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Optimization of the Dynamic Behaviour of
Complex Structures Based on

a Multimodal Strategy

Sébastien Besset and Louis Jézéquel

École Centrale de Lyon
France

1. Introduction

The use of a modal approach to describe a structure from the standpoint of optimizing its
dynamic behavior offers multiple advantages. Once modal matrices have been computed,
optimization criteria can be readily defined. Both the dynamic amplification phenomena and
dynamic coupling between substructures can then be described using just a small number
of degrees of freedom. Furthermore, it becomes possible to link the criteria to the modal
parameters used in the systemic procedure. In this chapter, we will propose optimization
criteria based on a multimodal description of complex structures.
The modal synthesis technique presented herein is based on the double and triple-modal
synthesis proposed by Besset & Jézéquel (2008a;d), as well as on classical component
mode synthesis methods like those developed by Craig & Bampton (1968) or Hurty (1965).
According to these modal synthesis techniques, many boundary degrees of freedom are
capable of remaining; in such cases, numerical costs will also remain high. In order to avoid
a high-cost situation, we are proposing generalized modal synthesis methods that operate by
introducing generalized boundary coordinates in order to describe substructure connections:
this procedure is called a “double modal synthesis”.
In addition, we are proposing another procedure to analyze structures coupled with fluid.
This second procedure will then be called “triple modal synthesis”. The first modal synthesis
is classical; it consists of representing the interior points of the fluid by acoustic modes. When
considering a formulation in force, the pressure on boundary points is set equal to zero. Using
a formulation in displacement, cavity modes are introduced, generating a correspondence
to the free modes of a structure. The second modal synthesis consists of describing the
boundary forces between the fluid and each substructure through use of a set of loaded modes.
Lastly, the third modal synthesis consists of describing the boundary forces between each
substructure by introducing another set of loaded modes.
Complex structures often include hollow parts and stiffeners, both of which require very
accurate analysis in order to obtain satisfactory results. In this chapter, the term “hollow
parts” will denote the formed steel and stiffeners that make up the skeleton of a structure. In
complex structures such as automobiles, stiffeners and formed steel parts, which compose the
skeleton of the structure, these parts are most responsible for overall structural behavior. To
analyze these elements, the method used is the one proposed in Besset & Jezequel (2008b).
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This study will focus on the acoustic parts of the coupled system using acoustic modes
and based on a “triple modal synthesis method”, which relies on a coupling formulation
previously investigated by Morand & Ohayon (1995) and Ohayon (2001; 2003). An example
of the modal analysis of a coupled system can be found in Sandberg et al. (2001). A modal
analysis of the structure will yield modal mass and stiffness matrices, which can then be used
to obtain effective modal parameters and in turn lead to criteria that allow optimizing the
structure. These criteria will depend on the pressure values at points located in the acoustic
parts of the system, e.g. inside a car, as a function of an excitation point located on a hollow
part of the structure, e.g. a spar near the car engine. The criteria proposed herein allow
for various vibrational propagation paths to be considered. It is thus possible to separately
investigate the various noise sources within the structure.
The method proposed in this chapter may be used for any vibro-acoustic system. In fact,
the ultimate goal of this approach is to define modal criteria that allow optimizing the
vibro-acoustic system. Such criteria are related to the coupling terms between the systems’
various substructures and are expressed as functions of the terms contained in the modal
matrices. The number of criteria therefore depends on the number of substructures within the
vibro-acoustic system. While our method will be described for the case of a specific system,
keep in mind that it can be readily adapted to other vibro-acoustic systems.
The structure considered in this chapter is complex and comprises acoustic cavities, hollow
parts and plates. The geometry of this structure is similar to that of a car. Two cavities will
be considered. Consequently, this proposed method can be used to study all of the different
paths through which vibrations propagate and generate noise within the car. Paths can exist
through the hollow parts of the structure, as well as through the plates bounding the cavity
and through the plates partitioning the two cavities.

2. Multimodal methodology

The purpose of the modal synthesis method is to describe a structure using several of its
modes, most often the first modes. Many authors have already proposed such methods, based
on either fixed or free interface modes. Among these authors, let’s mention Hurty (1965)
and Craig & Bampton (1968). This method consists of using fixed-interface modes and static
deformations to describe each substructure constituting the studied system. Goldman (1968)
and Hou (1969) proposed another method based on the structure’s free modes.
One of the main advantages of modal synthesis is to provide a description of a structure using
very few degrees of freedom, thus reducing numerical costs. This advantage is particularly
useful when seeking to optimize structures involving many calculations. Although modal
models can be developed through experimental testing, we focus herein on substructure
models resulting from a finite element discretization.
Most structures can be divided into several substructures. After being analyzed, these
substructures are most often assembled through boundary degrees of freedom. For example,
Craig & Bampton (1968) proposed a method using both fixed-interface modes and constraint
modes that correspond to the boundary degrees of freedom. Hence, many degrees of
freedom may remain should the boundary size be large. To avoid this type of problem,
Besset & Jézéquel (2008a;d) proposed a generalization of the modal synthesis method by
introducing generalized boundary coordinates. This procedure is referred to as “double
modal synthesis” or, if the system contains fluid parts, “triple modal synthesis”. These two
techniques will be described respectively in Sections 2.1 and 2.2.
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Optimization of the Dynamic Behaviour of Complex Structures Based on a Multimodal Strategy 3

