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1. Introduction 

Friction units, in which the sliding surfaces are separated by a film of liquid lubricant, 
generally, consist of three elements: a journal, a lubricating film and a bearing. Such 
tribounits are often referred to as journal bearings. Tribounits with the hydrodynamic 
lubrication regime and the time-varying magnitude and direction of load character are 
hydrodynamic, heavy-loaded (unsteady loaded). Such tribounits include connecting-rod 
and main bearings of crankshafts, a ”piston-cylinder” coupling of internal combustion 
engines (ICE); sliding supports of shafts of reciprocating compressors and pumps, bearings 
of rotors of turbo machines  and generators; support rolls of rolling mills, etc. The presence 
of lubricant in the friction units must provide predominantly liquid friction, in which the 
losses are small enough, and the wear is minimal.  
The behavior of the lubricant film, which is concluded between the friction surfaces, is 
described by the system of equations of the hydrodynamic theory of lubrication, a heat 
transfer and friction surfaces are the boundaries of the lubricant film, which really have 
elastoplastic properties. During the simulation and calculation of heavy-loaded bearings 
researchers tend to take into account as many geometric, force and regime parameters as 
possible and they provide adequacy of the working capacity forecast of the hydrodynamic 
tribounits on the early stages of the design. 

2. The system of equations 

In the classical hydrodynamic lubrication theory of fluid the motion in a thin lubricating 
film of friction units is described by three fundamental laws: conservation of a momentum, 
mass and energy. The equations of motion of movable elements of tribounits are added to 
the equations which are made on the basis of conservation laws for heavy-loaded bearings. 
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The problem of theory of hydrodynamic tribounits is characterized by the totality of 

methods for solving the three interrelated tasks: 

1. The hydrodynamic pressures in a thin lubricating film, which separates the friction 

surfaces of a journal and a bearing with an arbitrary law of their relative motion, are 

calculated. 

2. The parameters of nonlinear oscillations of a journal on a lubricating film are detected 

and the trajectories of the journal center are calculated.  

3. The temperature of the lubricating film is calculated. 

The field of hydrodynamic pressures in a thin lubricating film depends on:  

• the relative motion of the friction surfaces;  

• the temperature parameters of the tribounit lubricant film during the period of loading, 

sources of lubricant on these surfaces are taken into account;  

• the elastic deformation of friction surfaces under the influence of hydrodynamic 

pressure in the lubricating film and the external forces;  

• the parameters of the nonlinear oscillation of a journal on the lubricating film with a 

nonstationary law of variation of influencing powers;  

• the supplies-drop performance of a lubrication system;  

• the characteristics of a lubricant, including its rheological properties.  

Complex solution of these problems is an important step in increasing the reliability of 

tribounits, development of friction units, which satisfy the modern requirements. However, 

this solution presents great difficulties, since it requires the development of accurate and 

highly efficient numerical methods and algorithms.  

The simulation result of heavy-loaded tribounits is accepted to assess by the 

hydromechanical characteristics. These are extreme and average per cycle of loading values 

for the minimum lubricant film thickness and maximum hydrodynamic pressure, the mean-

flow rate through the ends of the bearing, the power losses due to friction in the 

conjugation, the temperature of the lubricating film. The criterions for a performance of 

tribounits are the smallest allowable film thickness and maximum allowable hydrodynamic 

pressure. 

2.1 Determination of pressure in a thin lubricating film 

The following assumptions are usually used to describe the flow of viscous fluid between 

bearing surfaces: bulk forces are excluded from the consideration; the density of the 

lubricant is taken constant, it is independent of the coordinates of the film, temperature and  

pressure; film thickness is smaller than its length; the pressure is constant across a film 

thickness; the speed of boundary lubrication films, which are adjacent to friction surfaces, is 

taken equal to the speed of these surfaces; a lubricant is considered as a Newtonian fluid, in 

which the shear stresses are proportional to the shear rate; the flow is laminar; the friction 

surfaces microgeometry is neglected.  

The hydrodynamic pressure field is determined most accurately by employment of the 
universal equation by Elrod (Elrod, 1981) for the degree of filling of the clearance θ  by 
lubricant: 

 ( ) ( ) ( )
3 3

2 1 2 1
2

1 ( ) ( )

12 12 2 2

h h w w
g g h h h

z z r z tr

θ θ ω ωβ β θ θ θ
ϕ μ ϕ μ ϕ
⎡ ⎤ ⎡ ⎤∂ ∂ ∂ ∂ − ∂ − ∂ ∂

+ = + +⎢ ⎥ ⎢ ⎥
∂ ∂ ∂ ∂ ∂ ∂ ∂⎢ ⎥ ⎢ ⎥⎣ ⎦ ⎣ ⎦

. (1) 
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Where r  is the radius of the journal; ,zϕ  are the angular and axial coordinates, accordingly 
(Fig. 1); ( ), ,h z tϕ  is film thickness; μ  is lubricant viscosity; β  is lubricant compressibility 
factor; 1 2,ω ω  are the angular velocity of rotation of the bearing and the journal in the 
inertial coordinate system; 1 2,w w  are forward speed of bearing and journal, accordingly; t  

is time; g  is switching function,
1, 1;

0, 1.

if
g

if

θ
θ
≥⎧

= ⎨ <⎩
 

 

 

Fig. 1. Cross section bearing 

If 2 1( ) 0ω ω− = , then we get an equation for the tribounit with the forward movement of the 
journal (piston unit). If 2 1( ) 0w w− = , we get the equation for the bearing with a rotational 
movement of the shaft (radial bearing). 
The degree of filling θ has the double meaning. In the load region cθ ρ ρ= , where ρ  is 
homogeneous lubricant density; cρ  is the lubricant density if a pressure is equal to the 
pressure of cavitation cp . In the area of cavitation cp p= , cρ ρ=  and θ  determines the 
mass content of the liquid phase (oil) per a unit of space volume between a journal and  a 
bearing. The relation between hydrodynamic pressure ( ),p zϕ  and ( ),zθ ϕ  can be written as 

 lncp p g β θ= + ⋅ . (2) 

The equation (1) allows us to implement the boundary conditions by Jacobson-Floberga-
Olsen (JFO), which reflect the conservation law of mass in the lubricating film 

 
( , ) ( , ) ( , ) ;

( , / 2) ; ( , ) ( 2 , ),

g g r a

a

p z p z p z p

p z B p p z p z

ϕ ϕ ϕ ϕ

ϕ ϕ ϕ π

= ∂ ∂ = =

= ± = = +
 (3) 

where gϕ , rϕ  are the corners of the gap and restore of the lubricating film; B  is bearing 
width; ap  is atmospheric pressure. 
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The conditions of JFO can quite accurately determine the position of the load region of the 

film. The algorithms of the solution of equation (1), which implement them, are called “a 

mass conserving cavitation algorithm". 

On the other hand the field of hydrodynamic pressures in a thin lubricating film is 

determined from the generalized Reynolds equation (Prokopiev et al., 2010): 
 

 
3 3

2 1 2 1
2

1 ( ) ( )

12 12 2 2

p p h h hh h w w

z z r z tr

ω ω
ϕ μ ϕ μ ϕ
⎡ ⎤ ⎡ ⎤∂ ∂ ∂ ∂ ∂∂ ∂ − −

+ = + +⎢ ⎥ ⎢ ⎥
∂ ∂ ∂ ∂ ∂ ∂ ∂⎢ ⎥ ⎢ ⎥⎣ ⎦ ⎣ ⎦

. (4) 

 

The equation (4) was sufficiently widespread in solving problems of dynamics and lubrication 

of different tribounits. 

