal/char combustion in such environments with an appreciable amount of water vapor.  

3.1 Combustion in relatively dry airflow 

Figure 3(a) shows the combustion rate as a function of the surface temperature Ts, with the 
airflow temperature T taken as a parameter. The H2O mass-fraction YA=0.003 in the 
airflow, considered to be dry, practically. The combustion rate in the high-temperature 
airflow (T=1280 K), shown by a solid diamond, increases monotonically and reaches the 
diffusion-limited value with increasing Ts. Monotonic change in the combustion rate is 
attributed to the high velocity gradient (a=3300 s-1), which is too high for the CO-flame to be 
established (Makino, et al., 2003), so that the combustion here is considered to proceed 
solely with the surface C-O2 reaction. Note that this velocity gradient has been chosen, so as 
to suppress the abrupt changes in the combustion rates, in order to clarify effects of the 
High-Temperature Air Combustion. 
Results in the room-temperature airflow (T=320 K) with the same mass flow rate (a=820 s-1) 
are also shown. The combustion rate first increases, then decreases abruptly, and again 
increases, with increasing Ts, as explained in the previous Section. The ignition surface-
temperature observed is about 1800 K, in accordance with the abrupt decrease in the  
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                                   (a)                                                  (b) 

Fig. 3. Combustion rate in the high-temperature airflow with the velocity gradient a=3300 s-1, 
as a function of the surface temperature Ts; (a) for the H2O mass-fraction YA=0.003 (Makino, 
et al., 2003); (b) for YA=0.01 (Makino & Umehara 2007). For comparisons, results in the 
room-temperature airflows with the same mass flow rate and the same velocity gradient are 
also shown. Data points are experimental with the test specimen of 1.25103 kg/m3 in 
graphite density; curves are results of the explicit combustion-rate expressions. Schematical 
drawing of the experimental setup is also shown. 

combustion rate. As for the effect of the high-temperature airflow, we can say that it 
promotes the combustion rate, because of the elevated transport properties (Makino, et al., 
2003) that enhances the mass-transfer rate of oxidizer.  
This promoting effect can also be understood by use of a functional form of the combustion 
rate m ~ (a)1/2, derived from Eq. (9), for the diffusion-limited conditions. In this situation, 
we have a = const. when the mass flow rates of air are the same, so that m ~ ()1/2. Since 
the viscosity , which can also be regarded as the mass diffusivity (D) when the Schmidt 
number is unity, is elevated with increasing air temperature, the combustion rate in the 
high-temperature airflow is necessarily higher than that in the room-temperature airflow.   
Results in the room-temperature airflow with a=3300 s-1 are also shown in Fig. 3(a). The 
combustion rate increases monotonically, in the same manner as that in the high-
temperature airflow. Note that when the velocity gradients are the same, the combustion 
rate in the high-temperature airflow is lower than that in the room-temperature airflow by 
about 30%, because of the reduced mass-transfer rate of oxygen, due to thickened boundary 
layer (Makino, et al., 2003), through overcoming an increase in the mass diffusivity (D ~ ). 
This situation can easily be understood by use of a functional form of the combustion rate 
m ~ (/), from Eq. (9), for the diffusion-limited conditions, where  is a measure of the 
boundary-layer thickness, expressed as ~ [(/)/a]1/2 (Schlichting, 1979).  
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Solid curves are theoretical (Makino, et al., 1998b; 2003). For the airflow with a=3300 s-1, the 
Frozen mode is used. For the airflow with a=820 s-1, up to the ignition surface-temperature 
predicted to be 1830 K, the Frozen mode is used, whereas the Flame-detached mode is used 
above the ignition surface-temperature. It is seen that a fair degree of agreement is 
demonstrated between experimental and theoretical results, reconfirming the 
appropriateness to use the Frozen and Flame-detached modes for representing the 
combustion behavior before and after the establishment of CO-flame, respectively.  
As shown in Fig. 3(a), when the mass flow rates of airflows are the same, the combustion 
rate in the high-temperature airflow is enhanced, so that the advantage of this technique 
looks trivial. However, its quantitative evaluation is not so straightforward, because there 
can appear abrupt changes in the combustion rate, related to the establishment of CO-flame 
that depends on the H2O mass-fraction in airflow. Furthermore, water vapor can even be an 
oxidizer for carbon. So, in evaluating the High-Temperature Air Combustion technique, 
effects of the H2O concentration are to be examined.  