2.1 Double modal synthesis method

The double modal synthesis methode has been proposed and described through a continuous
formulation by Besset & Jézéquel (2008a). In this section, we will explain the role of the
discretized formulation. In section 2.1.1, we will introduce a primal formulation based
on the free modes of the structure. Section 2.1.2 will apply a dual formulation that uses
fixed-interface modes. In both sections 2.1.1 and 2.1.2, both Figure 1 and the following
notations and the following notations will be considered valid:

Γ

S1

S2

S2
S3

F

Fig. 1. Substructures and boundary conditions

• F is the force applied on the system;

• Si are the boundaries of the system:

• Γ is the boundary between two substructures.

2.1.1 Primal formulation

The dynamic behaviour of the structure can be described through the following equation:

(

−ω2M + K
)

U = F (1)

Considering the structure’s free modes, U can be expressed as follows:

U = φLqL + ψrqr + ψaqa (2)

where φL is the matrix of the structure’s free modes, ψr the matrix of the nr rigid body modes,
and ψa is the attachment modes matrix associated with the free boundaries. ψa is obtained
by imposing nr boundary conditions, in order to suppress rigid body modes, while forces
are applied on the free boundaries. If no rigid body modes are present, then ψa is the static
flexibility matrix K−1. If rigid body modes are present, then ψa = ATψiso

a A, where A =
I − Mψr M−1

rr ψT
r . ψiso

a is an isostatic flexibility matrix, obtained by imposing nr boundary

conditions on the structure and considering K−1
iso . This method is intended to easily identify

an isostatic flexibility matrix, which is corrected by adding rigid body modes, like for the finite
element formulation of the Mac Neal method.
Equation 2 is then written considering the double modal synthesis theory, i.e. by expressing the
boundary degrees of freedom as a fonction of k “branch modes” as follows:

U = φLqL + ψrqr + φbqb (3)

Matrix φb is the matrix of “branch modes”, which are derived using the full structure equation
condensed on interfaces. Let P be the matrix yielding generalized coordinates qi as a function
of displacements U (i.e. U = P{qi}). Equation 1 then becomes:
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[

−ω2
(

PT MP
)

+
(

PTKP
)]

⎧

⎨

⎩

qL
qr
qb

⎫

⎬

⎭
= PT F (4)

2.1.2 Dual formulation

Like for the primal formulation described in section 2.1.1, the discretized equation of motion 1
is used herein:

(

−ω2M + K
)

U = F (5)

In this section, U is expressed using fixed-interface modes:

U = φFqF + ψcqc (6)

As was the case for the discretization of the Craig and Bampton method Craig & Bampton
(1968), matrices M and K are split into internal and boundary degrees of freedom, as follows:

U =

{
UI
UB

}

, M =

[
MI I MIB
MBI MBB

]

, K =

[
KI I KIB
KBI KBB

]

(7)

The static flexibility can be written as K−1
I I and the constraint modes matrix is φc = K−1

I I KIB.
The double modal synthesis theory is intended to express the remaining boundary degrees of
freedom as a function of “branch modes” obtained by solving the following equation:

{

−
[

ω2
] (

PT MP
)

+
(

PTKP
)}

φD = 0 (8)

where
[
ω2
]

is a diagonal matrix of eigenvalues corresponding to the columns of matrix φD . P
is a transfer matrix that allows expressing U as a fuction of the generalized degrees of freedom
qF and qc. Lastly, qc can be expressed as qc = φDqb where qb are the generalized boundary
degrees of freedom.

2.2 Triple modal synthesis method

The triple modal synthesis methode has been proposed and described through a continuous
formulation by Besset & Jézéquel (2008d). In this section, we will explain the discretized
formulation. The structure and the notations used are recalled in figure 2.
We consider the discretized formulation of the coupled fluid-structure system, which leads to
the following equations:

(

−ω2M + K
)

U = F (9)
(

−ω2Ma + Ka

)

p = 0 (10)

Equation 9 pertains the structual part of the system, whereas Equation 10 relates to the
acoustical part. This mixed formulation leads to the following equation:

⎛

⎜
⎜
⎜
⎜
⎝

−ω2

[
M 0

CT Ma

]

︸ ︷︷ ︸

M̃

+

[
K −C
0 Ka

]

︸ ︷︷ ︸

K̃

⎞

⎟
⎟
⎟
⎟
⎠

{
U
p

}

=

{
F
0

}

(11)
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F
S1

S2

S3

S1 S2

ΓS

Fluid

Fluid-structure boundaries denoted ΓF1 and ΓF2

Fig. 2. Description of the triple modal synthesis

The triple synthesis method is performed by successively applying three modal syntheses. First,
the behaviour of the fluid is expressed through “free modes” as follows:

p = φpqp (12)