When integrating the equation (4) in the area ( )0,2 ; / 2, /2z B Bϕ πΩ = ∈ ∈−  mostly often 

Stieber-Swift boundary conditions are used, which are written as the following restrictions 

on the function ( ),p zϕ : 

 ( ) ( ), /2 ; ( , ) ( 2 , ); ,a ap z B p p z p z p z pϕ ϕ ϕ π ϕ= ± = = + ≥ , (5) 

If the sources of the lubricant feeding for the film locate on the friction surfaces, then 

equations (3) and (5) must be supplemented by 

 ( ) ( ) *, , , 1,2... ,S Sp z p на z S Sϕ ϕ= ∈Ω =  (6) 

where SΩ  is the region of lubricant source, where pressure is constant and equal to the 

supply pressure Sp ;  *S  is the number of sources. 
To solve the equations (1) and (3) taking into account relations (3), (5), (6) we use numerical 

methods, among which variational-difference methods with finite element (FE) models and 

methods for approximating the finite differences (FDM) are most widely used. These 

methods are based on finite-difference approximation of differential operators of the 

boundary task with free boundaries. They can most easily and quickly obtain solutions with 

sufficient accuracy for bearings with non-ideal geometry. These methods also can take into 

account the presence of sources of lubricant on the friction surface. 

One of the most effective methods of integrating the Reynolds equation are multi-level 

algorithms, which allows to reduce significantly the calculation time. Equations (1) and (4) 

are reduced to a system of algebraic equations, which are solved, for example, with the help 

of Seidel iterative method or by using a modification of the sweep method. 

2.2 Geometry of a heavy-loaded tribounit 

The geometry of the lubricant film influences on hydromechanical characteristics the 

greatest. Changing the cross-section of a journal and a bearing leads to a change in the 

lubrication of friction pairs. Thus technological deviations from the desired geometry of 

friction surfaces or strain can lead to loss of bearing capacity of a tribounit. At the same time 

in recent years, the interest to profiled tribounits had increased. Such designs can 

substantially improve the technical characteristics of journal bearings: to increase the 

carrying capacity while reducing the requirements for materials; to reduce friction losses; to 

increase the vibration resistance. Therefore, the description of the geometry of the lubricant 

film is a crucial step in the hydrodynamic calculation. 
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Film thickness in the tribounit depends on the position of the journal center, the angle 
between the direct axis of a journal and a bearing, as well as on the macrogeometrical 
deviations of the surfaces of tribounits and their possible elastic displacements. 

We term the tribounit with a circular cylindrical journal and a bearing as a tribounit with a 
perfect geometry. In such a tribounit the clearance (film thickness) in any section is equal 
constant for the central shaft position in the bearing ( 1( , ) consth Zϕ∗ = ). Where 1,Zϕ  are 
circumferential and axial coordinates. 
For a tribounit with non-ideal geometry the function of the clearance isn’t equal constant 
( 1( , ) consth Zϕ∗ ≠ ). This function takes into account profiles deviations of the journal and the 
bearing from circular cylindrical forms as a result of wear, manufacturing errors or 
constructive profiling. 
If the tribounit geometry is distorted only in the axial direction, that is 1( ) consth Z∗ ≠ , we 
term it as a tribounit with non-ideal geometry in the axial direction, or a non-cylindrical 
tribounit. If the tribounit geometry is distorted only in the radial direction, that is  

( ) consth ϕ∗ ≠ ,  we term it as a tribounit with a non-ideal geometry in the radial direction or 
a non- radial tribounit (Prokopiev et al., 2010). 
For a non- radial tribounit the macro deviations of polar radiuses of the bearing and the 
journal from the radiuses 0ir  of base circles (shown dashed) are denoted by ( )1 ϕΔ , ( )2 ,tϕΔ . 
Values iΔ  don’t depend on the position z  and are considered positive (negative) if radiuses 

0ir  are increased (decreased). In this case, the geometry of the journal friction surfaces is 
arbitrary, the film thickness is defined as 

 ( ) ( ) ( )*, , cosh t h t eϕ ϕ ϕ δ= − − . (7) 

Where ( )* ,h tϕ  is the film thickness for the central position of the journal, when the 
displacement of mass centers of the journal in relation to the bearing equals zero ( ( ) 0e t = ). 
It is given by 

 ( ) ( ) ( )*
0 1 2, ,h t tϕ ϕ ϕ= Δ + Δ − Δ , ( )0 10 20r rΔ = − . (8) 

The function ( )*h ,tϕ  can be defined by a table of deviations ( ),i tϕΔ , analytically (functions 
of the second order) or approximated by series. 
 

 

Fig. 2. Scheme of a bearing with the central position of a journal 
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If a journal and a bearing have the elementary species of non-roundness (oval), their 

geometry is conveniently described by ellipses. For example, the oval bearing surface is 

represented as an ellipse (Fig. 2) and the journal surface is represented as a one-sided oval – 

a half-ellipse. 

Using the known formulas of analytic geometry, we represent the surfaces deflection iΔ  of 
a bearing and a journal from the radiuses of base surfaces 0i ir b=  in the following form 

 ( ) ( )
0,5

2 2 21 cos 1i i i i i ib ν ν ν ϕ ϑ
−⎧ ⎫⎡ ⎤Δ = − − − −⎨ ⎬⎣ ⎦⎩ ⎭

,  (9) 

where the parameter iν  is the ratio of high ia  to low ib  axis of the ellipse, iϑ  are angles 
which determine the initial positions of the ovals. 
Due to fixing of the polar axis 1 1O X  on the bearing, the angle 1ϑ  doesn’t depend on the 
time, and the angle 20ϑ , which determines the location of the major axis of the journal 
elliptic surface with 0t t= ,  is associated with a relative angular velocity 21ω  by the following 
relation 

 

0

2 20 21( )
t

t

t dtϑ ϑ ω= + ∫ . (10) 

In an one-sided oval of a journal equation (9) is applied in the field 

2 2( 2 ) (3 2 )π ϑ ϕ π ϑ+ ≤ ≤ + , but off it  2 0Δ = . 
If the macro deviations ( )1 ϕΔ , ( )2 2γΔ  of  journal and bearing radiuses ( )ir ϕ  from the base 
circles radiuses 0ir  are approximated by truncated Fourier series, then they can be 
represented as (Prokopiev et al., 2010): 

 ( ) ( )0 sini i i i ikψ τ τ ψ αΔ = + + , (11) 

where 1i =  for a bearing, 2i =  for a journal; ψ ϕ=  if 1i = , 2 1 2ψ γ ϕ ϑ ϑ= = + −  if 2i = ; 

( )2 21

0

t

t dtϑ ω= ∫ ; ik  is a harmonic number; iτ , iα  are the amplitude and phase of the k -th 

harmonic; 0iτ  is a permanent member of the Fourier series, which is defined by 

 ( )
2

0

0

1

2
i i d

π

τ ψ ϕ
π

= Δ∫ . (12) 

