We are IntechOpen,
the world’s leading publisher of

Open Access books
Built by scientists, for scientists

6,900 186,000 200M

ailable International authors and editors Downloads

among the

154 TOP 1% 12.2%

Countries deliv most cited s Contributors from top 500 universities

Sa
S

BOOK
CITATION
INDEX

Selection of our books indexed in the Book Citation Index
in Web of Science™ Core Collection (BKCI)

Interested in publishing with us?
Contact book.department@intechopen.com

Numbers displayed above are based on latest data collected.
For more information visit www.intechopen.com

Y



18

Cosmology: The Noncommutative Quantum
and Classical Cosmology

E. Mena, M. Sabido and M. Cano

Deparment of Physics, Cienega Universitary Center of the University of Guadalajara,
Ocotldn, Jalisco, Mexico

Physics Deparment of the Division of Science and Engieneering of the University of
Guanajuato, Leon, Guanajuato

Mexico.

1. Introduction

During the early days of quantum mechanics and quantum field theory, continuous
space-time and Lorentz symmetry was considered inappropriate to describe the small scale
structure of the universe. It was also argued that one should introduce a fundamental length
scale, limiting the precision of position measurements. The introduction of fundamental
length is suggested to cure the ultraviolet divergencies occurring in quantum field theory. H.
Snyder was the first to formulate these ideas mathematically (1), introducing noncommutative
coordinates brings an uncertainty in the position. The success of the renormalisation made
people forget about these ideas for some time. But when the quantization of gravity was
considered thoroughly, it became clear that the usual concepts of space-time are inadequate
and that spacetime has to be quantised or noncommutative, in some way. Quantum
cosmology, is a simplified approach to the study of the very early universe, which means
that the gravitational and matter variables have been reduced to a finite number of degrees of
freedom (these models were extensively studied by means of Hamiltonian methods in the
1970’s, (for reviews see (2; 3)); for homogenous cosmological models the metric depends
only on time, this permits to integrate the space dependence and obtain a model with a
finite dimensional configuration space, minisuperspace, whose variables are the 3-metric
components. One way to extract useful dynamical information is through a WKB type
method. The semiclassical or WKB approximations are usually discussed in text books on
nonrelativistic quantum mechanics in the context of stationary states, i.e., determination of
the energy eigenvalues and eigenfunctions (4). This approximation can also be used to
obtain approximate and in some cases exact solutions of the dynamical problem, i.e., full
Schroedinger equation, so the utility of the semiclassical approximation in obtaining exact
solutions of the Schroedinger equation has not yet fully explored.

The same seems to be the case for the relativistic quantum mechanics. The importance
of the semiclassical approximation in the relativistic case is probably best appreciated in
quantum cosmology (5), specifically, in the analysis of the Wheeler-DeWitt equation, which
is essentially a Klein-Gordon equation on the minisuperspace (6). In the last few years
there have been several attempts to study the possible effects of noncommutativity in the
classical cosmological scenario (7-9). The proposal of authors in Ref 9 introduces the effects
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366 Aspects of Today’s Cosmology

of noncommutativity at the quantum level, namely quantum cosmology, by deforming
the minisuperspace through a Moyal deformation of the Wheeler-DeWitt (WDW) equation,
similar to noncommutative quantum mechanics (10). The aim of this chapter is to introduce
a deformation in the minisuperscpace variables through the Moyal product of the Wheeler
DeWitt equation and apply a WKB type method to noncommutative quantum cosmology,
and find the noncommutative classical solutions, avoiding in this way the difficult task to
solve this cosmological models in the complicated framework of noncommutative gravity
(11). We know how to introduce noncommutativity at a quantum level, by taking into account
the changes that the Moyal product of functions induces on the quantum equation, and
from there calculate the effects of noncommutativity at the classical level. This also has the
advantage that for some noncommutative models for which the quantum solutions can not
be found, the noncommutative classical solutions arise very easily from this formulation. This
procedure is presented through many examples: first the Kanstowski-Sachs (KS) cosmological
model is presented and the formalism developed in this model, is the applied to the
Friedmann-Robertson-Walker (FRW) universe coupled to a scalar field and cosmological
constant, besides we show the noncommutative proposal applied to a stringy model and the
Bianchi I with Baratropic perfect fluid and A cosmological.

2. Cosmology

We start by reviewing the quantum cosmological models in which we are interested, and find
the classical evolution through the WKB-type approximation.