A second modal synthesis is then performed on the structural part of the system. Hence, the
internal degrees of freedom, denoted Ui are expressed as follows:

Ui = φiqi + ψiuj (13)

where uj are the boundary degrees of freedom. Lastly, a third modal synthesis is performed
on the boundary degrees of freedom, i.e. degrees of freedom uj are expressed as follows:

Uj = φjqj (14)

Given Equations 12, 13 and 14, we can now define the following transfer matrix T:

⎧

⎨

⎩

p
Ui
Uj

⎫

⎬

⎭
= T

⎧

⎨

⎩

qp
qi
qj

⎫

⎬

⎭
(15)

Equation 11 becomes:

[

−ω2
(

TT M̃T
)

+
(

TTK̃T
)]

⎧

⎨

⎩

qp
qi
qj

⎫

⎬

⎭
= TT F (16)

3. Modal criteria and optimization

Optimization problems often lead to high calculation costs since the minimization function
must be evaluated many times. The aim of this section is to propose modal-based criteria in
order to optimize the dynamic behavior of complex structures. The examples provided herein
will be applied on a schematic vehicle geometry 3. The structural case will be analyzed first in
Section 3.1. Optimization criteria are linked to the “vibration paths” between substructures.
The fluid-structure coupling case will then be presented in Section 3.2.
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Fig. 3. Structure to be optimized

3.1 Criteria based on double modal synthesis method

This section presents the optimization criteria based on the double modal synthesis method
derived in Section 2.1. These criteria are close to the modal matrices used for the modal
synthesis of the structure. Once the structure has been analyzed, it therefore becomes very
straightforward to calculate the optimization criteria. We will begin by explaining how to
derive the modal-based criteria and indicating their use in the optimization step. Afterwards,
we will demonstrate the efficiency of these parameters by optimizing the structure shown in
Figure 3.

3.1.1 Modal-based criteria

The criteria proposed in this section are based on modal parameters that link degrees of
freedom subjected to a displacement (so-called excited degrees of freedom) with the degrees
of freedom whose displacements are to be minimized. In order to obtain these modal
parameters, we will apply the double modal synthesis method proposed in Section 2.1.
However, we will proceed by separating the degrees of freedom that will be excited; these
degrees of freedom will remain nodal.
Let’s now introduce the following notations concerning the degrees of freedom of the
structure:

• uP are the degrees of freedom relative to the plates;

• uHb are the degrees of freedom relative to the boundaries between plates.

The excitations will be relevant to the some degrees of freedom we have denoted uHb. These
degrees of freedom will be denoted uHe. The double modal synthesis theory then leads to the
expression in Equation 17:

{
uP = ΦPqP + ΨPuHb + ΨPeuHe
uHb = ΦHbqHb

(17)

Thanks to the orthogonal properties of the modes used in the modal analysis, the motion
equation can now be written as follows, in considering the damping matrix that we have
assumed to be diagonal:

⎛

⎝−ω2

⎡

⎣

MEE MEHb MEP
MHbE mHbk MHbP
MPE MPHb mPk

⎤

⎦+ iω

⎡

⎣

0 0 0
0 cHbk 0
0 0 cPk

⎤

⎦

+

⎡

⎣

KEE KEHb 0
KHbE kHbk 0

0 0 kPk

⎤

⎦

⎞

⎠

⎧

⎨

⎩

uHe
qHb
qP

⎫

⎬

⎭
=

⎧

⎨

⎩

f E
f Hb
f P

⎫

⎬

⎭
(18)
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where matrices [mHbk], [mPk], [kHbk], [kPk], [cHbk], [cPk] and [cHck] are diagonal matrices.
To obtain the modal parameters, uP must be expressed as a function of fP and uHe. Let’s
express one of the last rows in equation 34:

− ω2
(

Mk
PEuHe + Mk

PHbqHb + mPkqk
P

)

+ iωcPkqk
P + kPkqk

P = f
k
P (19)

Mk
PE, Mk

PHb are the kth rows of matrices MPE, MPHb. f P can be expressed as a function of fP
as follow:

f P = ΦT
P fP (20)

Equation 19 then becomes:

qk
P =

ΦkT
P fP + ω2

(

Mk
PEuHe + Mk

PHbqHb

)

−ω2mPk + iωcPk + kPk
(21)

where Φk
P is the kth column of ΦP. Equation 21 can now be written as:

uP = ∑
k

Φk
PqPk + ΨPuHb + ΨPeuHe

= ∑
k

(

Φk
PΦkT

P
−ω2mPk + iωcPk + kPk

)

fP

+

[

∑
k

(

ω2Φk
PMk

PE
−ω2mPk + iωcPk + kPk

)

+ ΨPe

]

uHe

+

[

∑
k

(

ω2Φk
P M̃k

PHb
−ω2mPk + iωcPk + kPk

)

