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Some Thermodynamic Problems
in Continuum Mechanics

Zhen-Bang Kuang
Shanghai Jiaotong University, Shanghai
China

1. Introduction

Classical thermodynamics discusses the thermodynamic system, its surroundings and their
common boundary. It is concerned with the state of thermodynamic systems at equilibrium,
using macroscopic, empirical properties directly measurable in the laboratory (Wang, 1955;
Yunus, Michael and Boles, 2011). Classical thermodynamics model exchanges of energy,
work and heat based on the laws of thermodynamics. The first law of thermodynamics is a
principle of conservation of energy and defines a specific internal energy which is a state
function of the system. The second law of thermodynamics is a principle to explain the
irreversibile phenomenon in nature. The entropy of an isolated non-equilibrium system will
tend to increase over time, approaching a maximum value at equilibrium. Thermodynamic
laws are generally valid and can be applied to systems about which only knows the balance
of energy and matter transfer. The thermodynamic state of the system can be described by a
number of state variables. In continuum mechanics state variables usually are pressure p,
volume V, stress &, strain ¢, electric field strength E, electric displacement D, magnetic
induction density B, magnetic field strength H , temperature T, entropy per volume s,
chemical potential per volume pand concentration c respectively. Conjugated variable
pairs are (p,V),(e,¢),(E,D),(H,B),(T,S),(n,c) . There is a convenient and useful combination
system in continuum mechanics: variables V,¢, E, H, T, are used as independent variables
and variables p,6,D,B,S,c are used as dependent variables. In this chapter we only use
these conjugated variable pairs, and it is easy to extend to other conjugated variable pairs. In
the later discussion we only use the following thermodynamic state functions: the internal
energy 4 and the electro-magneto-chemical Gibbs free energy g, (¢,E,H,T,un) per
volume in an electro-magneto-elastic material. They are taken as

dis(e,D,B,sc)=c:de+E-dD+ H-dB+Tds+ udc; o¢:de=o0;de;

1)
dg,, (¢,E,H,T,u)=d(%L—-E-D-H-B-Ts—uc)=0:de-D-dE —B-dH —sdT —cd u

Other thermodynamic state functions and their applications can be seen in many literatures
(Kuang, 2007, 2008a, 2008b, 2009a, 2009b, 2010, 2011a, 2011b). For the case without chemical
potential g, =g, is the electromagnetic Gibbs free energy. For the case without
electromagnetic field g,, =g, is the Gibbs free energy with chemical potential. For the case
without chemical potential and electromagnetic field g,, =g is the Helmholtz free energy.
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2 Thermodynamics - Kinetics of Dynamic Systems

In this chapter two new problems in the continuum thermodynamics will be discussed. The
first is that in traditional continuum thermodynamics including the non-equilibrium theory
the dynamic effect of the temperature is not fully considered. When the temperature T is
varied, the extra heat or entropy should be input from the environment. When ¢ is varied,
the extra chemical potential p is also needed. So the general inertial entropy theory (Kuang,
2009b, 2010) is introduced into the continuum thermodynamics. The temperature and
diffusion waves etc. with finite phase velocity can easily be obtained from this theory. The
second is that usually we consider the first law only as a conservation law of different kinds
of energies, but we found that it is also containing a physical variational principle, which
gives a true process for all possible process satisfying the natural constrained conditions
(Kuang, 2007, 2008a, 2008b, 2009a 2011a, 2011b). Introducing the physical variational
principle the governing equations in continuum mechanics and the general Maxwell stress
and other theories can naturally be obtained. When write down the energy expression, we
get the physical variational principle immediately and do not need to seek the variational
functional as that in the usual mathematical methods. The successes of applications of these
theories in continuum mechanics are indirectly prove their rationality, but the experimental
proof is needed in the further.

2. Inertial entropy theory

2.1 Basic theory in linear thermoelastic material

In this section we discuss the linear thermoelastic material without chemical reaction, so in
Eq. (1) the term —-D-dE - B-dH —cdu is omitted. It is also noted that in this section the
general Maxwell stress is not considered. The classical thermodynamics discusses the
equilibrium system, but when extend it to continuum mechanics we need discuss a dynamic
system which is slightly deviated from the equilibrium state. In previous literatures one
point is not attentive that the variation of temperature should be supplied extra heat from
the environment. Similar to the inertial force in continuum mechanics we modify the
thermodynamic entropy equation by adding a term containing an inertial heat or the inertial
entropy (Kuang, 2009b), i.e.

Ts +TsW =i —q, ;=i —(Tr),;, 89 =pT, s =pT=py(C/Ty)T
§=5 480, §0 4@ — T g p=gT )
TsO=Ts - Ts=Ts + T - + Try; , =1 T; 20; $V =T, /T

where s is called the reversible inertial entropy corresponding to the inertial heat; p, is
called the inertial entropy coefficient, p,, is also a constant having the dimension of the time;
sis the entropy saved in the system, s and 3 are the reversible and irreversible parts of
the s, T5 is the absorbed heat rate of the system from the environment, T5") = p.TT is the
inertial heat rate and % is proportional to the acceleration of the temperature; r is the
external heat source strength, ¢ is the heat flow vector per interface area supplied by the
environment, # is the entropy displacement vector, # is the entropy flow vector. Comparing
Eq. (2) with the classical entropy equation it is found that in Eq. (2) we use T$ +T5 to
instead of Ts in the classical theory. In Eq. (2) sis still a state function because s s
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Some Thermodynamic Problems in Continuum Mechanics 3

reversible. As in classical theory the dissipative energy /' and its Legendre transformation or
“the complement dissipative energy” h are respectively

W=difdt= TsV=-Tu, h=-Tq+ (Tm) = nT; ©)
Using the theory of the usual irreversible thermodynamics (Groet, 1952; Gyarmati, 1970; Jou,
Casas-Vzquez, Lebon, 2001; Kuang, 2002) from Eq. (3) we get

=n(T;), or  =-AT'T; Ty

7 \ AN
Tj=-AjTn; ==Aijq;,  Aij =4

! @

where M\ is the usual heat conductive coefficient. Eq. (4) is just the Fourier’s law.