2.1 Kantowski-Sachs (KS) Cosmology

The first example that we are interested because the simplest anisotropic, is the KS universe,
part of the interest in this universe model is due to the wide set of analitycal solutions it
admits, even if particular types of matter are coupled to gravity.

The Kanstowski-Sachs line element (12) is

ds2 = —N2df2 + e2V3bdr2 e~ 2V3Pe=2V30 (462 1 sin? fdg?) . (1)
from the general relativity lagrangian we can construct the canonical momenta,
Il = _%e\/gﬁZ\/gQQ

Iy = e V32V, 2)

and the corresponding Hamiltonian

H= %e—ﬁﬁ—zﬁﬂ [T, + 115 + 4807230 3)
for this model we can use canonical quantization and obtain the Wheeler-DeWitt (WDW)
equation. Using the usual identifications Il = —i% and Ilg = —i % we get

82 82 2\/§Q
—— — — —48¢~ O,6) =0, 4
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Cosmology: The Noncommutative Quantum and Classical Cosmology 367

in this parametrization the WDW equation has very simple form; the solutions to this equation
are given by

p= eiiV\/?_),BKiV (46—\@0) , 5)

where v is the separation constant and K;, are the modified Bessel functions. We now proceed
to apply the WKB method. For this we propose the wave function

¥(B,0) = ¢ (51(A)+52(2)) 6)

the WKB approximation is reached in the limit

2 2 200 2
057 (Z,B) e 951(B) 055(Q)) p 05,(0) 7
ap B 00)? Q)
this gives the Einstein-Hamilton-Jacobi (EHJ) equation
952(0)\* | (351(B) )’ 230 _
_ < 50 ) + o — 48e =0, 8)
solving (equation 8) gives the functions Sy, S, and using the definition for the momenta
_d5i(B) _ d5(Q)

which combined with (equation 2) and fixing the value of N(t) = 24¢~V3P-2V3Q e find

S (,3) = Pﬁo:B/

2 48¢—2V3Q
15 — . P \/Pﬁ0 48¢
So(w) = _ﬁ\/Pﬁo — 48e + %arctanh By, , (10)

from this solutions and using (equation 2) and (equation 9) we obtain the classical solutions
1 48
0(f) = —=In [— cosh? <2fpﬁ0<t - t0)>]
B(t) = Bo +2Pg, (t — to), (11)

this solutions are the same that solving the field equations of General Relativity.

2.2 Friedmann-Robertson-Walker (FRW) Cosmology with scalar field and A

The next set of examples correspond to homogeneous and isotropic Universes, the so called
Friedmann-Robertson-Walker (FRW) universe coupled to a scalar field and cosmological
constant. The FRW metric is given by

dSZ — —Nz(t)dtz + eth(t) +r (dﬂz + sznzﬁd(p ) (12)

1—k2

where a(t) = ¢*(!) is the scale factor, N(t) is the lapse function, and k is the curvature
constant that takes the values 0, +1, —1, which correspond to a flat, closed and open universes,
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respectively. The Lagrangian we are to work on, is composed by the gravity sector and the
matter sector, which for the FRW universe endowed with a scalar field and cosmological
constant A is

2 )2
_ N L 2
Liot=Lg+Ly=c [6N S5~ N (28 +6ke )] , (13)
the corresponding canonical momenta are
L, L 9
[, = — = 12¢%* I1 SR 14
"7 o N "o N (14)

proceeding as before the WDW equation is obtained from the classical Hamiltonian. By the
variation of (equation 13) with respectto N, 0L /0N = 0, implies the well-known result # = 0.

1 02 10
—3u - 6 —2u
e *N ~ 5432 + 239 +e (2/\ + 6ke >] Y(a,¢) = 0. (15)

Now that we have the complete framework and the corresponding WDW equation, we can
proceed to study different cases.

In table 1 we can see the different cases that we solved!, all of them are calculated by using the
WKB type procedure, the classical solutions are the same we would get by solving Einstein’s
tield equations. We can expect that this approximation includes all the gravitational degrees
of freedom of the particular cosmological model under study. This almost trivial observation
is central to the ideas we are presenting in the next section.