3.2 Combustion in airflow with medium humidity 

Figure 3(b) shows similar plots of the combustion rate when the H2O mass-fraction YA = 
0.01. Although nearly the same trends are observed, there exist slight differences. 
Specifically, there exists a slight decrease in the combustion rate, even in the high-
temperature airflow, at about 1800 K. This can be attributed to the establishment of CO-
flame, facilitated even in the fast airflow with a=3300 s-1, because of the increased H2O mass-
fraction. As for the combustion in the room-temperature airflow with a=820 s-1, the ignition 
surface-temperature is reduced to be about 1650 K, suggesting that the CO-flame can easily 
be established. Theoretical results are also shown and fair agreement is demonstrated, 
suggesting that the Frozen and the Flame-detached modes, respectively, represent the 
combustion behavior before and after the establishment of CO-flame. The ignition surface-
temperature is predicted to be 1820 K for the high-temperature airflow with a=3300 s-1 and 
1670 K for the room-temperature airflow with a=820 s-1, which are also in accordance with 
experimental observation.  

3.3 Combustion in humid airflow  

A further increase in the H2O mass-fraction can considerably change the combustion 
behavior (Makino & Umehara, 2007). The H2O mass-fraction YA is now increased to be 0.10, 
the dew point of which is as high as 328 K (55°C). Note that this H2O mass-fraction is even 
higher than that ever used in the previous studies with humid airflow (Matsui, et al., 1983; 
1986), by virtue of a small-sized boiler installed in the experimental apparatus. Figure 4(a) 
shows the combustion rate in the high-temperature airflow with a=3300 s-1, as a function of 
the surface temperature Ts. The O2 mass-fraction is reduced, because of the increased H2O 
concentration. It is seen that the combustion rate increases first gradually and then rapidly 
with increasing surface temperature. This trend is quite different from that in Figs. 3(a) or 
3(b).  
In order to elucidate causes for this trend, theoretical results are obtained, with additional 
surface C-H2O and global gas-phase H2-O2 reactions taken into the formulation (Makino & 
Umehara, 2007), which will be explained later. Not only results in the Frozen and Flame-
detached modes, but also that in the Flame-attached mode is shown. In the Flame-attached 
mode, it is assumed that combustion products of the surface reactions can immediately be 
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oxidized, so that neither CO nor H2 is ejected into the gas phase. It is seen that experimental 
results at temperatures lower than about 1500 K are close to the theoretical result of the 
Flame-attached mode, while those at temperatures higher than about 1700 K are close to the 
result of the Flame-detached mode. The ignition surface-temperature is predicted to be 1380 
K. From these comparisons, we can deduce that because of the high H2O mass-fraction, as 
well as the high-temperature airflow, the CO-flame established at 1380 K adheres to the 
carbon surface. The combustion in the Flame-attached mode prevails until CO-ejection 
becomes strong enough to separate the CO-flame from the surface. As the surface 
temperature is increased, the CO-flame detaches, so that the combustion proceeds in the 
Flame-detached mode. The rapid increase in the combustion rate at high temperatures can 
be attributed to the participation of the C-H2O reaction.  
Figure 4(b) shows the combustion rate in the room-temperature airflow with the same mass 
flow rate (a=820 s-1). The airflow temperature, being raised to T=370 K for preventing 
condensation of water vapor, cannot be called as the “room” temperature, any more, but its 
terminology is retained to distinguish it from the high-temperature. It is seen that the 
combustion rate gradually increases with increasing surface temperature. Compared to Fig. 
4(a), the combustion rate around 1500 K is nearly the same as that in the high-temperature 
airflow. So, we can say that when the H2O concentration is high, there is no merit to use the 
high-temperature airflow, until the water vapor begins to participate in the surface reaction 
as another oxidizer at about 1700 K or higher. A difference in the combustion rates at high 
temperatures becomes large because no remarkable increase in the combustion rate is 
observed, although the water vapor is anticipated to participate in the surface reaction. A 
further consideration will be made later.  
Theoretical results are also shown in Fig. 4(b). The ignition surface-temperature is now 
predicted to be 1420 K. We see that the combustion rate experimentally obtained locates in 
the middle of the theoretical results in the Frozen and Flame-attached modes, after the 
establishment of CO-flame, suggesting that the gas-phase reaction proceeds in a finite rate, 
because the airflow is neither fast in velocity nor high in temperature. One more thing to be 
noted is the combustion behavior at high temperatures, presenting that the combustion rate 
in the experiment cannot reach the theoretical result that the Flame-detached mode predicts, 
about which it will be discussed later.  
Figure 4(c) shows the combustion rate in the room-temperature airflow with a=3300 s-1. 
Nearly the same trend as that in Figs. 3(a) and/or 3(b) with low velocity gradient is shown. 
Because the airflow temperature is low, the establishment of CO-flame is retarded until the 
surface temperature reaches about 1700 K, and the combustion rate up to this temperature is 
about double of that in the high-temperature airflow. The rapid increase at high 
temperatures can be attributed to the contribution of the surface C-H2O reaction.  
Theoretical results are also shown in Fig. 4(c). Until the establishment of CO-flame at Ts = 
1690 K predicted, we see again that the Frozen mode can fairly represent the combustion 
behavior. At high temperatures at which the CO-flame has already been established, the 
combustion behavior is fairly represented by the Flame-detached mode. 