2.2 Temperature wave in linear thermoelastic material

The temperature wave from heat pulses at low temperature propagates with a finite
velocity. So many generalized thermoelastic and thermopiezoelectric theories were
proposed to allow a finite velocity for the propagation of a thermal wave. The main
generalized theories are: Lord —Shulman theory (1967), Green—Lindsay theory (1972) and
the inertial entropy theory (Kuang, 2009b).

In the Lord —Shulman theory the following Maxwell-Cattaneo heat conductive formula for
an isotropic material was used to replace the Fourier’s law, but the classical entropy
equation is kept, i.e. they used

qi +70q; =—AT;, TS =7—gq;; (5)

where 7, is a material parameter with the dimension of time. After linearization and
neglecting many small terms they got the following temperature wave and motion
equations for an isotropic material:

AT i = C(T + 7o) +[ 2G(1+v)/(1-2v) |aTy (¢ + 70é

[G/(1-2v) Ju; ;i + Gu; j; —[ 2G(1+v)/(1-2v)]aT; = pii; ©)

where C is the specific heat, a is the thermal expansion coefficient, G and v are the shear
modulus and Poisson’s ratio respectively. From Eq. (5) we can get

Ts — Tng = j’T,ii + (1’ + Toi")

From above equation it is difficult to consider that s is a state function.

The Green—Lindsay theory with two relaxation times was based on modifying the
Clausius-Duhemin inequality and the energy equation; In their theory they used a new
temperature function ¢(T,T) to replace the usual temperature T . They used

[,3aV [ (r/#)AV +[ (3;/#)nda=0, $=@(T,T), T=¢(T,0)
g="1U-¢s, g= Q(Trngij)

www.intechopen.com



4 Thermodynamics - Kinetics of Dynamic Systems

After linearization and neglecting small terms, finally they get (here we take the form in
small deformation for an isotropic material)
AT =C(T+71)+ 7Ty, oy i +pf; = pii;

. (8)
(71] = |:2GV/(1 — 2V):| gkkél] + ZGEZ] — ]/(0 + Tlg)

where 7, 7; and y are material constants.

Now we discuss the inertial entropy theory (Kuang, 2009b). The Helmholtz free energy g
and the complement dissipative energy h assumed in the form

9 (en,H= (1/2)Cijk15ji51k - aijgijlg - (1/2T0 )CSZ
Sh = —[ [ (% /T)S/idr)}&S{j, 9=T-T, (9a)
Cijkl =C jikl = Cijlk = Cklij ;r

ij = Ajis /Iij :/1]‘1'

where Tj is the reference (or the environment) temperature, C;3;,¢;; are material constants.

In Eq. (9a) it is assumed that s =0 when T =Ty or 9=0.Itis obvious that T ; =3 ]-,T =9.
The constitutive (or state) and evolution equations are

O'i]' = 69/881] = Cijklgkl —aij19, S= —69/&9 = aijgij +CL9/TO

10)
t _ (
n; =0ohjo9; = —.[O(Aij /T)l9, e, Trij=q;=-29,
Using Eq. (10), Eq. (9a) can be rewritten as
g= (1/2)Cijklgjiglk + g(T), g(T) = —(1/2)519 - (1/2)(11]81]19 (9b)

where g(T) is the energy containing the effect of the to temperature.
Substituting the entropy s and T7; in Eq. (10) and s in (2) into Ts +Ts® =7 —(T5,); in
Eq. (2) we get

T(aye; +C3/Ty) +pTd=i+(49; ),i (11)

When material coefficients are all constants from (11) we get

pT4+CTI /Ty - 29

iV, ji =7 - al]Té‘l] (123)

Eq. (12a) is a temperature wave equation with finite phase velocity. For an isotropic elastic
material and the variation of the temperature is not large, from Eq. (12a) we get

(Cc/ TO)( P + 9) ~(YT)9; =#/T -aéy; or

L (12b)
219,1'1' = C(pgol_g + 19) + aTOéii -7

Comparing the temperature wave equation Eq. (12b) with the Lord —Shulman theory (Eq.

(6)) it is found that in Eq. (12b) a term 7,&;; is lacked (in different notations),but with that in
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Some Thermodynamic Problems in Continuum Mechanics 5

the Green— Lindsay theory (Eq. (8)) is similar (in different notations). For the purely thermal
conductive problem three theories are fully the same in mathematical form.
The momentum equation is

i+ fi = pil; (13)

where f is the body force per volume, p is the density. Substituting the stress ¢ in Eq.
(10) into (13) we get

(Cijklgkl - aijlg) it fi = pii;, or  pi; = Ciquy i — a8 + f; (14)

Comparing the elastic wave equation Eq. (14) with the Green—Lindsay theory (Eq. (8)) it is
found that in Eq. (14) a term yr;§; is lacked (in different notations), but with the
Lord —Shulman theory (Eq. (6)) is similar (in different notations).

2.3 Temperature wave in linear thermo - viscoelastic material

In the pyroelectric problem (without viscous effect) through numerical calculations Yuan
and Kuang (2008, 2010) pointed out that the term containing the inertial entropy
attenuates the temperature wave, but enhances the elastic wave. For a given material there
is a definite value of p),, when p, > p; the amplitude of the elastic wave will
be increased with time. For BaTio; pj, is about 10™s. In the Lord—Shulman theory
critical value 7gis about 107%s. In order to substantially eliminate the increasing effect of
the amplitude of the elastic wave the viscoelastic effect is considered as shown in this
section.