For elementary types of non-roundness (oval ( 2k = ); a cut with three ( )3k = or four ( )4k =  
vertices of the profile) 0 0iτ = . 
The thickness of the lubricant film, which is limited by a bearing and a journal having 
elementary types of non-roundness, after substituting (12) in (7), is given by 

 ( ) ( ) ( ) ( )0 1 1 1 2 2 2 2, sin sin cosh t k k eϕ τ ϕ α τ γ α ϕ δ= Δ + + − + − − . (13) 

For tribounits with geometry deviations from the basic cylindrical surfaces in the axial 

direction the film thickness at the central position of the journal in an arbitrary cross-section 

1Z  is written by the expression 
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 ( ) ( )1 0 1 1 2 1( )h Z Z Z∗ = Δ + Δ − Δ . (14) 

Where ( )1i ZΔ , 1,2i =  are the deviations of generating lines of bearing surfaces and the 
journal surfaces from the line (positive deviation is in the direction of increasing radius). 
Then, taking into account the expressions (8) and (14) we can write the general formula for a 
lubricant film thickness with the central position of the journal in the bearings with non-
ideal geometry as 

 ( ) ( ) ( ) ( )1 0 1 2 1 1 2 1( , , ) ,h Z t t Z Zϕ ϕ ϕ∗ = Δ + Δ − Δ + Δ − Δ . (15) 

A barreling, a saddle and a taper are the typical macro deviations of a journal and a bearing 
from a cylindrical shape (Fig. 3). 
 

 

Fig. 3. Types of non-cylindrical journals 

The non-cylindrical shapes of the bearing and the journal in the axial direction are defined 
by the maximum deviations 1δ  and 2δ  of a profile from the ideal cylindrical profile and are 
described by the corresponding approximating curve. Then the film thickness at the central 
position of the journal (Prokopiev et al., 2010) is given by 

 1 2*
1 0 1 1 2 1( ) l lh Z k Z k Z= Δ + + , (16) 
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where ik  defines the deviation of the approximating curve per unit  of the width of the 
bearing, the degree of the parabola is accepted: 1il =  for the conical journals; 2il =  for 
barrel and saddle journals. 
For the circular cylindrical bearing for 0iΔ =  the film thickness is determined by the well-
known formula: 

 ( ) ( ), 1 cosh tϕ χ ϕ δ= − − . (17) 

For the circular cylindrical journal its rotation axis is parallel to the axis 1 1O Z . In practice, 
the axis of the journal may be not parallel to the axis of the bearing, so there is a so-called 
"skewness". These deviations may be as due to technological factors (the inaccuracy of 
manufacturing during the production and repair) as to working conditions (wear, bending 
of shafts, etc.). 
Position of the journal, which is regarded as a rigid body, in this case you can specify by two 
coordinates ,e δ  of the journal center 2O  and by three angles ( γ , ε , 2θ ). Angle γ  is 
skewness of journal axis; ε  is the deviation angle of skewness plane from the base 
coordinate plane; 2θ  is the rotation angle of the journal on its own axis 2 2O Z . 
When journal axis is skewed the film thickness at a random cross-section 1iZ of the bearing 
depends on the eccentricity ie  and the angle iδ  for this cross-section 
 

 *
1 1( , , ) ( , ) cos( )i i i ih Z t h Z eϕ ϕ ϕ δ= − − , (18) 

 

where *
1( , )ih Zϕ  is the film thickness with the central journal position in i -th cross -section. 

We term the tg 2 /s Bγ = , where s  is the distance between the geometric centers of the 
journal and the bearing at the ends of the tribounit; B  is the width of the tribounit. The 
expression for the lubricant film thickness, taking into account the skewness, is written in 
the form 

 *
1 1 1

2
( , , ) ( , ) cos( ) cos( )

s
h Z t h Z e Z

B
ϕ ϕ ϕ δ ϕ ε= − − − ⋅ − . (19) 

 

It should be also taken into account that the bearing surfaces are deformed under the action 
of hydrodynamic pressures. The value ( )pΔ  is the radial elastic displacement of the bearing 
sliding surface under the action of hydrodynamic pressure p  in the lubricant film. Function 

( )pΔ  is defined in the process of calculating of the bearing strain (for a "hard" bearing 
( ) 0)pΔ =  and is written in the form of a component in the equation for the lubricant film 

thickness. 
Thus, the film thickness, taking into account the arbitrary geometry of friction surfaces of a 
journal and a bearing, the skewness of the journal and elastic displacements of the bearing, 
is determined by the equation: 
 

 ( )*
1 1 1( , , ) ( , ) cos( ) 2 cos( )h Z t h Z e Z s B pϕ ϕ ϕ δ ϕ ε= − − − ⋅ ⋅ − + Δ  (20) 

 

where *
1( , )h Zϕ  is the film thickness with the central position of the journal in the bearing 

with non-ideal geometry; ( )e t  is displacement of journal mass centers in relation to the 
bearing;  ( )tε - an angle that takes into account the skewness of axes of a bearing and a 
journal . The values ( ) ( ) ( ), ,e t t tδ ε  are determined by solving the equations of motion. 
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2.3 The calculation of thermal processes 

The theory of thermal processes in the heavy-loaded tribounit of fluid friction is based on a 

generalized equation of energy (heat transmission) for a thin film of viscous incompressible 

fluid, which is between two moving surfaces 1S  and 2S . If we assume a low thermal 

conductivity in the direction of the coordinate axes Oxz  (the axis Oy  is normal to the 

surface 1S ) (Fig. 1), the temperature distribution ( , , , )T x y z t  in the lubricating film will  be 

described by the equation (Prokopiev&Karavayev, 2003) 
 

 
2

0 0 0 2x y z

T T T T T
c c V V V ǲ

t x y z y
ρ ρ λ

⎛ ⎞∂ ∂ ∂ ∂ ∂
+ + + − =⎜ ⎟

∂ ∂ ∂ ∂ ∂⎝ ⎠
. (21) 

 

Where ρ  is density; 0 0,  c λ  are specific heat capacity and thermal conductivity of lubricant 

(usually taken as constant); t  is the time; ǲ  is the dissipation function, which is defined for 

non-Newtonian fluid by the approximate expression 
 

 *
2ǲ Iμ≈ . (22) 

 

The three approaches to the integration of the equation (21) (thermohydrodynamic 

(nonisothermal), adiabatic, isothermal) can be used, depending on the assumptions which 
are used about the temperature distribution in a thin lubricating film.  

When thermohydrodynamic approach is applied the temperature will change in all 

directions, including across the oil film. In this case, the boundary conditions are stated 

quite simply and are the most adequate to the real thermal processes. With this approach, 

we get information about the local properties of the temperature field of lubricating film: a 

temperature distribution ( , , , )T x y z t ; maximum temperature maxT , instantaneous average 

temperature ( )avT t ;  zones of elevated temperatures. 

If adiabatic approach is applied the change of the temperature across the oil film (along the 

axis Oy ) is ignored, the journal and the bearing are assumed ideal thermal insulators. We 

introduce a computational averaged over the width of the bearing temperature 

( )* * ,T T x t= . We substitute it into the equation (21) and receive a differential equation for 

the temperature distribution along the coordinate x . Since in this case the heat transfer to 

the journal and the bearing is not taken into account, the calculated temperatures are too 

high. It reduces the accuracy of the results. 