2.3 Stringy Quantum Cosmology
In the case of strings, this example is related to the graceful exit of pre-big bang cosmology
(13), this model is based on the gravi-dilaton effective action in 3+1 dimensions

S = —);S /d4x —ge ?(R+0,¢0"¢ + V), (16)

in this expression As is the fundamental string length, ¢ is the dilaton field with V the possible

dilaton potential. Working with an isotropic background, and setting a(t) = eP()/ V3 after
integrating by parts, we get

S = —AZS / dt (45'2 —p% 4+ Ve‘z"_’) [ (17)

we have used the time parametrization? dt = e~?dt, the gauge goo = 1, and defined ¢ =
¢—1In | < ) v/3B. From this action we calculate the canonical momenta, Iy = Asp’ and

Iz = —/\54)’ . From the classical hamiltonian we find the WDW equation

2 2
{a% - aaﬁz + A2V, e ‘2"’} ¥($,p) =0, 8)

! The case k # 0, A # 0 does not have a closed analytical solution to the WDW equation.
2 The prime denotes differentiation respect to 7.
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case Quantum Solution Classical Solution
k=0, A #0 |¢p = eﬁ:ivé(pKﬁ/ (4\/§63“> 4’(0 = ¢o — P‘Pot
2
and [, for A <0 a(t) = tIn <Z—A>
+11n (sec [\/7_ o (F— tO)D
k#0,A=0| pl) = 50K, (6e2) (1) = g — Py (t — to),
fork =1,
. 2
P2 = gil%"”]v (6¢2%) aft) = }Iln [ka]
fork = —1 +1In (sech [\%P(Po(t—to)b,
k#0, A #0 Unknown P(t) = Ppo — Py, (t — to),
da(t) D ST
J +/Pgy — 265 (2A+6ke2%) n(t—to)

Table 1. Classical and quantum solutions for the FRW universe coupled to a scalar field ¢.
For the case A # 0 k # 0, the classical solution for the scale factor is given in an implicit
expression. We have fixed the lapse function to N(t) = 3*.

in particular for a potential of the form V(¢) = —Vpe™?®, the quantum solution is

¥(§, ) = ek [0 "

m—2

The classical solutions for the scale factor and the dilaton are

¢(7) = ml_z In VoiizseChz <2§Z (m—2)(t — To))] ,
Pp
B(t) = Bo+ 5~ Al (T — ), (20)

for m = 0 and m = 4, the solutions have been obtained in (13), and are used in connection to
the graceful exit from pre-big bang cosmology in quantum string.

2.4 Isotropization in Bianchi | with barotropic perfect fluid and A Cosmological
In our final example let us begin by recalling canonical formulation of the ADM formalism to
the diagonal Bianchi Class A cosmological models. The metrics have the form

ds? = —(N? = NINj)d#? + 2202600 i, (21)

where N and N; are the lapse and shift functions, respectively, Q)(¢) is a scalar and B;;(t)
a 3x3 diagonal matrix, B;; = diag(B+ + V3B_,B+ — V3B, —2B+), w' are one- forms that
characterize each cosmological Bianchi type model, and that obey dw' = > C i w] A wk, C’ the
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370 Aspects of Today’s Cosmology

structure constants of the corresponding invariance group (8). The metric for the Bianchi type
I, takes the form

ds% = —N2dt* + 222P4+2V3p- 1,2 + ¢222P+ —2V3p- dyz + 24P 422, (22)
The corresponding lagrangian density is

Lrotar = /—8§ (R —2A) + Lyatter (23)

and using (equation 22), this have the following form

0 A B A, 8
L = 639 —N+%+€\]—3N+3nch : (24)

where the overdot denotes time derivatives. The canonical momentas to coordinate fields are
defined in the usual way

oL 300 oL 30 Bt oL a0 B
PrA=—=-12¢""—, P, =— =12¢"""—, P_ = — =127 "—, 25
2790 N T 9B, N b N @)
and the correspondent Hamiltonian function is
Ne—SQ
H= =0, | —PA+ P} + P2 — 482 + 384G M,e (171 — g, (26)

together with barotropic state equation p = 7p, the Hamilton-Jacobi equation is obtained
when we substitute Py — % into (equation 26). In what follows, we should consider the
gauge N = 1.