Using the irreversible thermodynamics (Groet, 1952; Kuang, 1999, 2002) we can assume

g= (1/2)Cijklgjiglk — aijgl-j&’ — (1/2TO )C192

O'l(]r) = Gg/(?gl] = Cijklgkl - ai]w9, s= —89/&9 = aijgl-j +C9 / TO
Lo s s t
oh= ﬂijklgjié‘glk + 77]519’] = ﬂijklgjié‘glk - l:J.O(ﬂl]/T)tglldT)}é‘ng, (15)

i . . t .
O'lgl) = ah/agl] = ﬂijklgkl’ 77i = 5h/819,l = _J‘O(ﬂl]/T)lgz]dT’ T?]l = qi = _/1ij'9,j
(1) 4 o)
1

ojj =0y’ + 0y’ = Ciey + Bijnén — a8

Y Y
where al-(jy) and al(jl) are the reversible and irreversible parts of the stress o;;, &; =de; / dt.
Comparing Egs. (9) and (10) with (15) it is found that only a term f;;¢;;0¢y, is added to the
rate of the complement dissipative energy in Eq. (15) . Substituting the entropy s and T7; in
Eq. (15) and s in (2)into TS + T5® = - (T1;) ; in Eq. (2) we still get the same equation (12).
Substituting the stress ¢ in Eq. (15) into (13) we get

(Cijklgkl + Binén — aij‘g) ;T fi = pii;, or  pil; =Cyquy i + Bt 1y — @38 ; + f; (16)
In one dimensional problem for the isotropic material from Eq. (15) we have

oc=Ye+pi-a9, s=as+CY/T, 17)
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6 Thermodynamics - Kinetics of Dynamic Systems

where Y is the elastic modulus, £ is a viscose coefficient, « is the temperature coefficient.
When there is no body force and body heat source, Egs. (12) and (16) are reduced to

C(pspd+9)— A9 +aTyi' =0
pii—Yu" - pu"+a¥ =0

(18)

where ¢ =0¢/0t,¢'=0¢p/dx for any function ¢. For a plane wave propagating along
direction x we assume

u=Uexpli(kx—at)], 0=0exp|i(kx-ot)] (19)
where U,® are the amplitudes of u and & respectively, k is the wave number and o is

the circular frequency. Substituting Eq. (19) into (18) we obtain

[(Y —ifw)k? —paﬂu +iak® =0
(20)
aTykall + [/1k2 ~C(pge® + m)ﬂ ©=0

In order to have nontrivial solutions for U,® , the coefficient determinant of Eq. (20) should
be vanished:

(Y ~ifw)k* - pa® iak |ak? - po®  iak

o ) , = R =0 (21a)
aTpko Ak —C(psoa) +1a)) aTokeo  Ak®-Cb

where

a=Y-ifo=rye’", ry=vaa=\Y*+p%", sindy=-po/ry

| (21b)
b= poo* +io = rTeIHT , rp= Jbb = o po0* +1,  sinfp = ofrT
From Eq. (21) we get
Aak* — (Cab + ﬂupao2 + iazTOa)) K + pa)sz =0
k= ! [(Crer ei0T+/1pco2 e_wy+ia2Toa)e_igy) (22)
2/17"1/

1/21/2
i0r 2 -6y . 2 -6y 2 .2 i(HT—Hy)
T\ |Cryrre ' =Apow e T +ia " Tywe +4ia"Tywryrre

where the symbol “+” is applied to the wave number k; of the temperature wave and the
symbol “ —"” is applied to the wave number of the viscoelastic wave ky . If the temperature
wave does not couple with the elastic wave, then « is equal to zero. In this case we have

_1 . _: . 3
k :\/(Zﬂry) {(CrTryeleT + Apw’e lgy)i(CrTryelﬁr — Apa’e O )}

kY = ,p/]’ye_igy/z/ kT = ,'CVT/leiHT/Z

(23)
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Some Thermodynamic Problems in Continuum Mechanics 7

Because -6y >0 dueto >0 and 6; >0 due to p,y >0, a pure viscoelastic wave or a pure
temperature waves is attenuated. The pure elastic wave does not attenuate due to f=0.

For the general case in Eq. (22) a coupling term ia*Tywk? is appeared. It is known that

i0 4 . 4
Im(Crere T_Apwte Y +ia*Tywe Y)

i0 -i60 . -if
‘Im(Crere T Apwte Y +ia Tywe y)>

It means that Imky >0 or the temperature wave is always an attenuated wave. If

: . . 2
Im{(CVerelgT—lpa)ze_leyﬂazTOwe_ng) +4ia*Tyoryrre i(0r-0y )}
(24)

. . N2
i0 -if0 . -if0
<Im(CrYrTe T Apwte Y +ia Tywe Y)

we get Imky >0 or in this case the elastic wave is an attenuated wave, otherwise is
enhanced.

Introducing the viscoelastic effect in the elastic wave as shown in this section can
substantially eliminate the increasing effect of the amplitude of the elastic wave with time.

2.4 Temperature wave in thermo-electromagneto-elastic material

In this section we discuss the linear thermo-electromagneto-elastic material without
chemical reaction and viscous effect, so the electromagnetic Gibbs free energy g, in Eq. (1)
should keep the temperature variable. The electromagnetic Gibbs free energy g, and the
complement dissipative energy h, in this case are assumed respectively in the following
form

t (25)
Sh, =~([, (4/T)8:d7)8 ; (=n;68;), $=T-T,
Ci = Cji = Cijie = Crair eliij = eliji/ E=CIk~ elrgj = ekmjif Mg = Hyer Q4 =i
where ej;;, €7 egjj, iy, 7j are material constants. The constitutive equations are
O—ij = Cijklgkl —eiijEk - engk i 19 D —E E. +€l]k€ ik T z9
B; = pH j+ejje +7/'9, s=aye; +iEi +7)'H; +C8 / Ty (26)
t :
7; = 0h, /09, =~ Io(lij JT)8 dr, Tri; =q; =439,
Similar to derivations in sections 2.2 and 2.3 it is easy to get the governing equations:
T(aye; +ofE; +2"H; +C3 / TO) +p T =i+ (295) (27)
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8 Thermodynamics - Kinetics of Dynamic Systems

(Ciazia = ey = el - “z’j‘g) + f; = pi;,
28)
(Eij Ej+ezij8kl ’ 2'519) i = Pes (’ullH +ekl]‘gkl +7; 19) =0

where p, is the density of the electric charge. The boundary conditions are omitted here.