The isothermal approach assumes that the calculated current temperature ( )c cT T t=  is the 

same at all points of the lubricant film. This temperature is a highly inertial parameter and it 

is determined by solving the heat balance equation 
 

 ( ) ( )* *
N QA t A t= . (23) 

This equation reflects the equality of the average values of the heat *
NA , which is dissipated 

in the lubricating film, and the average values of the heat *
QA , which is drained by lubricant 

into the ends of the tribounit during the loading cycle.  
The accurate definition of the current temperature can be performed: at each time step of the 

calculation; once per a cycle of loading the tribounit, at each time step of the calculation 
taking into account the thermal interaction between the lubricant film with a journal, with a 
bearing and a lubrication groove. 
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2.4 The equations of heavy-loaded bearing dynamics 

To study the dynamics of bearings of liquid friction the motion of the journal on the 

lubricant film in the bearing is usually considered (Fig. 4). In the coordinates space OXYZ 

the movement of the journal, which rotates with the relative angular velocity and the 

angular acceleration, taking into account the axle skewness of a journal and a bearing, is 

described by approximate differential equations 

 ( ) ( ) ( ),mU t F t R U U= +$$ # # $# . (24) 

Where m#  is the matrix of inertia of the journal: { } { }, , , , ,ii X Y Zm m m m J J J=# , , , ,X Y Zm J J J  are 

mass and moments of inertia of the journal, 0ij im ≠ =# , 1,...,6i = , 1,...,6j = ; 
 

 

Fig. 4. Scheme of a heavy-loaded bearing with arbitrary geometry of the lubricant film 

( ) { }, , , , ,X Y ZU t X Y Z γ γ γ=  is the vector of generalized coordinates of the journal centre; 

( ) { }, , , , ,X Y Z X Y ZF t F F F M M M=#  is the vector of known loads on the journal, presented by the 

power F  with its projections , ,X Y ZF F F  on the axes of the coordinate system OXYZ  and a 

moment of forces M  with its projections , ,X Y ZM M M ; ( ) { }, , , , , ,X Y Z X Y ZR U U R R R= Μ Μ Μ# $  

is the vector of loads due to the hydrodynamic pressure in the lubricant film. The time 

derivatives are denoted by points. The forces of friction and weight, as well as gyroscopic 

moments of the rotating journal are considerably less than other loads, so they aren’t taken 

into account in the equations of motion. 

For the dynamics of radial bearings of ICE the level of loads F  acting on the journal is 
higher than its own inertial forces. The system of equations of motion (24) in this case is 
rewritten as 

 ( ) ( , ) 0F t R U U+ =# # $ . (25) 
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Projections of linear and angular positions and velocities and loads , , ,F M R Μ  onto the axis 
OZ  are excluded from the employed vectors.  
In the case of planar motion of a journal on the lubricant film the solution to the problem of 
the dynamics of the radial bearings can be obtained more easily. The skewness of axes of a 
journal and a bearing are neglected:  

 0X Y Z X Y ZM M Mγ γ γ= = = = = = ,  0X Y ZΜ =Μ =Μ =# # # . (26) 

The vectors of coordinates, velocities and loads include only their projections on the axes 
,OX OY . 

The solution of the systems of equations of motion (24) or (25) can be found only 
numerically, because the loads, which are caused by the hydrodynamic pressure, are 
determined by the repeated numerical solution of the differential equations by Elrod (1) or 
by Reynolds (4). If we discretize the system of equations of motion over time, then the 
decision when passing to the next time step can be obtained by using the explicit or implicit 
method of calculation. In an explicit scheme the unknowns are the pressure and the 
coordinates of the journal center, in an implicit scheme the unknowns are the pressure and 
the rate of position change of the journal. However, the implementation of explicit schemes 
of integrating the motion equations is sensitive to the accumulation of rounding errors. 
Therefore, implicit schemes for integrating the equations of motion over time are realized in 
several studies, which are dedicated to the dynamics of heavy-loaded tribounits. 

The most common methods for solving equations of motion of type (24) are: Newton's 
method, Runge-Kutta’s method with Merson’s modification, the modified method of linear 
acceleration (Wilson’s method), the method of non-central third-order differences (method 
by Habolt). To solve the system of the form (25) it is expedient to use special techniques, 
which are adapted to the systems of "stiff" differential equations (method based on the use 
of differentiation backward formulas (DBF) of the first- and second-order, method by 
Fowler, Wharton and others). The standard procedure for solving differential equations (25), 
which are unsolved relatively to derivatives, consists in the formal integration of the 
equations ( , )U f U t=$  and determining derivatives with the help of Newton method. 
When the character of applied loads is periodical the initial values of variables U  and their 
derivatives U$  can be set arbitrarily. With that the integration continues until the time when 
the values U  and U$ , which are separated by a period ct  of load changes, will not be 
repeated. 
Ability to use a particular method of integration depends on the type of a tribounit, the 
character of acting loads and the possibility to set an initial approximation for the successful 
solution of (24) or (25). Currently, universal methods for solving the dynamics of heavy-
loaded tribounits are not designed. The result of calculating the dynamics of heavy-loaded 
bearings is a trajectory of mass center of the journal, as well as hydro-mechanical 
characteristics of tribounits.  

The construction of the heavy-loaded tribounit is evaluated by parameters of the calculated 
trajectory and interconnected hydro-mechanical characteristics (HMCh). There is the lowest 
and average per cycle of loading values of: the lubricant film thickness mininf h , *

minh , μm; 
the hydrodynamic pressure in the lubricant film maxsup p , *

maxp , MPa; the unit load maxf , 
*

maxf , MPa; the relative total length of the regions 
допhα , where the values of minh  less than 

allowable values допh , %; the relative total length of the regions 
допpα , where the values of 

maxp  greater than allowable values допp , %; mean-value losses due to friction * ,N W, the 
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leakage of lubrication in the bearing ends * 3,Q м s  and temperature of the lubricant film 
,T Cc . 

3. Lubrication with non-Newtonian and multiphase fluids 

The development of technology is inextricably linked with the improvement of lubricants, 
which today remain an important factor that ensures the reliability of machines. Currently, 
for lubrication of tribounits of ICE multigrade oils are widely used, rheological behavior of 
which does not comply with the law of Newton-Stokes equations on a linear relationship 
between shear stress and shear rate (Whilkinson, 1964): 

 τ μ γ= ⋅ $  , (27) 

where τ  – shear stress; μ  – dynamic viscosity, which is a function of temperature T  and 
pressure p  (Newtonian viscosity); γ$  – shear rate, 2Iγ =$ ; 2I  – second invariant of shear 
rate ( ) ( )2 2

2 x zI V y V y≈ ∂ ∂ + ∂ ∂ , , ,x y zV V V  – velocity component of the elementary volume 
lubrication, which is located between the two surfaces.  
Particularly, the viscosity depends not only on the temperature and pressure, but also on the 
shear rate in a thin lubricating film separating the surfaces of friction pairs. These oils are 
called non-Newtonian. 
Theoretical studies of the dynamics of friction pairs, which take into account non-
Newtonian behavior of lubricant, are based on the modification of the equations for 
determining the field of hydrodynamic pressures by using different rheological models. One 
classification of a rheological model is shown in Fig. 5. 
In general, non-Newtonian behavior includes any anomalies observed in the flow of fluid. 
In particular, the presence of viscous polymer additives in oils leads to a change in their 
properties. Oils with additives can be characterized as structurally viscous and viscoelastic 
Viscoelastic fluids are those exhibiting both elastic recovery of form and viscous flow. There 
are various models of viscoelastic fluids, among which the best known model is the 

Maxwell *

t

ττ λ μ γ∂
+ =

∂
$ . Here λ  – relaxation time, characterizing the delay of shear stress 

changes in respect to changes of shear rates; *( , , )Т pμ γ$  – dynamic viscosity (non-Newtonian 

viscosity). In this case, the liquid is called the Maxwell (Maxwell viscoelastic liquid). 
 