+ ΨP

]

uHb (22)

where Mk
PHb = M̃k

PHbΦHb.
Two modal parameters can be deduced from Equation 22. First, the dynamic flexibility matrix
G is given by:

G(ω) = ∑
k

(

Φk
PΦkT

P
−ω2mPk + iωcPk + kPk

)

(23)

This first parameter corresponds to the relation between a force applied on a plate and the
displacements it generates.
Secondly, by ignoring the static terms corresponding to the boundaries, the transmissibility
matrix T is given by:

T(ω) = ∑
k

(

ω2Φk
P Mk

PE
−ω2mPk + iωcPk + kPk

)

(24)

This equation corresponds to the relation between excitation and the displacements it
generates on the plate. Note that this excitation is a displacement excitation. This expression
can be rewritten using parameters G̃ and T̃ as follows:

103Optimization of the Dynamic Behaviour of Complex Structures Based on a Multimodal Strategy
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G(ω) = ∑
k

1

1 −
(

ω
ωk

)2
+ 2iξk

ω
ωk

G̃k (25)

T(ω) = ∑
k

(
ω
ωk

)2

1 −
(

ω
ωk

)2
+ 2iξk

ω
ωk

T̃k (26)

where

G̃k =
Φk

PΦkT
P

ω2
k mPk

(27)

T̃k =
Φk

P Mk
PE

mPk
(28)

with the notations cPk = 2ξk
√

kPkmPk and ωk =
√

kPk
mPk

. Matrices G̃k and T̃k are referred to as

modal parameters.

3.1.2 Example of optimization using modal parameters

In this section, we will deduce criteria from the flexibility and transmissibility matrices
proposed in section 3.1.1. The sums ∑

k
() appearing in these matrices correspond to a mode

superposition. The optimization criteria can thus be written as follows:

CG = max
k

∣
∣
∣
∣
∣

Φk
PΦkT

P

ω2
k mPk

∣
∣
∣
∣
∣

(29)

CT = max
k

∣
∣
∣
∣
∣

Φk
P Mk

PE
mPk

∣
∣
∣
∣
∣

(30)

where the norm |x| is the maximum component of matrix x. In considering these criteria, it is
possible to optimize the structure. Moreover, obtaining the value kmax informs which mode is
responsible for the value of the criteria.
The method proposed in this section has been tested on a complex structure that includes
hollow parts and plates. The parameters we have chosen to optimize are correlated with the
geometry of the hollow parts. We will in fact be optimizing D and λ, as shown in figure 4.
The optimization methods used in the next sections will introduce both D and λ as
parameters. The hollow parts of the structure shown in figure 8 are split into 8 parts, and each
part is optimized with optimal values of D and λ. Thus, 16 parameters are to be optimized.
The analysis of criteria CG and CT indicates which modes are responsible for the
displacements that need to be reduced. Figure 6 shows the values of Ck

G, which are part of
the criterion CG:

Ck
G =

∣
∣
∣
∣
∣

Φk
PΦkT

P

ω2
kmPk

∣
∣
∣
∣
∣

(31)
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D

D
λ

Fig. 4. Hollow part included in the structure

The same analysis can now be conducted for Ck
T:

Ck
T =

∣
∣
∣
∣
∣

Φk
P Mk

PE
mPk

∣
∣
∣
∣
∣

(32)

Figure 5 displays the values of Ck
T, which are part of the criterion CT.
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Fig. 5. Values of Ck
G
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Fig. 6. Values of Ck
T

Figures 5 and 6 reveal that criteria CG and CT do not necessarily depend on the same modes.
In this example, we only analyze the criteria for the first 50 modes of the structure. Figure 5
shows that the 45th mode is mainly responsible for the value of criterion CG, whereas Figure 6
suggests that the 6th, 7th, 22th and 23th modes are responsible for the value of criterion CT. It
is therefore necessary to take these two criteria into account in order to optimize the structure.

105Optimization of the Dynamic Behaviour of Complex Structures Based on a Multimodal Strategy
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In this section, we will present the results obtained using a classical genetic algorithm. Figure
7 shows the Pareto diagram of the sets (λi, Di). The units on x and y axes are not important
since they depend on the values of cg and ct.
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x 10

4

C̃G

C̃T

C
M

Fig. 7. Pareto points

3.2 Criteria based on triple modal synthesis method

In this section, we will condider the acoustical part inside the structure. The criteria presented
here are similar to those from section 3.1, although they take into account this fluid part.

3.2.1 Modal-based criteria

The structure considered herein is complex and includes hollow parts and plates. It has been
built using formed steel, which makes up its skeleton (as presented in Figure 8). The plates
are fixed to this skeleton and form two cavities inside the structure (see the figure). Like in
Section 3.1, the structure’s geometry is similar to that of a car, for the purpose of highlighting
that the proposed methods can be applied to an industrial context.