2.5 Thermal diffusion wave in linear thermoelastic material
The Gibbs equation of the classical thermodynamics with the thermal diffusion is:

Tézf—qi,i—i-,udi,i, T.S'-F,Llé:i’—qi/i:f’—(Tﬁi)li, d..=—C

- e N (29)
UW=0:e+Ts+uc, g,=0:¢-sT—cp

where uis the chemical potential, d is the flow vector of the diffusing mass, c¢ is the
concentration. In discussion of the thermal diffusion problem we can also use the free
energy g, =0:£€—sT+ u¢ (Kuang, 2010), but here it is omitted. Using relations

T =(T qz) FT72q Ty, Ty =(T7 ) —dy(T70)
From Eq. (29) (Kuang, 2010) we get:

5=50 450, T =5 T (q/T - udy/T), (30)
B0 =TT =T - & =0, gy =(/T),, &=T4,

where Tél") is the irreversible heat rate. According to the linear irreversible thermodynamics
the irreversible forces are proportional to the irreversible flow (Kuang, 2010; Gyarmati, 1970;
De Groet, 1952), we can write the evolution equations in the following form

Pl
where D is the diffusing coefficients and L; is the coupling coefficients. The linear

irreversible thermodynamics can only give the general form of the evolution equation, the
concrete exact formula should be given by experimental results. Considering the
experimental facts and the simplicity of the requirement for the variational formula, when
the variation of T is not too large, Eq. (31a) can also be approximated by

T8O ~ =T gjy - 1,62 0; & =d,
T" Z_E(T)T _L(T),Ul, fi :_Dij(T) ,Ll,l' _Lij (T)'T,l (31b>

T;=—J;(T)T; —Ly(T)&, w;=-Dy(T)é& ~Ly(T)Tr;

Especially the coefficients 4;,L;;,D;; ,/11] ,Ll] ,D in Eq. (31b) can all be considered as
symmetric constants which are adopted in followmg sections. Eq. (31) is the extension of the
Fourier’s law and Fick’s law.

Eq. (29) shows that in the equation of the heat flow the role of T$is somewhat equivalent to

uc . So analogous to the inertial entropy s we can also introduce the inertial
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Some Thermodynamic Problems in Continuum Mechanics 9

concentration ¢” and introduce a general inertial entropy theory of the thermal diffusion
problem. Eq. (29) in the general inertial entropy theory is changed to (Kuang, 2010)

T(5+8@ )+ p(c+e®)=i =g, =7 =(T;) ; e+el =—d;,

1,1
32

s(”)—jts'(@d @) _ 57, D [fr@gr @, 62
=, T, s/ =psl; ¢ —J‘OC T, ¢ =pU

where p, is the inertial concentration coefficient. Applying the irreversible thermodynamics
we can get the Gibbs free energy ¢, and the complement dissipative energy 1, as

1 1 5, 1 5
9y (gklﬂgfﬂ):ECijklgjiglk_aij‘?ij‘g_fcg —Eb# —bjg;iu—aud

0
5h;z :_T,ié‘nz H, 551 +5( 1771)4‘5(# é:l) 77]5'9,] +§]§/J,] (33&)

=—59,]-j (AT 79, + LT ) e - 5y]j (L + Dy )dr

where a,b,bij are also material constants. The constitutive and evolution equations are:

oij =09, /0¢;j = Cyjaen — a9 — by,
s=-0g,/09=aje; +C3 /Ty +au, c=-0g,[0u=bu+b;e;+ad (34)

n; =oh,, /03, :—Io(ﬂijT_13,j+L,-jT‘ w iz, & =oh, Jou, :—j (L9 + Dyu ; ir

Using Eq. (34) g, in Eq. (33a) can also be rewritten as

9u (€3 1) = (1/2) z]klgjiglk+gg)7 g)(u (1/2)(53+cy+a €3+ b; gl],u) (33b)

where gg) is the energy containing the effects of temperature and concentration.

Substituting Eq. (34) into Eq. (32) we get
T(aljé'l] +C8 / TO -+ ﬂ/,l). + Tpslg

+ pa(bpe+ by + ad) +,up519—?‘+(;tl]z9]+Ll],u]) (35)

In medium

(by+b & +a3) +pit =L 3 +Djit i

If we neglect the term in second order ud;; in Eq. (29), i.e. we take Ts=7—¢; ; and assume

that T; andpu; are not dependent each other, ie. in Eq. (31b) we assume

-4 T_lT],§Z =-Djju ;, then for 7 =0, Eq. (35) becomes

T (et j+C3/ Ty +aju+ p8) = 49,
bﬂ + bijul‘,]' + au9 + pC/J = Dl]lu,]l’ In medium

(36)
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10 Thermodynamics - Kinetics of Dynamic Systems

The formulas in literatures analogous to Eq. (34) can be found, such as in Sherief, Hamza,
and Saleh’s paper (2004), where they used the Maxwell-Cattaneo formula.
The momentum equation is

(Cijkluk,l —a;9—b;p ) ;T fi = pii; (37)

The above theory is easy extended to more complex materials.