 

Fig. 5. Classification of rheological models of lubricating fluids 
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It is assumed that the viscoelastic properties of thickened oils have a positive impact on the 
operation of sliding bearings, help to increase the thickness of the lubricant film. Qualitative 
influence of viscoelastic properties (relaxation time) of the lubricant is reflected in Fig. 6.  
With the increase of the relaxation time of lubrication, the mean-value of the minimum 
lubricating film thickness and power loss due to friction increase. It is seen that the character 
of the dependence is the same, but the values are shifted back to the rotation angle of the 
crankshaft. 
 

 

Fig. 6. The dependence of the characteristics from the angle of rotation of crankshaft 

Structural-viscous oils have the ability to temporarily reduce the viscosity during the shear, 
so they are called "energy saving", because they help to reduce power losses due to friction 
in internal combustion engines and, consequently, fuel consumption (according to various 
estimates by 2-5%). 
The most well-known mathematical model describing the behavior of the structural-viscous 
oils, is a power law of Ostwald-Weyl, according to which the dependence of viscosity versus 
shear rate is defined as  (Whilkinson, 1964) 

 * 1nkμ γ −= $ . (28) 

Where k  – measure the fluid consistency; n  – index characterizing the degree of non-
Newtonian behavior.  

Gecim  suggested the dependence of viscosity on the second invariant of shear rate, which is 

based on the concept of the first ( )1 Tμ  and the second ( )2 Tμ  Newtonian viscosity, the 

parameter ( )cK T , characterizing the shear stability of lubricants (Gecim, 1990):  

 ( )* 2
1

1

c

c

K

K

μ γ
μ γ μ

μ γ
+ ⋅

=
+ ⋅

$$
$

. (29) 

The higher cK , the higher is the stability of the liquid with respect to the shift. At low shear 

viscosity value corresponds to the 1μ , with increasing shear rate the viscosity tends to 2μ  

(Fig. 7). Experimental studies have established that multigrade oils of the same viscosity 

grade of SAE may have different shear stability. 
The application of structural-viscous oils, along with a reduction of power losses to friction 
leads to a decrease in the lubricating film thickness, temperature and to the increase of 
lubrication flow rate. 
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Fig. 7. Fundamental character of the non-Newtonian oils viscosity  

Comparative results of the calculation of hydro-mechanical characteristics of the connecting 

rod bearing for the dependence of oil viscosity versus shear rate and without it are 

presented in Table. 1 and Fig. 8. 

All results were founded for connecting-rod bearing of engine type ЧН 13/15 (Co ltd. 

"ChTZ-URALTRAC") with follow parameters: rotating speed 219.91 c-1; length 0.033 m; 

journal radius 0.0475 m; radial clearance 51.5 μm. 

The results indicate that the application of structural-viscous oils leads to a reduction of 

power losses due to friction in the range 15-20%. Consumption of lubricant through the 

bearing increases, the mean-value of the temperature decreases by 2-3° C. However, there is 

a decrease in the minimum lubricating film thickness by an average of 14-20%. 

This fact confirms the view that the use of low-viscosity oil at high temperature and shear 

rate is justified only if it is allowed by the engine design, in particular, of crankshaft 

bearings. 

 

Hydromechanical 
characteristics 

*N , 
W 

T , 
º С 

*
BQ , 

l/s 

*
minh , 

μm 

maxsup p , 

MPa 
mininf h , 

μm 

*α , 
% 

Newtonian fluid 610,5 105,9 0,02345 4,416 280,3 1,93 0 

Structural-viscous 
liquid (28) 

518,4 102,6 0,02512 3,75 309,8 1,52 16,9 

Structural-viscous 
liquid (29) 

539,0 103,4 0,0246 3,789 307,8 1,66 11,9 

Table 1. The results of the calculation of HMCh of the connecting rod bearing  

In recent years, the oil, which has in its composition the so-called friction modifiers, for 

example, particles of molybdenum, is widespread. These additives are introduced into the 

base oil to improve its antiwear and extreme pressure properties to reduce friction and wear 

under semifluid and boundary lubrication regimes. 

Oils with such additives are called "micropolar". They represent a mixture of randomly 

oriented micro-particles (molecules), suspended in a viscous fluid and having its own rotary 

motion. 
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Fig. 8. The dependence of the hydromechanical characteristics from the rotation angle of 

crankshaft: 1) Newtonian fluid, and 2) the structural-viscous liquid (28) 

Micropolar fluid along with the viscosity μ  additionally characterized by two physical 
constants 1 ,μ ` . Parameter 1μ , called the coefficient of eddy viscosity, takes into account the 
resistance to micro-rotation of particles. Length parameter `  characterizes the size of 
microparticles or molecular lubricant. With the help of the coefficient 1μ  and the parameter 
`  you can calculate the so-called micropolar parameters 

 

1 2

1

12
N

μ
μ μ

⎛ ⎞
= ⎜ ⎟

+⎝ ⎠
, 0h

L =
`

, (30) 

where 0h  – characteristic film thickness.  
The presence of micro-particles in the lubricant leads to an increase in the resultant shear 
stress in the lubricating film. The calculations of heavy-loaded bearings using micropolar 
fluid theory suggest that this phenomenon significantly affects the HMCh of a bearing, in 
particular, leads to an increase of lubricating film thickness. The results of the calculation of 
the connecting rod bearing, taking into account the structural heterogeneity of lubricants 
(based on the model of micropolar fluids with the parameters 210, 0,5L N= = ) are reflected 
in Fig. 9 and Table. 2. 
 

Hydromechanical 
characteristics 

*N , 
W 

T , 
º С 

*
BQ , 

l/s 

*
minh , 

μm 

maxsup p , 

MPa 
mininf h , 

μm 

*α , 
% 

Newtonian fluid 610,5 105,9 0,02355 4,416 280,3 1,93 0 

Structurally 
heterogeneous 

fluid (30) 
727,4 110,6 0,0215 5,84 237,9 2,9 0 

Table 2. The results of the calculation of hydro-mechanical characteristics of the connecting 

rod bearing, taking into account the structural heterogeneity of lubrication 

It is obvious, that the results will prove valuable for practice, only in case of experimental 

determination of the value of the micropolarity parameters N and L. Further studies of the 

authors are focused on the experimental basis of these values for modern thickened oils. 
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The calculation of the structural heterogeneity of the lubricant is a very complicated 
mathematical problem, since it is necessary to take into account many factors: the speed and 
shape of particles, their distribution, elasticity, etc. 
 