2.4.1 Classical Solutions a la WKB
The quantum Wheeler-DeWitt (WDW) equation for these models is obtained by making the
canonical quantization Py« by —idg in (equation 26) with g/ = (Q, B+, B-) is

e—3Q 82 82 82
24 |00  9p%  opE

— 2602 4 pe 3010 g — 27)

where A = 48A, by, = 3847GM,. We now proceed to apply the WKB semiclassical
approximation using the ansatz

¥ (Q, Bs) = /51D +52(B1)+55(B-)]) (28)
into (equation 27), and without any loss of generality, one can consider the condition ‘f;sz" be
small i.e., I

e T i
a0 a2’ g2 g’ dp g’
to get the classical Einstein-Hamilton-Jacobi equation
dS1\2  (dSy\%2  (dS3\2 6Q | 1, —3(y-1)Q _
-(58) + <dﬁ—+) + (dﬁ—_) — 2% 4 e —0, (30)
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which can be separate in a set of differential equations

dS1\2 | o 60, 1, -3(y-1)Q _
_(m) a2 — A5+ be =0, (31)
dSz 2 2
(557) = (32)
dﬁ+> !
dSs\2
(dﬁ_> - Pu (33)

where a%, n% and p% are the separation constants and their relations is a% = n% + p%. Therefore

using the relations between (equation 25), (equation 31), (equation 32) and (equation 33) we
have the following equations of motion

9

£ /a2 — 1660 4 bye=3(1-10 = ~1260, (34)
Ly = 1250P+

" N (35)
Ly, = 1220P-

p1 e N (36)

The main master equation to solved in the gauge N = 1, is

2 - i , @)

12 \/a%e—m + bye30(r+1)Q )

the other two equations (equation 35) and (equation 36) are trivially integrable. For particular
stadium of the universe evolution, given by the < parameter, we present these classical
solutions in table 2.

2.4.2 Classical solutions via Hamiltonian formalism
In order to find the commutative equation of motion, we use the classical phase space
variables (Q), B+ ), where the Poisson algebra for these minisuperspace variables are

{Q,B+} ={B+,B-} ={Pa,P+} ={P+,P_} =0, {g"Pp}=1, (38)

and recalling the Hamiltonian (equation 26), we obtain the classical solutions with the
following procedure.
The classical equations of motion for the phase variables (), B+, P+, and Pq, are

O={0O,H}= —11—2e30p0, (39)
. 1 _
B ={p- H}=j5¢ 0p_, (40)
. 1
P+ = 1P+ H} = 35e 0py, (41)
Po = {Po, H} = %6_39 {—PE) +P2 4+ P2 4 A5 4 'yb,ye_3(7_1)0} , (42)
P.={P_,H}=0, — P_ = +p; = const. (43)
P, ={P,,H} =0, - P, = +n; = const. (44)
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Case Commutative solutions

B 1 et —4q2
Y=-1, A#£0, p1=M4|0=1In |52,

_42n [ et ] 2 _ 2 2
By = 3 - arctanh |51, ay =ny+py,

_42m .
p- = x55 arctanh | 5| .

- 2qt_4 2
’)’:1,A<0, p1:M1€ 6QQ:%L7’Z [616(176’;1]’_ _ q:\/3|A‘/
B+ = j:%% arctanh % , a% = n% + p% + 384tGM;1,

7> = 24nGM_1 — 3A,

_42p et ]
B- = *3 o arctanh 2 | -

v=1 A=0, py = Me Q= ILn [%t],ﬂl
By = £Lu[t %],
B_ = +Ln[t ).
y=0, A=0, py=Mee 3|0 =1Ln {bg—ff t %J by = 38477G My,
By = tqgoLn | 1omhl g2 — 2 4 p2,

_ P1 16a1+bot
B- = iﬁ Ln | =70

a3 = nj + p3 4 384nGM;,

Table 2. Classical Solutions for v = —1, 1,0, and constraints g, a; and by.
Introducing (equation 26) into (equation 42), we have
8¢ 3P = 27 + (7 — 1)b,e 301, (45)

which can be integrate to obtain the relation for Pq

Po = j:\/a% — AefQ  pre3(r-1Q, (46)
where a% = n% + p%.
The set of equations (equation 39), (equation 40) and (equation 41) are equivalents to the set of
equations (equation 34), (equation 35) and (equation 36), equations used to obtain the classical
solutions.
Just to remark, the solutions obtained with the Hamiltonian formalism and the WKB-like
procedure are equivalent to solving GR field equations.

3. Noncommutative Quantum Cosmology

There is a huge interest to noncommutative theories to explain the appropriate modification
of Classical General Relativity, and hence of spacetime symmetries at short-distance scales,
that implies modifications at large scales. General Quantum Mechanics arguments indicate
that, it is not possible to measure a classical background spacetime at the Planck scale, due
to the effects of gravitational backreaction (14). It is therefore tempting to incorporate the
dynamical features of spacetime at deeper kinematical level using the standard techniques of
noncommutative classical field theory based in the so called Moyal product in which for all
calculations purposes (differentiation, integration, etc.) the space time coordinates are treated
as ordinary (commutative) variables and noncommutativity enters into play in the way in
which fields are multiplied (16). Using a deformation in the minisuperspace of this space
variables in the Hamilton approach, as we are trying with the idea of noncommutative space
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Cosmology: The Noncommutative Quantum and Classical Cosmology 373

time, we propose that the minisuperspace variables do not commute, for that purpose we will
modified the Poisson structure, this approach does not modify the hamiltonian structure in
the noncommutative fields.