2m

F2
F1P

Fig. 8. The structure to be optimized

Figure 8 shows the geometry of the vibro-acoustic system under consideration. It is composed
of plates and two fluid cavities. The degrees of freedom denoted uP1

correspond to the plates,
with the exception of the plates denoted P in figure 8, the degrees of freedom denoted uP2

correspond to plate P in figure 8. Moreover, the degrees of freedom denoted pF1
(resp. pF2

)
correspond to the pressure in the first cavity, as labeled F1 in figure 8 (resp. the second cavity,
F2 in figure 8). The approach adopted in this section to study the vibro-acoustic behavior is
a (u, p) formulation. Like in Section3.1.1, generalized degrees of freedom are correlated with
nodal degrees of freedom through the following equations:
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⎧

⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

uHb = ΦHbqHb
uP1

= ΦP1qP1 + ΨP1uHb + ΨP1euE
uP2

= ΦP2qP2 + ΨP2uHb + ΨP2euE
pF1

= ΦF1qF1

pF2
= ΦF2qF2

(33)

According to the triple modal synthesis theory, as explained in section 2.2, the motion equation
can be written as follows:

⎛

⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝

−ω2

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

MEE MEHc 0 MEP1 MEP2 0 0
MHcE mHc MHcHb 0 0 0 0

0 MHbHc mHb MHbP1 MHbP2 0 0
MP1E 0 MP1Hb mP1 0 0 0
MP2E 0 MP2Hb 0 mP2 0 0
MF1E 0 MF1Hb MF1P1 MF1P2 mF1 0
MF2E 0 MF2Hb MF2P1 MF2P2 0 mF2

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

+ iω

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

0 0 0 0 0 0 0
0 cHc 0 0 0 0 0
0 0 cHb 0 0 0 0
0 0 0 cP1 0 0 0
0 0 0 0 cP2 0 0
0 0 0 0 0 cF1 0
0 0 0 0 0 0 cF2

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

+

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

KEE 0 0 0 0 KEF1 KEF2

0 kHc 0 0 0 KHcF1 KHcF2

0 0 kHb 0 0 KHbF1 KHbF2

0 0 0 kP1 0 KP1F1 KP1F2

0 0 0 0 kP2 KP2F1 KP2F2

0 0 0 0 0 kF1 0
0 0 0 0 0 0 kF2

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

⎞

⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

⎧

⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎩

uE
qHc
qHb
qP1

qP2

qF1

qF2

⎫

⎪⎪⎪⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎪⎪⎪⎭

=

⎧

⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎩

f E
f Hc
f Hb
f P1

f P2
0
0

⎫

⎪⎪⎪⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎪⎪⎪⎭

(34)

The purpose of this section is to express the pressure pF2
in the second cavity as a function

of the structural displacements. This expression will allow the various vibrational paths to
be distinguished from one another. The problem must be studied using a systemic approach.
Certain criteria related to the various vibrational paths will thus be defined. Using the last
row of Equation 34, the following expression is obtained:

− ω2
(

M
k
F2EuE + M

k
F2HbqHb + M

k
F2P1qP1 + M

k
F2P2qP2 + mk

F2qk
F2

)

+ iωck
F2qk

F2 + kk
F2qk

F2 = 0 (35)

where M
k
F2E, M

k
F2Hb, M

k
F2P1 and M

k
F2P2 are the kth rows of matrices MF2E, MF2Hc, MF2Hb,

MF2P1 and MF2P2. qk
F2 is the kth component of vector qF2.

Equation 35 leads to:
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qk
F2 =

ω2
(

M
k
F2EuE + M

k
F2HbqHb + M

k
F2P1qP1 + M

k
F2P2qP2

)

−ω2mk
F2 + iωck

F2 + kk
F2

(36)

Now let Φk
F2 be the kth column of ΦF2. Combining Equations 33 and 36 yields:

pF2
= ∑

k
Φk

F2qk
F2

= ∑
k

[

ω2Φk
F2M

k
F2E

−ω2mk
F2 + iωck

F2 + kk
F2

]

uE

+∑
k

[

ω2Φk
F2 M

k
F2Hb

−ω2mk
F2 + iωck

F2 + kk
F2

]

Φ̃HbuHb

+∑
k

[

ω2Φk
F2M

k
F2P1

−ω2mk
F2 + iωck

F2 + kk
F2

]

(
Φ̃P1 (uP1 − ΨP1uHb − ΨP1euE)

)

+∑
k

[

ω2Φk
F2M

k
F2P2

−ω2mk
F2 + iωck

F2 + kk
F2

]

(
Φ̃P2 (uP2 − ΨP2uHb − ΨP2euE)

)
(37)

The quantities with a “tilde” are left pseudo-inverse matrices. It is possible to define several
pseudo-inverse matrices. In the case of singular systems, pseudo-inverse matrices enable
finding solutions (c.f. Farhat & Géradin (1998)). In the present case, the matrices are not
square and the solution obtained is a least squares approximation, due to the fact that modal
synthesis does not entail fewer modes than the number of physical degrees of freedom for the
system.
Equation 37 provides an approximation to the pressure field pF2

in the second cavity as a
function of structural displacements. A superposition of the substructural modes clearly
appears in the sums ∑

k
( ).