3. Physical variational principle

3.1 General theory

Usually it is considered that the first law of thermodynamics is only a principle of the
energy conservation. But we found that the first law of thermodynamics is also a physical
variational principle (Kuang, 2007, 2008a, 2008b, 2009a 2011a, 2011b). Therefore the first law
of the classical thermodynamics includes two aspects: energy conservation law and physical
variational principle:

Classical Energy conservation: IV d22dV -dW -dQ=0
(38)
Classical physical variational principle: o011 = IV odV —oW -6Q =0

where 7/ is the internal energy per volume, W is the work applied on the body by the
environment, Q is the heat supplied by the environment . According to Gibbs theory when
the process is only slightly deviated from the equilibrium state dQ can be substituted by
IV TdsdV . In practice we prefer to use the free energy g¢:

g=1-Ts, dg=d1L—sdT —Tds
Energy Principle: IV dgdV —dW* - IV sdTdV =0 (39)

Physical Variational Principle: 17 = [ 5gdV ~6W" - | s5TdV =0

Here the physical variational principle is considered to be one of the fundamental physical
law, which can be used to derive governing equations in continuum mechanics and other
fields. We can also give it a simple explanation that the true displacement is one kind of the
virtual displacement and obviously it satisfies the variational principle. Other virtual
displacements cannot satisfy this variational principle, otherwise the first law is not
objective. The physical variational principle is different to the usual mathematical
variational method which is based on the known physical facts. In many problems the
variation of a variable ¢ different with displacement #, should be divided into local
variation and migratory variation, i.e. the variation 6¢ = 5,4+05,¢ , where the local variation
o4p of ¢ is the variation duo to the change of ¢ itself and the migratory variation 6,4 of
¢ is the variation of change of ¢ due to virtual displacements. In Egs. (38) and (39) the new
force produced by the migratory variation &,4 will enter the virtual work SW or SW™ as
the same as the external mechanical force. But in the following sections we shall modify Eq.
(39) or (38) to deal with this problem. The physical variational principle is inseparable with
energy conservation law, so when the expressions of energies are given we get physical
variational principle immediately. We need not to seek the variational functional as that in
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Some Thermodynamic Problems in Continuum Mechanics 11

usual mathematical methods. In the following sections we show how to derive the
governing equations with the general Maxwell stress of some kind of materials by using the
physical variational principle. From this physical variational principle all of the governing
equations in the continuum mechanics and physics can be carried out and this fact can be
considered as the indirect evidence of the physical variational principle.

3.2 Physical variational principle in thermo-elasticity

In the thermo-elasticity it is usually considered that only the thermal process is irreversible,
but the elastic process is reversible. So the free energy ¢ and the complement dissipative
energy can be assumed as that in Eq. (9). The corresponding constitutive and evolution
equations are expressed in Eq. (10). As shown in section 3.1, the variation of the virtual
temperature 4 is divided into local variation J49 due to the variation of ¢ itself and the

migratory variation 6,¢ dueto ou:

59=0549+65,9, 5,9=396u (40)

In previous paper (Kuang, 2011a) we showed that the migratory variation of virtual electric
and magnetic potentials will produce the Maxwell stress in electromagnetic media, which is
also shown in section 3.4 of this paper. Similarly the migratory variation 0,9 will also
produce the general Maxwell stress which is an external temperature stress. The effective
general Maxwell stress can be obtained by the energy principle as that in electromagnetic media.
Under assumptions that the virtual mechanical displacement # and the virtual temperature
& (or T) satisfy their own boundary conditions u; =u;,$=9¢" on a,and a; respectively.
The physical variational principle using the free energy in the inertial entropy theory for the
thermo-elasticity can be expressed as:

517T_j (g+th+j Doy ,dV —5Q" =W =0
5Q" =~ j (#/T)59dzdV - | j V59dzdV + j 7"69drda+ [ j p359drdV  (41)

SW = jv( i — piiy )Su dV + jad T} Suyda

where f,,T; and 7" =7/n; are the given mechanical body force, surface traction and
surface entropy flow respectlvely Eq. (41) is an alternative form of Eq. (39). In Eq. (41) the
term —J. sWs9d —J. n;0T;dr is the complement dissipative heat rate per volume
correspondlng to the inner complement dissipation energy rate oh. The entropy s
includes the contribution of J. s"s9dr . The fact that the complement dlss1pat10n energy
rate Jvéth in o/7; and the internal irreversible complement heat rate —J I s0s59dzdv
in Q" are simultaneously included in Eq. (41) allows us to get the temperature wave
equation and the boundary condition of the heat flow from the variational principle. In
Eq. (41) there are two kinds of variational formulas. The first is
J. 0gdV +I g( )5uk dV —6W , in which the integrands contain variables themselves. The
second is 5th 5Q", in which the integrands contain the time derivatives of variables,
so it needs integrate with time t. This is the common feature of the irreversible process
because in the irreversible process the integral is dependent to the integral path.

www.intechopen.com



12 Thermodynamics - Kinetics of Dynamic Systems

It is noted that

—J. al]n]é'u da — jv oy, joudV —J. s09dV

[ 08w dv =~(172)[ (s+aye;) 96u, ,dV (42)

=~(12)] (s +ayey) Imouav +(1/2)f [ (s +ayey)9] oudv

jv ShdV =— L( jo AT 9 m;d7)59da + jv[ jo (4T7'9,) ;dr169dV
Finishing the variational calculation, we have

T )ou,da

5HI Gijij

~ . b *
- -[V (O'l],] + fl — PU; )51/[1(1‘/ - ja [.[OT 12,1‘]‘19/1‘7’1]‘(1’[ +n ]519(161 (43)

t (i b
- jv{s+ jo[—T P (4T3, -s0]de)sgdV - jv J-OpSSdrdV}&S*dV:O
Gi=oy+oi, of =—(12)(s+aye;)95; ~—(1/2)s95;

where o1 is the effective or equivalent general Maxwell stress which is the external equal

axial normal temperature stress. This general Maxwell stress is first introduced and its
rationality should be proved by experiments. Obviously ¢’ can be neglected for the case of
the small strain and small change of temperature. In Eq. (43) it is seen that 69 =643+ 6,9 is
appeared in a whole. Using

“T(4T79), T80 = Try;  =TsO= Ty, 40T, = (Try;) =4,

and the arbitrariness of ou; and 69, from Eq. (43) we get

5—ij,].+ﬁ:pﬁl.,- T(s+ps )_r q; i in medium (44)

Gum =Ty, on ay; 7 ==T A8, fim; =1, or q,=q,, ona,
Here V -6" is the external temperature body force and -6 is the surface traction.