 

Fig. 9. Dependence of the hydromechanical characteristics from the rotation angle of the 
crankshaft: 1 - Newtonian fluid; 2 - structurally heterogeneous fluid (30) 

Sometimes simplified dependence is used. For example it is assumed that the viscosity of 
suspensions depends on the concentration volume of solid particles, which may be the wear 
products, external contaminants or finely divided special additives. In this case, the 
viscosity of the lubricant is sufficiently well described by the Einstein formula: 

 *(1 )μ μ ξ ϕ= + ⋅ . (31) 

Where ξ  – shape factor of particles, for asymmetric particles 2,5ξ ≥ . 
Separate scientific problem is the availability of records in the lubricant gas component. 
Experimental studies have shown that the engine lubrication system always contains air 
dissolved in the form of gas bubbles. The proportion of bubbles in the total amount of oil 
may reach 30%. 
The viscosity of gassy oils can be calculated with a sufficient degree of accuracy with the 
help of the formula: 

 ( )* 1μ μ δ= − . (32) 

Where the coefficient Ǳ МV Vδ = is equal to the ratio of the volume fraction of gas ǱV  in the 
bubble mixture to the volume fraction of pure oil МV  at temperature T . 
When you select computer models you must take into account not only the working 
conditions, regime and geometric characteristics of tribounits under consideration, but also 
features of rheological behavior of used lubricants. 
At present, as a result of parallel and interdependent modifications of ICE and production 
technologies of motor oils, the most loaded sliding bearings of an engine work at the 
minimum design film thickness of about 1 micron in the steady state and less - at low 
frequencies of crankshaft rotation, that is with film thicknesses comparable to twice the 
height of surface roughness of tribounits. In this case the life of one and the same friction 
unit can vary in 3 ... 5 times when using different motor oils, and be by orders of magnitude 
greater than the resource when using other grease lubricants at the same bulk rheological 
properties. 
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Based on experimental and theoretical studies it can be argued that under changing 
conditions of friction a repeated change of mechanisms of friction and wear occurs, in which 
the key role is played by the change of rheological properties of lubricants, depending on 
the thickness of the film, the contact pressure, surface roughness and the individual 
properties of the lubricant. Thus, there is a need for the computational models depending on 
the rheological properties of lubricating oil on the factors related to the availability, quantity 
and structure of the antifriction and antiwear additives and lubricants interaction with the 
surfaces of the friction.      
One model describing the dependence of viscosity of lubricant on thickness is proved in 
(Mukhortov et al., 2010) and has the following form: 

 0 exp i
i S

h

h

l
μ μ μ

⎛ ⎞
= + −⎜ ⎟

⎝ ⎠
, (33) 

where lh – characteristic parameter having the dimension of length, which value is specific 
for each combination of lubricant and the solid surface; µS – parameter having the meaning 
of the conditional values of the viscosity at infinitely small distance from the bounding 
surface; μ0 - viscosity in entirety. 
The impact of the availability of a highly viscous boundary film on the friction surfaces on 
the HMCh of the rod bearing is illustrated in Fig.10 and Table. 3. 
In the hydrodynamic friction regime the presence of adsorption films leads to an increase in 
the minimum lubricating film thickness by 40-45%, the temperature at 6-7%, the maximum 
hydrodynamic pressure by 4-5%. 
 

Hydromechanical 
characteristics 

*N , 
W 

T , 
º С 

*
minh , 
μm 

maxsup p , 
MPa 

mininf h , 
μm 

numerical value 
610,5 1) 
681,2 2) 

105,9 
113,3 

4,416 
5,665 

280,3 
294,9 

1,93 
3,59 

1 - Newtonian fluid; 2 - taking into account the highly viscous boundary film. 

Table 3. The results of the calculation of hydro-mechanical characteristics of the connecting 
rod bearing in the light of high-viscosity boundary film lubrication 
 

 

Fig. 10. The dependence of the hydromechanical characteristics from the rotation angle of 
crankshaft: 1 - Newtonian fluid, 2 - with the boundary layer (33) 
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These models should be used in accordance with the terms of the friction pairs. In this case, 
the use of non-Newtonian models of lubricants does not exclude taking into account the 
dependence of oil viscosity on temperature and pressure in the lubricating film of friction 
pairs (Prokopiev V. et al., 2010):  

 ( ) ( )( )1 2 3expT C C T Cμ = ⋅ + , (34) 

where 1 2 3, ,C C C  – constants, which are the empirical characteristics of the lubricant. 
The coefficients iC are calculated using the formula following from the dependence (34): 

 

( ) ( )

( ) ( )

( ) ( )

( ) ( )

1 2
1 3 2 3 2 1

2 3
3

1 2
3 2 2 1

2 3

1
1 3 2 3

2 1
2 1

2 1 2 1

ln ln

;

ln ln

ln

;
exp

T T T T T T

C

T T T T

T C T C

C C
T T C T

μ μ
μ μ

μ μ
μ μ

μ
μ μ

⎡ ⎤⎛ ⎞⎛ ⎞
− − − −⎢ ⎥⎜ ⎟⎜ ⎟
⎢ ⎥⎝ ⎠ ⎝ ⎠⎣ ⎦=
⎡ ⎤⎛ ⎞⎛ ⎞

− − −⎢ ⎥⎜ ⎟⎜ ⎟
⎢ ⎥⎝ ⎠ ⎝ ⎠⎣ ⎦
⎛ ⎞

⋅ + ⋅ +⎜ ⎟
⎝ ⎠= =

−

; (35) 

To account for the dependence of viscosity on the hydrodynamic pressure the Barus formula 
is acceptable: 

 0
p

p eαμ μ ⋅= , (36) 

where 0μ – viscosity of the lubricant at atmospheric pressure;  p – hydrodynamic pressure 
in the lubricating film; α  – piezoelectric coefficient of viscosity, which depends on 
temperature and chemical composition of lubricants. 
On the base of a combination of models (28), (34) and (36) the authors propose to use a 

combined dependence of viscosity versus shear rate, pressure and temperature: 

 
( )( )1 2 3( )*

1
n C T CT pk e C eαμ γ − +⋅= ⋅ ⋅⋅ ⋅$ . (37) 

The effect of hydrodynamic pressure in the film of lubricant on the HMCh of the connecting 

rod bearing is reflected in the Table 4 and Fig. 11. 

 

Hydromechanical 
characteristics 

*N , 
W 

T , 
ºС 

*
BQ , 

l/s 

*
minh , 

μm 

maxsup p , 

MPa 
mininf h , 

μm 

numerical value 
610,5 1) 

670,4 2) 
105,9 
106,9 

0,02345 
0,02420 

4,416 
5,712 

280,3 
588,6 

1,930 
2,560 

1) - oil viscosity is independent of pressure, 2) - viscosity depends on pressure. 

Table 4. The results of the calculation of hydro-mechanical characteristics of the connecting 
rod bearing for the dependence of viscosity on pressure 

As seen from Table 4 and Figure 11, in the case of taking into account the effect of 
hydrodynamic pressure on the viscosity of the lubricant, all the values of HMCh of the 
bearing increase. In particular, the mean-power losses increase by 8-9%, the minimum film 
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thickness by 20-25%, the temperature by 1-2%. It is important to note that the instantaneous 
maximum hydrodynamic pressure is increased by 50-52%. 
 