Equation 37 allows for the definition of modal parameters, which can then be used to optimize
the coupled system. These parameters correspond to each of the various vibrational paths,
i.e.: a direct path, a path through the hollow parts of the structure, a path through the plates
bounding the cavity, and a path through the plate located between the two cavities.

3.2.1.1 Direct path

The direct path is directly obtained via Equation 37, it corresponds to an excitation point
on a plate located next to cavity F2. Let’s recall that the excitations considered herein are
displacement excitations.
The modal parameter corresponding to this direct path is denoted GE (ω):

GE (ω) = ∑
k

(
ω
ωk

)2

1 −
(

ω
ωk

)2
+ 2iξk

ω
ωk

G̃k
E (38)

where:
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G̃k
E =

Φk
F2

(

M
k
F2E − M

k
F2P1Φ̃P1ΨP1e − M

k
F2P2Φ̃P2ΨP2e

)

mk
P2

(39)

with the notations ck
F2 = 2ξk

√

kk
F2mk

F2 and ωk =

√

kk
F2

mk
F2

.

3.2.1.2 Path through the boundaries

The path through the boundaries is given by component uHb of Equation 37.
qk

Hb can now be expressed according to the third row of Equation 34:

− ω2
(

M
k
HbHcqHc + mk

Hbqk
Hb + M

k
HbP1qP1 + M

k
HbP2qP2

)

+ iωck
Hbqk

Hb + kk
Hbqk

Hb + K
k
HbF1qF1 + K

k
HbF2qF2 = f

k
Hb (40)

The modal parameter corresponding to the path through the hollow parts is denoted GH (ω).
Using Equations 40 and 35 together, it is possible to write:

GH (ω) =

⎛

⎜
⎝∑

k

(
ω

ω1k

)2

1 −
(

ω
ω1k

)2
+ 2iξ1k

ω
ω1k

G̃k
H1

⎞

⎟
⎠

⎛

⎜
⎝∑

k

(
ω

ω2k

)2

1 −
(

ω
ω2k

)2
+ 2iξ2k

ω
ω2k

G̃k
H2

⎞

⎟
⎠ (41)

where:

G̃k
H1 =

Φk
F2 M

k
F2HbΦ̃Hb

mk
F2

(42)

G̃k
H2 =

Φk
Hb

(

M
k
HbHcΦ̃HcΨHe − M

k
HbP1Φ̃P1ΨP1e − M

k
HbP2Φ̃P2ΨP2e

)

mk
Hb

(43)

with the notations ck
F2 = 2ξ1k

√

kk
F2mk

F2, ω1k =

√

kk
F2

mk
F2

, and ck
Hb = 2ξ2k

√

kk
Hbmk

Hb and ω2k =
√

kk
Hb

mk
Hb

.

3.2.1.3 Path through the plates

The path through the plates is given by component uP1 of Equation 37.
uP1 can then be written as a function of uE according to the fourth row of Equation 34:

− ω2
(

M
k
P1EuE + M

k
P1HbqHb + mk

P1qk
P1

)

+ iωck
P1qk

P1 + kk
P1qk

P1 + KP1F1qF1 + KP1F2qF2 = f P1 (44)
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The modal parameter corresponding to the path through the plates is denoted GP1 (ω). By
combining Equations 44 and 35, it is now possible to write:

G1
P1 (ω) =

⎛

⎜
⎝∑

k

(
ω

ω1k

)2

1 −
(

ω
ω1k

)2
+ 2iξ1k

ω
ω1k

G̃k
P11

⎞

⎟
⎠

⎛

⎜
⎝∑

k

(
ω

ω2k

)2

1 −
(

ω
ω2k

)2
+ 2iξ2k

ω
ω2k

G̃k
P12

⎞

⎟
⎠ (45)

G2
P1 (ω) =

⎛

⎜
⎝∑

k

(
ω

ω1k

)2

1 −
(

ω
ω1k

)2
+ 2iξ1k

ω
ω1k

G̃k
P11

⎞

⎟
⎠

×

⎛

⎜
⎝∑

k

(
ω

ω2k

)2

1 −
(

ω
ω2k

)2
+ 2iξ2k

ω
ω2k

G̃k
P13

⎞

⎟
⎠

×

⎛

⎜
⎝∑

k

(
ω

ω3k

)2

1 −
(

ω
ω3k

)2
+ 2iξ3k

ω
ω3k

G̃k
P14

⎞

⎟
⎠ (46)

where:

G̃k
P11 =

Φk
F2 M

k
F2P1Φ̃P1

mk
F2

(47)

G̃k
P12 =

Φk
P1M

k
P1E

mk
P1

(48)

G̃k
P13 =

Φk
P1M

k
P1HbΦ̃Hb

mk
P1

(49)

G̃k
P14 = G̃k

H2 (see Equation 43) (50)

with the notations ck
F2 = 2ξ1k

√

kk
F2mk

F2, ω1k =

√

kk
F2

mk
F2

, ck
P1 = 2ξ2k

√

kk
P1mk

P1, ω2k =

√

kk
P1

mk
P1

,

ck
Hb = 2ξ3k

√

kk
Hbmk

Hb and ω3k =

√

kk
Hb

mk
Hb

.