4. Extended formulation for the carbon combustion 

Theoretical study (Makino & Umehara, 2007) has been conducted for the system with three 
surface reactions and two global gas-phase reactions, by extending the previous 
formulation. Although some of the assumptions introduced in Section 2 in Part 1 are not 
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Fig. 4. Combustion rate in humid airflow (Makino & Umehara, 2007) with the H2O mass-
fraction YA=0.10, as a function of the surface temperature Ts; (a) in the high-temperature 
airflow with the velocity gradient a=3300 s-1; (b) in the room-temperature airflow with the 
same mass flow rate (a=820 s-1); (c) in the room-temperature airflow with the same velocity 
gradient. Data points are experimental and curves are results of the explicit combustion-rate 
expressions. 
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appropriate for systems with hydrogen species, use has been made of those as they are, for 
tractability, in order to capture fundamental aspects of the carbon combustion under 
prescribed situations.  

4.1 Mass fractions of oxidizers at the carbon surface  

By extending Eq. (31) in Part 1, so as to include contribution of the C-H2O reaction, the 
combustion rate (–fs) can be expressed as  

 sA,As,sP,Ps,sO,Os,s
~~~

)( YAYAYAf  . (20) 

 

Again, use has been made of an assumption that all the surface reactions are the first-order. 
The reduced surface Damköhler number As,i, the surface Damköhler number Das,i, and the 
stoichiometrically weighted mass fraction, relevant to the oxidizing species i (=O, P, A) are 
also defined in the same manner as those in Section 2 in Part 1.  
Although Yi,s must be determined through numerical calculations when the gas-phase 
kinetics is finite, they can be determined analytically for some limiting cases, as mentioned. 
One of them is the Frozen mode, in which we have  

  )/(1
~
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    (i = O, P, A). (21) 

 

Another is the Flame-attached mode in which CO and H2 produced at the surface reactions 
are immediately consumed, so that it looks that the CO-flame adheres to the surface. In the 
same manner (Makino, et al., 1998b), we have 
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The third is the Flame-detached mode in which the gas-phase reaction is infinitely fast and 
the CO-flame locates in the gas phase. Although a coupling function  
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can easily be obtained and we can also put YO,s = 0 for this combustion situation, a 
separation of YA,s from YP,s is not straightforward. For this aim, it is needed to take account 
of another species-enthalpy coupling function, say, (Makino & Umehara, 2007) 

 AO
~
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1(
~~
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then we have  
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Here, Q
~

 is the ratio of the heats of combustion of the H2-O2 and CO-O2 reactions in the gas 
phase. For evaluating , the temperature profile T = Ts + (Tf - Ts)(/f) inside the flame has 
been used, so that we have 
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where the coupling function in Eq. (24) is evaluated at the flame. By further using f and YA,f, 
determined by use of other coupling functions HFO

~~~
YYY   and AH

~~
YY  , respectively, we 

have from Eq. (25) as 
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The other mode that has been found (Makino & Umehara, 2007) is the Flame-detached 

mode without H2, in which there exists no H2 in the gas phase because it can easily be 
oxidized.  For this mode, we have  

 0
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4.2 Approximate, explicit expressions for the combustion rate  

By use of the approximate relation in Eq. (4), analytical expressions for  can be obtained 
as 

(I) Frozen mode: 

 





























































  A,

A

C

As,

As,
P,

P

C

Ps,

Ps,
O,

O

C

Os,

Os,

11

2

1
Y

W

W

AK

AK
Y

W

W

AK

AK
Y

W

W

AK

AK
, (29) 

(II) Flame-attached mode: 
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(III) Flame-detached mode:  
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(IV) Flame-detached mode without H2: 
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As the correction factor K for the two-dimensional flow, we have Eq. (16) for the Frozen and 
Flame-attached modes; Eq. (18) for the Flame-detached mode, regardless of H2 ejection from 
the carbon surface.  