The above variational principle requests prior that displacements and the temperature

satisfy the boundary conditions, so in governing equations the following equations should
also be added

u=u", ona,; 4= (rT=T"), onar (45)
Egs. (44) and (45) are the governing equations of the thermo-elasticity derived from the

physical variational principle.

3.3 Physical variational principle in thermo-diffusion theory
The electro-chemical Gibbs free energy ¢, and the complement dissipative energy 5, are
expressed in Eq. (33) and the constitutive and evolution equations are expressed in Eq. (34).
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Under assumptions that the mechanical displacement u, the temperature ¢ and the
chemical potential y satisfy their own boundary conditions u=u", 9=9"and u=4" on
a, ,arand a, respectively. When the variation of temperature is not large the physical
variational principle for the thermo-elasto-diffusive problem is

51, = [ ,8(g, +1,)aV + [ gl)ow dV - 5Q° - 50" —5W =0
5Q* = IUT rdrjéSdV+j 5,9dV+j n*59da
+j jT (T + p2,;¢;)59drdV - J.J.T_l,u.f;lnc?Sdrda (46)
S j 5udV+j E*Suda
SW = [ (fi = pii)SudV + La Ty Suyda

In Egs. (46) f,, Ty MW =n'n;, and & =E&'n; are given values. In Eq. (46) Q" is related to heat

(including the heat produced by the irreversible process in the material), §&" is related to
the diffusion energy. Eq. (46) shows that there is no term in JV Sh,dV corresponding to the

term —J.uJ.OtT_lyfn&S?dea, so it should not be included in Q" and

JV j; T_l,u,ié’i&&d dV — J-a J.; T_l,ufinié‘gd rda = _-[V J.(: T_lyfi,ié‘ﬁd dV .

It is noted that we have the following relations

jv 59,4V =j oy Su;da - j oy joudV - j s69dV — j coudV

J.Vgg)5uk,kdvz—(1/2)_|‘ (&9+cu+a &9+ b; gl]y)éuk dV
—(1/2)I (s.9+c,u+a £:9+Db; gl],u)nk&tkdv (47)

+(1/2)I (s.9+c,u+a £:9+b; gl],u) SudV
Shy, ==[. {519,1. jg(zijrlri + LT )+ o, j (LT, + Dyu )dr}dV

The further derivation is fully similar to that in the thermo-elasticity. Combining Eqs. (46)
and (47) we get

511, = Ia(, (&5m; =T )Suda~ [ (65,1 + fi = pily)ou,dV = [ 5594V = [ coudV
—ja{agnjj (AT 7T+ LT~ ,uz)dr+5,un].[ (Ll]TZ+Dl],uz)dr}da
+jv{5,9j (/1 T, + LT ﬂz) dr+5yj (LZ]TZ+DZ];11) dr}dV (48)
+f, U T rdrjéSdV j V59dV - j DoudV

~ | n"o9da- jﬂd £'ouda-| J'O(T‘lT,iﬁi ey )&9drdv =0
q
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where

Gj=oy+opt, oft =—(1)2)(s9+cu+azed+byeiu); ~—(1/2)(s9+cu)  (49)

Due to the arbitrariness of ou, 58 and ou , from Eq. (48) we get

G + fi = piiy, in medium; &yny =T, ona, (50)

and

[ [(s+p8)deav =] [T (i-q,,+ué, JedV
t ¢+ p.jt)drdV =— t/j ArdV  In medium
Jolo(ex okt Joloéi

(51)
= _T_ (/Il]Tl + Lz]:uz) 77] i= 77*/ or qn=q; on aq
5 (Ll]Tl +D1]yl) 5]'”]' =&, or d=d ona,
where T~ (/ll]Tl +L1],Uz) =T ( 1 — e 1) -1 (‘7]‘,]‘ + ,ufl-/i) has been used.
The first two formulas in Eq. (51) can be rewritten as
T(s+p9)=i—q;  +ué; ;; ¢+pji=—E; .
(s+p9)=7—g;+ 1, c jij 52)

T(s’ +p51§)+y(c’ +pefl) =7 ~q; ;; Inmedium

The last equation in Eq. (52) is just the same as that in Eq. (32).
The above variational principle requests prior that the u,$ and u satisfy their own

boundary conditions, so in governing equations the following equations should also be
added

u=u", ong,; 9=9°, onap; u=u", ona, (53)

Eqgs. (49)-(53) are the governing equations of the generalized thermodiffusion theory.
If we neglect the term y(c’+c'(“?) in Eq. (32), or T(s’+s'(”)):i’—qi,i is adopted, then we
easily get
T(s'+psz§)=i*—q]-,j, C+ p.ii 5]], In medium
77]”] = 77*/ or qn=qn on a, (54)
gmj=¢", or d,=d, onaganda,
If we also assume that T; and 4 ; are not dependent each other, then for 7 =0, the Eq. (54)
becomes Eq. (36), i.e.

T(eit; j+C8 [ Ty +aji+ p8) = 48, 55
b,u + bi]'ui,j + 1119 + pC,U = Dl]/l’], In medium
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3.4 Physical variational principle in electro-magneto-elastic analysis

In this section we discuss the nonlinear electro-magneto-elastic media. Here we extend the
theory in previous paper (Kuang, 2011) to the material with the electromagnetic body
couple. Because the asymmetric part of the stress is introduced by the electromagnetic body
couple, the specific electromagnetic Gibbs free energy g,,, is taken as

Yem (€rEx, Hy) (1/2) 1]klgjiglk_(elecijEk + elrngk)gij _(1/2)(61']' EiE; +:uz'jHiHj)

-(1/ 2)(11]sz E;+lij,H; )5k1 ~ (€ EnErt it HyuH, ) £ (56a)
(Cijklfliejklflijkl) 5 (Cjikl'ljiklf jikl) = (Cijlkfliejlk/ zrﬁk) = (Cklij'llilij/llrcylzij)' eiij = eiﬁz eZEj = 8752

where lz]kl and lz]kl are the electrostrictive and megnetostrictive constants respectively; e
and x may be asymmetric. The corresponding constitutive equations are