3.2.1.4 Path through the first cavity

The path through the first cavity is related to the plate forming the boundary between the two
cavities.
The modal parameter corresponding to this path can be written according to the fifth and
sixth rows of Equation 34:
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− ω2
(

M
k
P2EuE + M

k
P2HbqHb + mk

P2qk
P2

)

+ iωck
P2qk

P2 + kk
P2qk

P2 + K
k
P2F1qF1 + K

k
P2F2qF2 = f P2 (51)

− ω2
(

M
k
F1EuE + M

k
F1HbqHb + M

k
F1P1qP1 + M

k
F1P2qk

P2 + mk
F1qF1

)

+ iωck
F1qk

F1 + kk
F1qk

F1 = 0 (52)

The modal parameter corresponding to the path through the plates is denoted GP2 (ω). By
combining Equations 51, 52 and 35, it becomes possible to write:

GP2 (ω) =

⎛

⎜
⎝∑

k

(
ω

ω1k

)2

1 −
(

ω
ω1k

)2
+ 2iξ1k

ω
ω1k

G̃k
P21

⎞

⎟
⎠

×

⎛

⎜
⎝∑

k

1

1 −
(

ω
ω2k

)2
+ 2iξ2k

ω
ω2k

G̃k
P22

⎞

⎟
⎠

×

⎛

⎜
⎝∑

k

(
ω

ω3k

)2

1 −
(

ω
ω3k

)2
+ 2iξ3k

ω
ω3k

G̃k
P23

⎞

⎟
⎠ (53)

where:

G̃k
P21 =

Φk
F2 M

k
F2P2Φ̃P2

mk
F2

(54)

G̃k
P22 =

Φk
P2K

k
P2F1Φ̃F1

ω2
2kmk

P2

(55)

G̃k
P23 =

Φk
F1

(

M
k
F1E − M

k
F1P1Φ̃P1ΨP1e − M

k
F1P2Φ̃P2ΨP2e

)

mk
F1

(56)

with the notations ck
F2 = 2ξ1k

√

kk
F2mk

F2, ω1k =

√

kk
F2

mk
F2

, ck
P2 = 2ξ2k

√

kk
P2mk

P2, ω2k =

√

kk
P2

mk
P2

,

ck
F1 = 2ξ3k

√

kk
F1mk

F1 and ω3k =

√

kk
F1

mk
F1

.

3.2.1.5 Modal criteria

The modal parameters defined in the previous sections now lead to the criteria defined as
follows:
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CE = max
k

∣
∣
∣
∣
∣
∣
∣

(
ω
ωk

)2

1 −
(

ω
ωk

)2
+ 2iξk

ω
ωk

G̃k
E

∣
∣
∣
∣
∣
∣
∣

(57)

Cn = max
k

∣
∣
∣
∣
∣
∣
∣

(
ω

ω1k

)2

1 −
(

ω
ω1k

)2
+ 2iξ1k

ω
ω1k

G̃k
n

∣
∣
∣
∣
∣
∣
∣

where n can be H1, P11 or P21 (58)

Cn = max
k

∣
∣
∣
∣
∣
∣
∣

(
ω

ω2k

)2

1 −
(

ω
ω2k

)2
+ 2iξ2k

ω
ω2k

G̃k
n

∣
∣
∣
∣
∣
∣
∣

where n can be H2, P12, or P13 (59)

CP14 = max
k

∣
∣
∣
∣
∣
∣
∣

(
ω

ω3k

)2

1 −
(

ω
ω3k

)2
+ 2iξ3k

ω
ω3k

G̃k
P14

∣
∣
∣
∣
∣
∣
∣

(60)

CP22 = max
k

∣
∣
∣
∣
∣
∣
∣

1

1 −
(

ω
ω2k

)2
+ 2iξ2k

ω
ω2k

G̃k
P22

∣
∣
∣
∣
∣
∣
∣

(61)

CP23 = max
k

∣
∣
∣
∣
∣
∣
∣

(
ω

ω3k

)2

1 −
(

ω
ω3k

)2
+ 2iξ3k

ω
ω3k

G̃k
P23

∣
∣
∣
∣
∣
∣
∣

(62)

Within the framework of an optimization problem, it is possible to use these criteria,
for example, in order to optimize a structural geometry. However, the criteria we are
proposing do not allow for derivation with respect to any of the structural parameters (e.g.
geometry of the hollow parts, plate thickness. . . ), although many optimization methods
require derivatives of these criteria. For this reason, other criteria related to the original set of
criteria will be defined in the next section.
As indicated below, criteria Cn (where n can be E, H1, H2, P11, P12, P13, P14, P21, P22 or
P23) cannot be derived with respect to any parameter, even though this would be useful in
most optimization problems. To remedy this shortcoming, we introduce criteria C̃n, defined
as follows:

C̃n =
1

4
log ∑

k

∣
∣
∣λ (ω, k) G̃k

n

∣
∣
∣

4
(63)

where λ (ω) is a coefficient that depends on ω. This is the case, for example, of G̃k
E, λ (ω) =

(
ω

ωk

)2

1−
(

ω
ωk

)2
+2iξk

ω
ωk

.