4.3 Surface kinetic parameters and thermophysical properties  

In numerical calculations, use has been made of the kinetic parameters for the surface C-O2 
and C-CO2 reactions, described in Section 5 in Part 1. For C-H2O reaction, the frequency 
factor Bs,A=2107 m/s and activation energy Es,A=271 kJ/mol, determined after re-examining 
previous experimental results (Makino, et al., 1998a). As mentioned, effects of porosity 
and/or other surface characteristics are grouped into the kinetic parameters. 
Thermophysical properties are =1.10 kg/m3 and =1.9510-5 Pas for the room-
temperature airflow (T=320 K), while =0.276 kg/m3 and =5.1010-5 Pas for the high-
temperature airflow (T=1280 K). As for the thermophysical properties of water vapor, 
=0.598 kg/m3 and =1.2210-5 Pas at T=370 K. Wilke’s equation (Reid, et al., 1977) has 
been used in estimating viscosities of humid air.  

4.4 Further consideration for experimental comparisons  

Experimental results have already been compared with theoretical results in Figs. 3 and 4, 
and a fair degree of agreement has been demonstrated in general, suggesting 
appropriateness of the analysis, including the choice of the thermophysical properties. 
However, Fig. 4(b) requires a further comment because theoretical result of the Flame-
detached mode overestimates the combustion rate, especially at high surface temperatures 
Ts. As assumed in the Flame-detached mode, CO and H2 produced at the surface reaction 
are to be transported to the flame and then oxidized. Generally speaking, however, H2 can 
easily been oxidized, compared to CO, especially at high temperatures. In addition, the 
velocity gradient (a=820 s-1) in Fig. 4(b) is not so high. In this situation, H2 produced at the 
surface reaction is considered to be completely consumed by the water-gas shift reaction 
(H2+CO2H2O+CO), so that the Flame-detached mode without H2 presented (Makino & 
Umehara, 2007) seems to be appropriate. A theoretical result is also shown in Fig. 4(b) by a 
dashed curve. We see that the agreement at high Ts has much been improved, suggesting 
that this consideration is to the point.  

5. Other results relevant to the high-temperature air combustion 

As one of the advantages for the High-Temperature Air Combustion, it has been pointed out 
that oxygen concentration in a furnace can be reduced without reducing combustion rate. In 
order to confirm this fact, an experiment has been conducted by varying O2 and CO2 
concentrations in the high-temperature oxidizer-flow (Makino and Umehara, 2007). In 
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addition, combustion rate of C/C-composite in the high-temperature airflow has been 
examined (Makino, et al., 2006) in a similar way, relevant to evaluation of protection 
properties from oxidation. In this Section, those results not presented in previous Sections 
are shown.  

5.1 Effects of O2 and CO2 in the oxidizer-flow  

Experimental conditions for the O2 and/or CO2 concentrations in the high-temperature 
oxidizer-flow have been chosen to have the same combustion rate as that in the room-
temperature airflow, at around Ts=2000 K, shown in Fig. 3(a). Figure 5(a) shows the 
combustion rate in the high-temperature oxidizer-flow, as a function of the surface 
temperature Ts. The O2 and CO2 mass-fractions are set to be 0.105 and 0.10, respectively. The 
H2O mass-fraction YA=0.001 or less. Because of the monotonic increase in the combustion 
rate, the combustion rate at 2000 K is nearly equal to that in the room-temperature airflow, 
shown in Figs. 3(a) and 3(b), experienced the abrupt decreases in the combustion rate upon 
the establishment of CO-flame, although it is generally suppressed, because of the reduced 
O2 mass-fraction. For comparisons, results in the room-temperature oxidizer-flows with the 
same mass flow rate and the same velocity gradient are also shown in Fig. 5(a), the general 
trend of which is in accordance with that in the airflow shown in Figs. 3(a) and 3(b), as far as 
the combustion rate is concerned.  
Figure 5(b) shows the combustion rate as a function of Ts, with CO2 taken as the only 
oxidizer. The CO2 mass-fraction is set to be 0.39. Since CO2 is the only oxidizer for the 
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                                                  (a)                                                            (b) 