Finding the classical cosmological solutions for any cosmological model in noncommutative
gravity (5) is a very difficult task, this is a consequence of the highly nonlinear character of the
theory. To avoid these difficulties, we will follow the original proposals of noncommutative
quantum cosmology that was developed in (12). We start by presenting, in quite a general
form the construction of noncommutative quantum cosmology and the WKB type method to
calculate the classical evolution.

Let us start with a generic form for the commutative WDW equation, this is defined in the
minisuperspace variables x,y. As mentioned in (12) a noncommutative deformation of the
minisuperspace variables is assumed

[x,y] =0, (47)

this noncommutativity can be formulated in terms of noncommutative minisuperspace
functions with the Moyal product of functions

Flxy) *g(xy) = f(x,y)e >g(x,y)- (48)

Then the noncommutative WDW equation can be written as
(—H,% + 112 — V(x,y)) «¥(x,y) =0, (49)

we know from noncommutative quantum mechanics, that the symplectic structure is
modified changing the commutator algebra. It is possible to return to the original
commutative variables and usual commutation relations if we introduce the following change
of variables 0 0

X — x4+ Eﬂy and y—y— EHX, (50)
the efects of the Moyal star product are reflected in the WDW equation, only through the
potential

6 6
Vix,y)*¥(x,y) =V(x+ EHy,y — EHX)' (51)
taking this into account and using the usual substitutions I1;:=—id,r we arrive to
»? P 6 0 6 0
=5 =V x—is5, -~ || Y(x,y) =0, 52
[ax2 dy2 <x 128]/ y—HZax)] (x.y) 42)

this is the Noncommutative WDW equation (NCWDW) and its solutions give the quantum
description of the noncommutative universe. We can use the NCWDW to find the temporal
evolution of our noncommutative cosmology by a WKB type procedure.

3.1 Noncommutative Kantowski-Sachs Cosmology
Using the method outlined and using (equation 4) we find the NCWDW equation

2 —2v3(0-if
@_@_4& 2v3( ﬁw (O, B) =0, (53)

www.intechopen.com



374 Aspects of Today’s Cosmology

assuming that we can write ¥(Q, ) = eV3vPX (Q)) the equation for X(Q) is
42

- d0?

then the solutions of the NCWDW equation are

¥(Q,B) = eFVIPK, (407, (55)

148 3110,-2V30 | 3, } X(Q) =0, (54)

as already mentioned the NCWDW equation has the same problems as its commutative
counterpart, it has no time dependence and unfortunately it can not be normalized. Usually
the next step is to construct a ” Gaussian" wave packet that can be normalized and do the
physics with the new wave function. This is not needed for our purposes, as we will be
applying the WKB method as in the previous section. Using equations (equation 6) and
(equation 7) we arrive at

51(B) = Pﬁoﬁ/

S»(B) = — 48 V30Ps o230
Py, \/ P2 - 480~ V30Ps,—21/30
0 arctanh , (56)
\/5 Pﬁo
using (equation 50) we get
. 1 1. . 1 1.
pc=5B-5P0,  Qc=3;0+5P (57)
and the fact that the momenta are not modified we arrive to
8 2 1
Q(t) 2\/_ In [— cosh (2\/_Pﬁo(t—t0))] - EGPIBO’
B(t) = Bo + ZP/_-;O(t — to)
0
— o Pgtanh? |2v3Pg, (t — to) (58)

this solutions have already been obtained in (15), in that paper they do a deformation
of the simplectic structure at a classical level, modifying the Poisson brackets, to include
noncommutativity.