 

Fig. 11. The hydromechanical characteristics: 1 - Newtonian fluid, 2 - viscosity depends on 
pressure  

Thus, accounting for one of the properties of the lubricant does not reflect the real process 
occurring in a thin lubricating film. Each of these properties of the lubricant and the 
dependence of viscosity on one of the parameters ( , , ,p T γ ϕ$ , etc.) either improves or 
worsens the hydro-mechanical characteristics of tribounits. Therefore, the choice of 
rheological models used to calculate heavy-loaded tribounits, depends on the type of 
working conditions of lubricant and tribounits, as well as on the objectives pursued by the 
design engineer. 
Further research should be focused on experimental substantiation of the parameters of 
rheological models, as well as the creation of calculation methods for assessing the 
simultaneous influence of various non-Newtonian properties of the lubricant on the 
dynamics of heavy loaded tribounits. This will provide simulation of real processes 
occurring in the lubricant film, and ultimately, will improve accuracy. 

4. Effect of elastic properties of the construction 

Elastohydrodynamic (EHD) regime of lubrication of bearings is characterized by a 
significant effect of dynamically changing strain of a bearing and (or) a journal on the 
clearance in the tribounit. Under unsteady loading the dynamic change in the geometry of 
the elements of tribounit caused by the finite stiffness of the bearing and the journal, leads to 
a change in the nature of the lubricant, hydromechanical parameters and supporting forces 
of tribounits and must be taken into account in the methods of its calculation. 
The effect of finite stiffness of a bearing and a journal on the change of the profile of the 
clearance depends on the geometry of the bearing, the ratio of properties which are in 
contact through the lubricating film surfaces and other factors. In massive bearings local 
contact deformation of the surface film of the bearing and the journal prevail over the 
general changes of form of the bearing and the latter are usually neglected. These tribounits 
are usually referred to as contact-hydrodynamic (elasto-hydrodynamic). Examples of such 
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units can be gears, frictionless (rolling) bearings, journal bearings with an elastic liner and 
rigid housing. For their calculations it is reasonable to use the methods of contact 
hydrodynamics (elasto-hydrodynamic lubrication theory). 
However, there is also a large group of hydrodynamic friction pairs in which the general 
corps deformations make a significant contribution to changing the profile of the clearance. 
They are characterized by the presence of a continuous gradient of the deformation field, 
which is independent of the load location, the significant (compared with the contact and 
hydrodynamic tribounits) values of lubricating film thickness and values of the displacement 
of the friction surfaces, caused by the bending deformation of the housing, which are 
commensurate with them. These tribounits are called elasto-yielding (EY TU) or elastohydro-
dynamic. The most typical representative of the EY TU is a connecting rod bearing of a 
crank mechanism (crank) of engine vehicles. The desire of engine designers to maximally 
reduce the weight of movable elements of a crank reduces the stiffness of the bearing (crank 
crosshead), which makes the mode of EHD lubrication working for the connecting rod 
bearings. The above features - comparable with the clearance of dynamically changing elastic 
displacements and a continuous gradient of deformations - prevent the direct application of 
methods of contact-hydrodynamic lubrication theory to the calculation of EY TU. 