Fig. 5. Combustion rate in the high-temperature oxidizer-flow with the velocity gradient a = 
3300 s-1, as a function of the surface temperature (Makino and Umehara, 2007). The H2O 
mass-fraction YA=0.001 or less. Notation is the same as that in Fig. 3. (a) The O2 and CO2 
mass-fractions are 0.105 and 0.10, respectively; (b) The CO2 mass-fraction is 0.39.   
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surface reaction and there is no gas phase reaction, the monotonic increase in the 
combustion rate is observed. The same comments as those in Fig. 3(a) can be made for the 
high-temperature oxidizer-flow although higher surface temperature Ts is required in 
activating the surface C-CO2 reaction.  
Finally, it is confirmed that as far as the combustion rates at around Ts=2000 K are 
concerned, those in the high-temperature oxidizer-flows in Figs. 5(a) and 5(b) are nearly the 
same as that in the room-temperature airflow in Fig. 3(a) with the same mass flow rate. As 
pointed out (Makino, et al., 2003) that the O2 mass-fraction can be reduced down to about 
0.14 in the High-Temperature Air Combustion, without reducing combustion rate, it has 
been confirmed that the O2 mass-fraction can further be reduced (Makino and Umehara, 
2007) when there exists CO2 in the oxidizer-flow.  

5.2 Combustion rate of C/C-composite  

Figure 6(a) shows the combustion rate as a function of the surface temperature with the 
velocity gradient taken as a parameter. Use has been made of a test specimen of C/C-
composite with rectangular cross section (5 mm width; 8 mm thickness). The velocity gradient 
used here is defined as a = 2V/, where  is the width; the maximum velocity gradient is 
limited to be 1300 s-1, because of air-supply system. Other experimental conditions are the 
same as those in Figs. 1(a) and/or 3(a). An abrupt decrease in the combustion rate, as well as 
the general combustion response can be observed in the same manner as that of a graphite rod, 
reported in the previous Sections. Figure 6(b) is a similar plot with the airflow temperature 
taken as a parameter, presenting the same trend as that in Fig. 3(a).  
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                                                   (a)                                                           (b) 

Fig. 6. Combustion rate of C/C-composite (Makino, et al., 2006) as a function of the surface 
temperature; (a) with the velocity gradient of airflow taken as a parameter; (b) with the 
airflow temperature taken as a parameter.  
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Theoretical results are also shown in Figs. 6(a) and 6(b). In obtaining these results, use has 
been made of kinetic parameters for the artificial graphite with higher density (C = 1.82103 
kg/m3), after confirming the experimental fact that there appears no remarkable difference 
in the combustion rates in different graphite densities, because of the prevalence of 
combustion behavior in the diffusionally controlled regime in the present experimental 
conditions. As far as the trend and approximate magnitude are concerned, fair agreement is 
demonstrated, including the ignition surface-temperature. It should be noted that the 
combustion rate of the C/C-composite is nearly the same as that of artificial graphite when 
there is no surface coating for protecting oxidation.  