3.2 Noncommutative FRW Cosmology with scalar field and A
We can use the NCWKB type method to FRW universe coupled to a scalar field. Proceeding
as before the corresponding NCWDW equation is

1 02 1 02 _it2 2(a—if 2
_ﬂﬁ_l_iw—{—eqa 235) <2A+6k€ 2(a 1284’)>:|‘P:0- (59)

From the NCWDW equation, we use the method developed in the previous sections and
calculate the classical evolution by appliying the NCWKB type method. These results are
presented in the next table
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case NC Quantum Solution NC Classical Solution
k=0, A #0 P = eFVEIK,, {4\/§e3(“3V9)J ¢(t) = ¢o — Pyt
—/30Py, tanh (2 Py, (t — 1)),
and J, for A <0 a(t) = %P(po + ¢In Z;j%g
+1In (sech {@P(po(t — to)w ),
k#0,A=0| p) =" 5K, [6e2(* 2] fork =1 (1) = ¢o — Py (t — to)

—\/§9P¢0 tanh <%(t — t())),
p@ = =0/, 6 1)) fork = —1|  a(t) = §Pp, + 4n H

12k
+1In (sech {%P%(t - tO)D
k#0,A #0 Unknown P(t) = ¢o — Py, (t — to)

+60 [ e (A +2e72%) dt,
do(t)

\/Pff’o b 30 <2A+6ke72“79p‘7’0>

= —=(t—to),

Table 3. Classical and quantum solutions for noncommutative FRW universe coupled to a
scalar field. For these models noncommutativity is introduced in the gravitational and matter
sectors. As in the commutative scenario, for A # 0 and k # 0 the noncommutative classical
solution is given in an implicit form, and there is not a closed analytical quantum solutions.
As in the commutative case we have fixed the value of the lapse function N(t) = ¢3*.

3.3 Stringy Noncommutative Quantum Cosmology
As in the previous examples we introduce the noncommutative relation [¢, B] = i0, and from
the classical hamiltonian we find the NCWDW equation

02 02 _ CoV(Gif 2 _
3 9 A2V (e aﬁ)} Y (¢, B) =0. (60)
The noncommutative wave function is
¥(§,p) = K, | LR ) 61

using the NCWKB type method the classical solutions for the noncommutative stringy
cosmology are

i 1 P, P,
P(1) = m_zln Voigsechz (zi(m —2)(1’—1’0))]
o
_ Epﬁof
P
B(t) = Bo+ A_S(T_TO)
0780 oty [ 2o (1 — 2 62
+0-Dotan | (= 2) (7~ )| 62)
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376 Aspects of Today’s Cosmology

the classical evolution for string cosmology can be calculated for m = 0 and m = 4. An
interesting issue concerns the B field that is turned off in the string cosmology model (13) and
does not contribute to the effective action. In open string theory, however noncommutativity
arises precisely in the low energy limit of string theory in the presence of a constant B field.
The 6 parameter we have introduced in the minisuperspace could then be understood as a
kind of B-field related with the Neveu-Schwarz B-field.

3.4 Noncommutative solutions of the isotropization in Bianchi | with barotropic perfect fluid
and A cosmological

Let us begin introducing the noncommutative deformation of the minisuperspace in the

WDW equation, this time, between all the variables of the minisuperspace, assuming that

One and Bnc obey the commutation relation

[an, ,B—nc] - i91/ [an/ ,B+nc] = i92, [,B—nc/ ,B+nc] - i93- (63)
Instead of working directly with the physical variables () and f+ we may achieve all the

above solutions by making use of the auxiliary canonical variables (). and B+n defined as

OQpe =0 — EP_ - EPJF, (64)
Bone=p +0pn- 2P, (65)
Bine =i+ 2P0+ 2P (66)
maintaining the usual commutation relations between the fields, i.e., [¢#,4"] = 0 and the

identifications P = Popc and P+ = Pinc. With this shift and the usual canonical quantization
Pgn — —idgu, we arrive to the noncommutative WDW equation

92 02 02

_ _ — A8 b, e 3D g0 BL) =0, (67)
0%, P, O . !

where A = 48A, by, = 3847tGM,,. At this point we have a noncommutative WDW equation
and noncommutative hamiltonian. In what follows, we shall consider a wave function and
apply the WKB procedure to obtain classical solutions.