Okt = 09em /011 = Cijasij — €k — € = (1/2) liwEiE; — (1/2) ljjgH; H
~ €km EmEl - :ukamHl

(57)
Dy = =09,y | OF; = [Ekl Hiagi + (€ Emct Emi 8ml):|El +e) & ~ey

m m m m
By = =00 /0H) = [:Ukl +Lj iy + (amlgmk + Akl )J Hy+e &~ pgH,

Let ¢° and ¢” be the symmetric and asymmetric parts of ¢ respectively, we have

o =(1/2)(on +on) = Cijueji — ejuE; —(1/2) i EE; - ejuH ; —(1/2) i H;H
~(Y2)(€xm Er+ € Ex ) Epy = (1/2) (st Hy + /ulmHk)H

ot =(1/2)(on —ow) ==(1/2)(€xn Er= € Ex)En —(1/2) (b H = ty H)H,, - (58)

D(E; - DiEy, = BiE; = PiEy ~ (€ Ei— €1 Ex )y

ByH; - BiHy = uy (MyH; = MiHy ) = (4t Hy = 1, Hy ) H,,
where D=c) E+ P,B= yy(H + M)have been used, P and M are the polarization density
and magnetization density, €yand g, are the dielectric constant and magnetic permeability
in vacuum respectively. The terms containing ¢ in D and B in Eq. (58) have been
neglected. In the usual electromagnetic theory the electromagnetic body couple is
Px E+ugM x H . From Eq. (58) it is seen that 207 +(DE; — D;E; )+ (ByH; - BH,)=0 or the
electromagnetic body couple is balanced by the moment produced by the asymmetric

stresses.
Using Eq. (57), Eq. (56a) can be reduced to

m = (1/2)C1]klgﬂglk + gem, gem = _(1/2)(DkEk + Bka + Aklglk) ~ _(1/2)(DkEk + Bka)

e m e m
A = B + e = =€ m — k¥ m

(56b)

Because the value of the term 4 :¢ is much less than that of other terms, it can be neglected.
In the nonlinear electro-magneto-elastic analysis the medium and its environment should be
considered together as shown in Fig. 1 (Kuang, 2011a, 2011b), because the electromagnetic

eno

field exists in all space. Under the assumption that u,¢,y,u?,p"", "’ satisfy their
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Boundary of environment I Interface
\

Environment II

Electromagnetic
medium

Environment

Boundary of medium

Fig. 1. Electromagnetic medium and its environment

env _env _env
a

boundary conditions on their own boundaries a,,4,,4a,,4a," ,a, ,a4,  and the continuity

conditions on the interface a™ . The Physical variational principle in the nonlinear electro-
magneto-elastic analysis is

O = OT1, + 81, — SW* ™ =0
Oy = [ 0geudV + | 97" 5u; ;dV - SW*

My = [ Ogi AV + [ g™ " Sul AV — SW

VE‘VIZ)

SW* = [ (fi - pil)ouwdV - [ p.0pdV +| Towda-[ o'dpda+| Bindyda (59
a, a, a,

SWHn = L'mt T ™ Su,da— Li“* o ™ Spda + Lim B ™n,0p " da
U

gar?, g  SW are similar and omited here

where the superscript “env” means the variable in environment, “int” means the variable on
the interface, fk,Tk*,o-*,Bn* =z Bi*”z‘/' Tk*e””,o-*em’,BH*E”U;T]:i”f,O-*i”t,Bn*i”t are the given values
on the corresponding surfaces. Eq. (59) is an alternative form of Eq. (39) and the
electromagnetic force is directly enclosed in the formula (Kuang, 2008a, 2009a).

As shown in previous paper (Kuang, 2011a, 2011b) and in section 3.1 the variations of
o,w,E,H will be distinguished into local and migratory variations, i.e.

S(e.w Ei . H)=6,, £ (0w E.H)+6,(e.v E, H;)
3, (gp,t//)z(gp,w),p Su,, :_(EP’HP)&‘P (60)

6, (Ei Hi)==8,(o.w) ; = ‘(‘/’/'//),ip ouy, = (Ep,i’HP,i)5uP = (Ei,p'Hi,P)Ei,PMP

Noting that in Eq. (59) we have
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j 5gede+I 9" Sy (dV = j 00z dV — j D,SE;dV — j B,SH,dV
~(1/2) [, (DiEx +BeHy ) Su; 1V = j | o = (1/2)(DyEx + ByHy )5 |njouda
-, [ o~ (1/2)(DiE +Bka)5ij} wdV + [ Dindypda—[ Dy 16,0dV
j DiE, jdu, dV+j Bn;,, yda - j B; 6, wdV - j BH, ;6u,dV

So A1 in Eq. (59) is reduced to

SIT, = ST + ST

SIT} = J.ag(akjnj ~ T} )Suda+ |, oygn;Suyda
~[ (o4 + fic = piig)sudV = [ (D;: = p,)S,0dV + LD(Dini +0")8,pda
+[ W DiniSypda- [ B; 5, pdV + jﬂﬂ (B~ B )6, wda+ [, Bns,wda (61)

ST =(1/2) j (D + B ) iSpda +(1/2) j ot (D, + B Sy da
~(1/2) j ( i@+ Bl ) Su,dV - j DiE, ;6u,dV — j P.E,Su,dV
- o'Eyou,da-| BH, ou,dV + j Bin;H,ou,da

env
ap

where o611; is the part of J7I; due to the local variations of u,@,y ; 811 is the part of
o11; due to the migratory variations of ¢,y . Substituting the following identity