A mathematical model of EY TU differs from the "absolutely rigid" units model by the 
dependence of the instantaneous value of the lubricating film thickness ( ), , ,h z t pϕ  on the 
elastic displacements of the friction surface of a bearing ( ), , ,W z t pϕ , which, in their turn, 
are determined by structural rigidity of the bearing and by the hydrodynamic pressure in 
the lubricating film p : ( ) ( ) ( ), , , , , , , ,righ z t p h z t W z t pφ φ φ= + . Where ( ), ,righ z tϕ  - film 
thickness in the "absolutely rigid" bearing. To determine it the expression (6) is used. Thus, 
the determination of pressures in the lubricating film and HMCh of EY TU is the related 
objective of the hydrodynamic lubrication theory and the theory of elasticity. 
Modeling of EY TU, compared with "absolutely rigid" bearings is supplemented by an 
elastic subproblem the purpose of which is to determine the strain state of the friction 
surface of a crank crosshead under the influence of complex loads. The method of solving 
the elastic subproblem is chosen according to the accepted approximating model of an EY 
bearing. In today's solutions for EY TU the compliance and stiffness matrix of the bearing is 
usually constructed using the FE method. 
The other side of modeling the elastic subsystem is adequate description of the entire 
complex of loads, causing the elastic deformation of the bearing housing and the conditions 
of fixing of FE model. One must consider not only the hydrodynamic pressure, but also the 
volume forces of rod inertia. 
The known methods of solving the elastohydrodynamic lubrication problem can be 
classified as follows: direct methods or methods of successive approximations, in which the 
solutions of the hydrodynamic and elastic subtasks are performed separately, with the 
subsequent jointing of the results in the direct iterative process; and system, oriented for the 
joint solution of equations of fluid flow and elastic deformation. 
In solving the problem of elastohydrodynamic lubrication of a bearing with the help of a 
direct iterative method, the hydrodynamic and elastic subproblems at each step of time 
discretization are solved sequentially in an iterative cycle. The main disadvantage of direct 
methods for the calculation of EHD is their slow convergence and the associated time-
consumption. These difficulties are partially overcome by carefully selected prediction 
scheme and a number of techniques that accelerate the convergence of the iterative process 
in the form of restrictions on movement, load and move calculation. 
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Among the systemic methods the Newton-Raphson method is considered one of the most 
sustainable and effective solutions for elastohydrodynamic problems. In the literature it is 
known as the Newton-Kantorovich method or Newton (MN). The algorithm for system 
solutions of elastohydrodynamic problem consists of three nested iteration loops: the inner - 
loop of implementation by the Newton method of simultaneous solution of hydrodynamic 
and elastic subproblems; the average - the cycle of calculation of the cavitation zone and the 
boundary conditions; external - the cycle of calculation of the trajectory of the journal center. 
Algorithm for the numerical realization of MN is based on the finite-difference or finite 
element discretization of the linearized system of equations of EHD problem (Oh&Genka 
1985; Bonneau 1995). 
The application of the theory of elastohydrodynamic lubrication allows to predict lower 
mean-value as of the minimum lubricating film thickness as of the maximum hydrodynamic 
pressure. Thus, for the rod bearing of an engine, these changes may reach 35 ... 40%. The 
values of the maximum hydrodynamic pressure generated in the lubricating film of a EY 
bearing, are also smaller than for the "absolutely rigid" one. Reduction of the maximum 
hydrodynamic pressure is accompanied by an increase in the size of the bearing area. This 
fact, together with some increase in the clearance caused by the elastic deformation of the 
bearing, increases the flow of lubricating fluid through the ends of the bearing. Although 
the pressure gradient, on which the end consumption directly depends, is reduced. The 
difference in the instantaneous values of the mechanical flow between "absolutely rigid" and 
EY TU reaches 30%. 
Calculation of the bearing, taking into account the elastohydrodynamic lubrication regime, 
not only improves the quality of design of friction units, but also clarifies the dynamic 
loading of mating parts such as the engine crank. 
Thermoelastichydrodynamic (TEHD) regime of lubrication of journal bearings – is the mode 
of journal bearings, which are characterized by the influence on the magnitude of the 
clearance in tribounit thermoelastic deformations of a bearing and a journal, commensurate 
with the contribution of the displacement of the force nature. 
Accounting for changes in the shape of thermoelastic friction surfaces of the journal and the 
bearing is possible in the case of inclusion in the resolution system of equations for the EY 
TU of energy equations and the relations of elasticity theory with the effects of temperature 
to determine the temperature fields and thermoelastic displacements caused by them. The 
sources of thermal fields can be either external to the tribounit, for example, a combustion 
chamber of an internal combustion engine for a connecting rod bearing, and internal - 
lubricating film, in which heat generating is essential for the calculation of TEHD lubrication 
regime. Thus, the most complete version to solve the problem of TEHD lubrication of 
tribounits requires the joint consideration of problems of heat distribution in the journal, the 
bearing and lubricating film. The task is complicated by the fact that journal and the bearing 
are some idealized concepts. In reality they are rather complex shape parts (crankshaft, 
connecting rod, crankcase, etc.). Therefore, the methods for solving problems of TEHD 
lubricants are usually based on the method of FE, allowing to solve problems for bodies of 
complex geometric shapes the easiest. 
Transient thermal fields are typical for a lubricating film of heavy-loaded bearings, which 
requires the simultaneous solution of equations of fluid dynamics, energy, and elasticity at 
each step of the calculation of trajectories. In this case, to solve all the subproblems the 
method of FE and schemes, similar to the systemic methods of solving the 
elastohydrodynamic lubrication problems, are used. 
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However, practically important solution of TEHD lubrication of a tribounits is obtained for 
the steady thermal state, which is justified by the high inertia of the thermal fields in 
comparison with the rapidly changing power impacts. For calculations of tribounits with 
TEHD lubrication regime, this approach allows the use of a simple iterative scheme to 
implement solutions using the method of FE once on the preliminary stage of calculating the 
EY TU with regard to thermal deformations. 
Nonautonomous journal bearings include bearings of multisupporting shafts of piston and 
rotary engines. Their distinctive feature consists in the interconnectedness of the processes 
occurring in various tribounits. A typical representative of nonautonomous heavy-loaded 
bearings is the root supports of the crankshaft of ICE. Main bearings of ICE are a part of a 
complex tribomechanical system, which also typically includes a crankshaft and a crankcase. 
Crankshaft journals are interconnected through a resilient connection - crankshaft ICE. 
Bushings of main bearings are installed in the holes of crankcase walls, and thus, main 
bearings are interconnected via a flexible design of the crankcase. Therefore, in the most 
general formulation to calculate the bearings it is necessary to solve a related EHD (or 
TEHD) problem for a system of "crankshaft - lubricating films - the crankcase”. An 
additional feature of this system is the dependence of the loads acting on the indigenous 
support on the elastic properties of the crankshaft and crankcase. 
In the first methods of calculation of non-autonomous main bearings of ICE a crankshaft 
model was used as the core spatial frame mounted on a linear-elastic mounts. The use of 
approximate methods for calculating the trajectories of main crankshaft journal bearings 
allowed to evaluate the influence of nonlinear properties of the lubricant film on the 
dynamics and the loading of the crankshaft. Simultaneously, we took into account the effect 
of necks (journals) deviation, as well as linear and bending stiffness of tribounits on the 
HMCh of main bearings (Zakharov, 1996a). However, to obtain the results significant 
estimates and approximate models of lubricating films of main bearings are used. 
Currently, for the calculation of bearings the development of computer technology allows to 
use the exact solution of the Reynolds (4) and Elrod (1) equation for the bearing of finite 
length, to carry out the assessments of the impact of the crankcase and crankshaft 
construction supports, and of misalignments of bearings and shaft journals on HMCh. To 
solve such problems it is advisable to use an iterative algorithm that requires consistent 
calculation of loads acting on each of the bearings of the shaft and the calculation of the 
trajectories of its journals in the bearings. 
Such calculations of the system of engine bearings allow to determine not only the optimal 
geometric parameters and position of sources for supplying lubricant to the main bearings, 
but also limiting in terms of supports performance tolerances concerning the position and 
shape of the friction surfaces of bearings and of the crankshaft journals. 
The application of modern methods of calculation of main bearings allows to specify the 
values of loads acting on the crankcase and crankshaft, and their strength characteristics. 
But the task of elastohydrodynamic lubrication for a system "crankshaft - lubricating films - 
the crankcase" in the most general setting is still not solved. 

5. Performance criteria 

The development of criteria for evaluating the performance of heavy-loaded hydrodynamic 
bearings of piston and rotary engines is an integral part of modern methods of calculation 
and design. At the same time, the reliability of methods themselves is largely dependent on 
the applied criteria (Zakharov, 1996b). Reliability of criteria is usually assessed on the base 
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of comparison of calculated results with those obtained experimentally or during operation. 
On the basis of experimental studies and modern methods of calculation the criteria of 
performance of hydrodynamic tribounits are developed: the smallest allowable film 
thickness perh , maximum allowable hydrodynamic pressure perp , minimum film thickness 
reduced to the diameter of the journal, the maximum unit load maxf . According to 
calculations of crankshaft engine bearings of several dimensions the maximum permissible 
loading parameters listed in the table 5 are obtained. 
Assessment of performance of bearings is also done according to the calculated value of the 
relative total lengths of areas per the cycle of loading 

perhα  and 
perpα , where the values of 

mininf h  are less, and maxsup p  are bigger than acceptable values. Experience has shown that 
these parameters should not exceed 20% (Fig. 12). 
 

Loading parameters 

Maximum 
specific 

load maxf , MPa 

Reduced to the diameter 
of the journal minimum 

film thickness,  

mμ/100 mm 

The largest 
hydrodynamic pressure 
in the lubricating film 

maxsup p , MPa 

Bearing Type 

Crank Main Crank Main Crank Main 

Antifriction material: 
SB - stalebronzovye inserts coated with lead bronze,  

SA - staleallyuminievye inserts coated aluminum alloy AMO 1-20 

Engine group 

SB SA SB SA SB SA SB SA SB SA SB SA 

Highly 
accelerated 

55 49 41 37 2,0 1,2 448 397 336 305 

Medium 
accelerated 

52 46 34 30,5 2,3 1,5 420 377 275 245 

Low 
accelerated 

45 39,5 31 27 2,5 1,9 367 326 255 225 

Table 5. Maximum permissible loading parameters of sliding bearings of a crankshaft of 
automotive internal combustion engines 

 

 

Fig. 12. The dependence of the hydromechanical characteristics on the rotation angle of 
crankshaft 
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6. Conclusion 

Thus, the methodology of calculating the dynamics and HMCh of heavy-loaded tribounits 
lubricated by structurally heterogeneous and non-Newtonian fluids, consists of three 
interrelated tasks: defining the field of hydrodynamic pressures in a thin lubricating film 
that separates the friction surfaces of a journal and a bearing with an arbitrary law of their 
relative motion; calculation of the trajectory of the center of the journal; the calculation of the 
temperature of the lubricating film.  
Mathematical models used in the calculation must reflect the nature of the live load, 
lubricant properties, geometry and elastic properties of a construction. The choice of models 
is built on the working conditions of tribounits in general and the properties of the lubricant. 
This will allow on the early stages of the design of tribounits to evaluate their bearing 
capacity, thermal stress and longevity. 
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