3.4.1 Noncommutative classical solutions a la WKB

In order to find noncommutative classical solutions through the WKB approximation, we
use the fact that e e = e91*  and the ansatz for the wavefunction Y (e, Btne) =
el[51(Que)EmprncEpif-nc] . where we use explicitly So(Binc) = £n1B4nc and S3(B—nc) =
£p1B—nc to get the classical noncommutative Einstein-Hamilton-Jacobi (EHJ) equation

- <dd£1 )2 * (ﬁasf)Z * (dZS_S)Z — A¢Se 4 =311 — (68)

which can be separate in a set of differential equations with m% = n% + p%. We have the
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Case Noncommutative Solutions

y=-1, A#0, p,le,lQnC:%Ln {%}—Zpl nl,

a3 =n?+p7, Btne = igm arctanh _% +& T +a2et) — Gp,

> = 247GM_; — 3A, Bne = %32 ’”l arctanh [ 2] + % (4 +a2e1) + Gy,

y=1, A <0, p; = Me %?|Q = %Ln {%} — %pl — %nl, q = +/3|A|,

a7 = ni+ p +384nGMy,  |Binc = £33 arctanh _% + 8% (& 4 adet) — Gpy,
B—nc = i%% arctanh -%- + %—1 %ﬁ +a%e~ ) + %nl,

T=1 A=0, pr =M *[0n = a3~ Gp — G,
=+ 3B, [pone = L]+ Gy
Bonc=FLnlt ]+ Ga + Sny,
v=0, A=0, pg=Moe 3?|Qyc = %Ln VOt + altJ 40 &”1/

1
by = 38471G M, Binc =+41 Ln [M} S T .
2
a2 = n? + p3, Bnc = isr;ll Ln [Lalfboﬂ +4 a3 + 2 bot pat g by
Table 4. Noncommutative solutions for, vy = —1,1,0, and constraints g, a; and by.

following noncommutative equations of motion

0
:i: \/ﬂ% _ )\66Qr1c —|— b,ye*?’(,yil)ﬂnc = —1233an ﬁ, (69)
+n = 126307’0'81—(]%, (70)
+p = 12630”6%. (71)

One just need to be careful in (equation 69), (equation 70) and (equation 71), and apply the
chain rule to the variables (equation 64), (equation 65) and (equation 66), in order to get the
right solution, B_,c = ﬁ + agﬁgc 85%“ + afpf e 4 aglg_nc % = B_+ %PQ- In this sense,
all solutions to find in the commutative case, remain for the noncommutative case with the
corresponding shift, as we show in the table 4.

3.4.2 Noncommutative classical solutions a la Hamilton

In the commutative model we know that the solutions to hamiltons equations are the same as
in General Relativity. Now the natural extension is to consider the noncommutative version
of our model, with the idea of noncommutative between the three variables (Q¢, B+nc), SO
we apply a deformation of the Poisson algebra. For this we start with the usual hamiltonian
(equation 26), but the symplectic structure is modify as follow

{PQ/P:E}*:{P-F/P—}*:O/ {q”,qu}*zl, (72)
{QB-}, =61, {Qp+}, =06, {B- B+}, =05 (73)
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where the * is the Moyal product. In the second case, the hamiltonian is modify by the shift
(equation 64),(equation 65) and (equation 66) resulting

ne = 24 Q + - i -

but the symplectic structure is the one that we know, the commutative one (equation 38).
The noncommutative equations of motion, for the first formalism that we exposed have the
original variables, but with the variables modified,

qhe = {q", H}x,
prlllc = {P,u, H}*/ (75)

and for the second formalism we use the shifted variables but with the original (commutative)
symplectic structure

LIZC = {qulc, an}/
Pf;c = {PTI;CI Huc}, (76)

in both approaches we have the same result. Therefore the equations of motion take the form

. e_3ﬂnc
an — {Q/ H}* = {anl an} - - 12 PQ/ (77)
_3an 01
Bonc = {B—, H}x = {B-nc, Hue} = —=—P_ + > —Pq, (78)
730nc 62
ﬁ—l—nc - {,B—i—/ H}* - {;B—l—m:/ an} P—!— + 7 PQ/ (79)
: e 30”” 60 —3(y-1)Q
Po = {Pa, H}. = {Po, Hyc} = — [6Ae e +3(y — 1)bye 3 D% - (80)
P_ ={P_,H}, ={P_,Hpy} =0, — P_=p, (81)
Py ={Py,H}y = {Py,Hy} =0, — Py =ny. (82)

if we proceed as in the commutative case we get the solutions showed in the table IVA.

4. Conclusions and outlook

In this chapter we have presented the NCWKB type method for noncommutative quantum
cosmology and with this procedure, found the noncommutative classical solutions for several
noncommutative quantum cosmological models.

Noncommutativity is incorporated in the minisuperspace variables, in a similar manner as it is
a proposal that originally emerged at the quantum level, by this reason we considered it as in
standard quantum mechanics. By means of the WKB approximation on the corresponding
NCWDW equation, one gets the noncommutative generalized Einstein-Hamilton-Jacobi
equation (NCEH]), from which the classical evolution of the noncommutative model is
obtained. The examples we studied were the Kantowski-Sachs cosmological model, the
FRW universe with cosmological constant and coupled to a scalar field, a string quantum
cosmological model and Bianchi I with Barotropic perfect fluid and A Cosmological.