~[, DiE,, i6u,dV = [ p.E,5u,dV - jﬂD o E,duyda— [ BH, ou,dV

+ jﬂﬂ Bin;H ,51,da = LD (Dyn; +0")S,pda+ [ DS, pda+ [ (DE, |ndu,da

- [.(DE, ) SuydV = [ (Dy; = p.)5,pdV + jaﬂ (B; — B} )6, prda ¢
+[ o BmSyda+ [ (BH, niou,da- '[V(Bin),i Su,dV ~ [ B, :5,pdV

into 517} in Eq. (61) we get

oIl = _J.V(Di,i - 0,)0,pdV + LD (Din; + 0 )8, pda + .[ai“‘ Dn;5,pda
~[ B dwdV+ j (B; B )mis,wda-+ [, Bind,pa (63)

+ J. af,\(/lnié'ukda + J.
aO'

int
a

ai],\(/lnié'ukda - IV O'i],\{/fié'ukdv

M is the Maxwell stress:

where o
al-],\f =D,E, + B;H, —(1/2)(DnEn + Ban)él-k (64)

Substituting Eq. (63) into Eq. (61) we get
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5171 = J.u (5‘i]-ni — T]*)6M]dﬂ + .[ai"t &ijniSUjdﬂ — J.V (&ij,i + f] — pu])5u]dV
+ LD (D;,i +0")dpda + J‘aim Din;épda - .[v (Di,i = pe)opdV
+[ (Bi-B)mopda+ |, Bnsyda-[ B sydV (65)

~ M
Gy =0y + oy =Cyney — ek —eigH; — (1/2) lEyEE; —(1/2) i HH;
_(1/2)(DmEm + BmHm)é‘kl
where ¢ is the pseudo total stress (Jiang and Kuang, 2004), which is not the true stress
in electromagnetic media. From the expression of & it is known that ¢ is symmetric

though ¢ and ¢™ are asymmetric. Due to the arbitrariness of Su;,8p and Sy , from Eq.
(65) we get

Gjk,j+ fi = pPik, Djj=p., Bi;i=0, inV

* * *
KM =T,, ona,; Dmn;,=-c, onap; (B-—B-)ni:0, ona, (66)
olly —.[ G;in;ou; da+.|. Dn; 5(pda+J‘ Bin;owda
For the environment we have the similar formula:
ETIU enov __ enov:-env enov __ eno _ . eno
l]Z + j =p uj , Di,i =P s Bi,i —O, mV
..,l;n’(]nfl’l'l) _T*CVZZJ, on aenv; Dgnvnl_env — _O_*env, on ag’l’l), Benvnlgznv — Bi*envnienv’ on ai[nv
(67)
5172 _J‘ 5_5110 lenvé‘uenvda +I Denv en05¢envda+J' Benv enz;&//envda
~env env M env
Ojk =O0j 0

Using 1, =—n", u; =ul™, =™,y =y and &1, + 81, =6W* ™ on the boundary
surface we get

(G _ Genv)ni - T]jkint’ (Di _Dienv)ni:_a*int, (Bi _Bienv)ni _ Bi*imnif on aint (68)

The above variational principle requests prior that the displacements, the electric potential
and the magnetic potential satisfy their own boundary conditions and the continuity
conditions on the interface, so the following equations should also be added to governing
equations

* * *
u;=u;, ona,; @=¢ , ona,, Y=y , ona

(7 u

env __ _ *enov 67’1'0 env __ _*env ., env , env __, *env enov
up o =upo, oona,; @t =@ ona, ; yol =y T, ond, (69)

env enov enov int

w=u", o=9", y=y"; ona

Egs. (66) —(69) are the governing equations. It is obvious that the above physical variational
principle is easy to extend to other materials.
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3.5 Materials with static magnetoelectric coupling effect
In this section we discuss the electro-magneto-elastic media with static magnetoelectric
coupling effect shortly. For these materials the constitutive equations are

Oy = Cijkl‘c"ij - e;klEj - 6?]1(11_1]' - (1/2)ZZkZEZE] - (1/2)111;;(1H1H]
~ €km EmEl - /UkamHl - ﬂkamEl _:BkmEmHl

D _ le E e H (70)
k =| € Hinci + (€t St Epi Em) |1+ €] &5 + BH

m m m th
By = [/“kl +Ljsij + z(am’g’”k Gkl )}HZ ey &+ Puky

where f; = f;; is the static magnetoelectric coupling coefficient. The electromagnetic body
couple is still balanced by the asymmetric stress, i.e.

D\E; — DiEy+ByH; — BiH = | (€1, Ej— €3y Ex ) Epy + (g Hy — 1, Hy ) H,y, |
+|:(ﬂkmEl _ﬂlmEk)Hm +(13ka1 _/BlmHk)Esz_zo-I?l

In this case though the constitutive equations are changed, but the electromagnetic Gibbs
free energy g, in Eq. (56b), governing equations (66) — (69) and the Maxwell stress (64) are
still tenable.

4. Conclusions

In this chapter some advances of thermodynamics in continuum mechanics are introduced.
We advocate that the first law of the thermodynamics includes two contents: one is the
energy conservation and the other is the physical variational principle which is substantially
the momentum equation. For the conservative system the complete governing equations can
be obtained by using this theory and the classical thermodynamics. For the non-
conservative system the complete governing equations can also be obtained by using this
theory and the irreversible thermodynamics when the system is only slightly deviated from
the equilibrium state. Because the physical variational principle is tensely connected with
the energy conservation law, so we write down the energy expressions, we get the physical
variational principle immediately and do not need to seek the variational functional as that
in usual mathematical methods.

In this chapter we also advocate that the accelerative variation of temperature needs extra
heat and propose the general inertial entropy theory. From this theory the temperature
wave and the diffusion wave with finite propagation velocities are easily obtained. It is
found that the coupling effect in elastic and temperature waves attenuates the temperature
wave, but enhances the elastic wave. So the theory with two parameters by introducing the
viscous effect in this problem may be more appropriate.

Some explanation examples for the physical variational principle and the inertial entropy
theory are also introduced in this chapter, which may indirectly prove the rationality of
these theories. These theories should still be proved by experiments.
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