6. Concluding remarks 

In this monograph, combustion of solid carbon has been overviewed not only 
experimentally but also theoretically. As explained in Part 1, only the carbon combustion in 
the forward stagnation flowfield has been considered, in order to have a clear 
understanding.  
In Part 1, by conducting the aerothermochemical analysis, based on the chemically reacting 
boundary layer, with considering the surface C-O2 and C-CO2 reactions and the gas-phase 
CO-O2 reaction, the generalized species-enthalpy coupling functions have successfully been 
derived, which demonstrate close coupling between the surface and gas-phase reactions that 
can also exert influences on the combustion rate. 
Then, focus has been put on the ignition of CO-flame over the burning carbon in the 
prescribed flowfield, because establishment of the CO-flame in the gas phase can change the 
dominant surface reaction from the faster C-O2 reaction to the slower C-CO2 reaction, 
causing abrupt changes in the combustion rate. By further conducting the asymptotic 
expansion analysis, with using the generalized coupling functions, the explicit ignition 
criterion has been derived, suggesting that ignition is facilitated with increasing surface 
temperature and oxidizer concentration, while suppressed with decreasing velocity 
gradient.  
Then, attempts have been made to estimate kinetic parameters for the surface and gas-phase 
reactions, indispensable for predicting combustion behavior, with using theoretical results 
obtained. A fair degree of agreement has been demonstrated between experimental and 
theoretical results, through conducting experimental comparisons.   
In Part 2, a further study has been conducted in the stagnation flow with high velocity 
gradient, at least one order of magnitude higher than that ever used, in order to suppress 
the appearance of CO-flame. It is observed that the combustion rate increases monotonically 
and reaches the diffusion-limited value with increasing surface temperature when the 
velocity gradient is high, while there exists a discontinuous change in the combustion rate 
with increasing surface temperature, due to the establishment of CO-flame when the 
velocity gradient is low. In addition, an attempt has been made to obtain explicit 
combustion-rate expressions, presented by the transfer number in terms of the natural 
logarithmic term, just like that for droplet combustion. For the three limiting cases, explicit 
expressions have further been obtained by making an assumption of small combustion rate. 
It has even been found that before the establishment of CO-flame the combustion rate can 
fairly be represented by the expression in the Frozen mode, and that after the establishment 
of CO-flame the combustion rate can be represented by the expression in the Flame-attached 
and/or Flame-detached modes. Since the present expressions are explicit and have fair 
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accuracy, they are anticipated to make various contributions not only for qualitative and 
quantitative studies in facilitating understanding, but also for practical utility, such as 
designs of furnaces, combustors, ablative carbon heat-shields, and high-temperature 
structures with C/C-composites in various aerospace applications. 
Finally, relevant to the High-Temperature Air Combustion, carbon combustion has been 
studied, by varying H2O mass-fraction up to 0.10. It has been found that the high H2O mass-
fraction is unfavorable for the enhancement of combustion rate, especially in the medium 
temperature range, because establishment of the CO-flame is facilitated, and hence 
suppresses the combustion rate. To the contrary, at high surface temperatures (>2000 K), the 
high H2O mass-fraction is favorable because the water vapor participates in the surface 
reaction as an additional oxidizer. Theoretical results, obtained by additionally introducing 
the surface C-H2O reaction and the global gas-phase H2-O2 reaction into the previous 
formulation, have also suggested the usefulness of the explicit expressions for the 
combustion rate. As for the combustion in the humid airflow with relatively low velocity 
gradient, it is found that a new mode with suppressed H2-ejection from the surface can 
fairly represent the experimental observation.  
Although essential feature of the carbon combustion has been captured to some extents, 
further progresses are strongly required for its firm understanding, because wide attention 
has been given to carbonaceous materials in various fields.  
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8. Nomenclature 

A reduced surface Damköhler number 
a velocity gradient in the stagnation flowfield 
B frequency factor 
b constant 
c constant 
cp specific heat capacity of gas 
D diffusion coefficient 
Da Damköhler number 
d diameter or constant 
E activation energy 
F function defined in the ignition criterion 
f nondimensional streamfunction 
hD mass-transfer coefficient 
j j=0 and 1 designate two-dimensional and axisymmetric flows, respectively 
K factor 
k surface reactivity 
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L convective-diffusive operator 

 width 

m  dimensional mass burning (or combustion) rate 
Q ratio of heats of combustion in the gas phase 
q heat of combustion per unit mass of CO 
Ro universal gas constant 
R curvature of surface or radius 
s boundary-layer variable along the surface 
T temperature 
Ta activation temperature 
t time 
u velocity component along x 
V freestream velocity 

v velocity component along y 
W molecular weight 
w reaction rate 
x tangential distance along the surface 
Y mass fraction 
y normal distance from the surface 

Greek Symbols 

 stoichiometric CO2-to-reactant mass ratio 
 conventional transfer number  
 temperature gradient at the surface 
 reduced gas-phase Damköhler number 
 product(CO2)-to-carbon mass ratio or boundary-layer thickness 
 measure of the thermal energy in the reaction zone relative to the activation energy 
 boundary-layer variable normal to the surface or perturbed concentration 
 perturbed temperature in the outer region 
 perturbed temperature in the inner region 
 thermal conductivity or parameter defined in the igninition analysis 
 viscosity 
 stoichiometric coefficient  
 profile function  
 density 
 inner variable 
 streamfunction 
 reaction rate 

Subscripts 

A water vapor or C-H2O surface reaction 
a critical value at flame attachment 
C carbon 
F carbon monoxide 
f flame sheet 
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g gas phase 
ig ignition 
in inner region 
max maximum value 
N nitrogen 
O oxygen or C-O2 surface reaction 
out outer region 
P carbon dioxide or C-CO2 surface reaction 
s surface 
 freestream or ambience 

Superscripts 

a reaction order 
j j=0 and 1 designate two-dimensional and axisymmetric flows, respectively 
~ nondimensional or stoichiometrically weighted  
 differentiation with respect to  
* without water-vapor effect 
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