It has been demonstrated that these criteria are very similar to the first set and have nearly the
same minima and maxima Besset & Jézéquel (2008c).

112 Numerical Analysis – Theory and Application

www.intechopen.com



Optimization of the Dynamic Behaviour of Complex Structures Based on a Multimodal Strategy 17

3.2.2 Analysis of the criteria

In this section, the criteria developed in the previous sections will be analyzed. In order to
simplify the analysis, only one excitation point placed on a hollow part bounding the first
cavity F1 is considered.
The values of criteria Cn may change with the excitation frequency due to the coefficient λ (ω).
It can be observed that the strength of each criterion depends on the excitation frequency.
For example, it is interesting to note that criterion CP22 increases more strongly than the
other criteria with frequency f . Therefore, the vibrational path through plate P becomes very
significant at higher frequencies.
NLet’s also note that criteria CP13 and CH2 show peaks that correspond to the global modes
of the structure, since the modal matrices of the structure’s hollow parts are involved in these
criteria.
Modal parameters G̃k

H1, G̃k
H2, G̃k

P21, G̃k
P22, G̃k

P23, G̃k
P11, G̃k

P13 and G̃k
P14 have all been analyzed.

This step will allow each of the modes responsible for the values of criteria Cn to be defined.
The modal parameters must be weighted with the previously defined coefficients λ (ω), in
order to take the excitation frequency into account. Two cases of excitation are presented, i.e.
at 50 Hz and at 300 Hz.

3.2.2.1 Path through the first cavity

Considering the vibrational path through the first cavity and plate P , three modal parameters
need to be analyzed. Figures 9, 10 and 11 display the values of modal parameters G̃k

P21, G̃k
P22

and G̃k
P23 as a function of the mode number k, for an excitation frequency of 50 Hz. Figures

12, 13 and 14 show these same parameters for an excitation frequency of 300 Hz.
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∣ as a function of k – 50 Hz

Figure 10 shows that only one mode of plate P is responsible for the transmission of vibrations
between the first and second cavities. The criterion associated with this figure is CP22, which
is related to the influence of pressure in the first cavity on plate P . Given that the action of
an acoustic fluid on a structure is not very significant when compared with that of a structure
on a fluid, the parameter values given in figure 10 remain very small. For an influence to be
exerted on the path through the first cavity, which is the objective of this section, one could,
for example, restrict the influence of the mode presented in figure 10.
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3.2.2.2 Path through the hollow parts

For the vibrational path through the hollow parts, two modal parameters need to be analyzed.
Figures 15 and 16 show the values of modal parameters G̃k

H1 and G̃k
H2 as a function of mode

number k for an excitation frequency of 50 Hz. Figures 15 and 16 show these same parameters
for an excitation frequency of 300 Hz.
In figures 15 and 16, it can be seen that many of the modes are strong. The values of these
parameters increase with excitation frequency. However, the values for criterion CH2 are
much smaller than those for criterion CH1. It then becomes possible to elect to optimize
the structure using CH1, which seems to exert a stronger influence on the transmission of
vibrations. Although the influence of criterion CH2 appears to be smaller, the use of this
criterion in structural optimization allows studying the vibrational path through the plates,
as described in the following section.
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3.2.2.3 Path through the hollow parts and the plates

For the vibrational path through the hollow parts and the plates, three modal parameters
need to be analyzed. Figures 19 and 20 show the values of modal parameters G̃k

P11 and G̃k
P13

as a function of mode number k for an excitation frequency of 50 Hz. It should be noted that
G̃k

P14 = G̃k
H2, as plotted in figure 16. Figures 21 and 22 provide the values of modal parameters

G̃k
P11 and G̃k

P13 as a function of mode number k for an excitation frequency of 300 Hz.
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As reflected in Figures 19 and 20, many modes are strong. Just as in the previous section, it
is then possible to optimize the structure using criterion CP14 = Ck

H2, so as to minimize the
transmission of vibrations through two different paths. It is also possible to minimize criterion
CP11, which is greater than CP13.
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4. Conclusion

In this chapter, several criteria, corresponding to different vibrational propagation paths,
have been proposed. These criteria are based on modal motion equations, which allow for
working with small-sized matrices. Consequently, calculation-related costs are not prohibitive
during the optimization process, which is an important consideration whenever objective
functions have to be evaluated many times. Moreover, a modal overview of the phenomena
serves to illustrate the relative influence of each mode on noise propagation, in addition to
indicating which part of the system exerts the strongest influence on noise generation inside
the structure.
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