In the commutative scenario, that the classical solutions found from the WKB-type method
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are solutions to the corresponding Einsteins field equations. Due to the complexity of
the noncommutative theories of gravity(5), classical solutions to the noncommutative field
equations are almost impossible to find, but in the approach of noncommutative quantum
cosmology and by means of the WKB-type procedure, they can be easily constructed. Also the
quantum evolution of the system is not needed to find the classical behavior, from table 2 we
can see that for the case A # 0 and k # 0 the wave function can not be analitacally calculated,
but still the noncommutative effects can be incorporated and the classical evolution is found
implicitly. This procedure gives a straightforward algorithm to incorporate noncommutative
effects to cosmological models. In this approach the effects of noncommutativity are encoded
in the potential through the Moyal product of functions (equation 51). We only need the
NCWDW equation and the approximations (equation 7), to get the NCEHJ and from it,
the noncommutative classical behavior can easily be constructed. As already mentioned,
in(11) the effects of noncommutativity were studied in connection with inflation, but the
noncommutative deformation was only done in the matter sector neglecting the gravity sector.
For completeness to the section 2.4 and 3.4 we present the solutions in the gauge N = 24¢3C
(see appendix A and B), one of the advantages of this gauge is that the solutions are very9
simple, this is something to take into account when we introduce a more complex form of
matter, where in the gauge N(t) = 1 analytical solutions can not be found. The procedure
developed here has the advantage that we can implement noncommutativity in both sectors
in a straightforward way and find the classical solutions (i.e. inflationary models). The
study on deformed phase space for all of this cosmologies should be constructed with this
noncommutative proposal. These ideas are being explored and will be reported elsewhere.
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6. Appendix
A Commutative classical solutions in the Gauge N = 24¢3

In this appendix we present the classical solutions in the gauge N = 24¢3?, the equations are
much more simpler to solve in this guage.

A.1 Commutative Classical Solutions a la WKB
The master equation becomes
aQ
24t = ; (83)
\/czflZ — A 4 pe—3(r-1)0

and the other two equations are immediately integrable. Again for particular cases in the 7y
parameter, we present the classical solutions, table 5

A.2 Classical solutions via Hamiltonian formalism

With the gauge fixed to N = 24¢3C we can see that the hamiltonian takes the form

H = —P3 + P2 + P2 — Ae? 4 e 307" D2 = (84)
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Case Commutative solutions
2
y=-1 A#0, py =M |Q=g¢Ln [_3847IG1\(;I],1—48_A Sech? (6511”} , 6 =ni+pi,
:3+ = iant,
IB, = inlt.
2
=1 A#0, pp=Mpe *?|Q=1Ln [4‘;73 Sech2(6a1t)} , a2 =n?+ p?+384nGM;,
13+ = thnlt,
IB_ — inlt.
y=1 A=0, p1 = Mie Q| = 2\/01% + b1t, a% = n% + p% + 384tG My,
‘B+ = —21’11t,
ﬁ_ = —Zplt.
_ _ _ 30|l _ 17, [_a 2 _
=0, A=0, pgp=Moe > |Q=1Ln [~ sech (3a1t)} . by = 3847GMy,
B+ =+2mt,  af =ni+pi,
‘B, = :|:2]91f.
2
v = %, A=0, pg = M%e_"‘Q Q= %Ln _If_i sechz(Zalt)J , a‘% = n‘% +p%,
L 3
IB+ = iant, b% = 3847TGM%,
‘B, = :|:2]91f.
Table 5. Classical Solutions for vy = —1, %, 1,0, and constraints a1, by and b;.
The Poisson brackets structure yields to equations of motion
QO ={O,H} = 2P, (85)
B_ ={B_,H} =2P_, —  B_==+2pt, (86)
By ={B+ H}=2P;, — By ==+2mt, (87)
Po = {Po, H} = [-1—6/\660 +3(y - 1)b7e*3(7*1>0} , (88)
P_ = {P_,H} =0, — P_ = 4p; = const. (89)
Py = {P,,H} =0, — P, = +ny = const. (90)

Using (equation 84), introducing (equation 89) and (equation 90), we obtain the expression for

Po

Pq = \/m% — AefQ b e—3(r-1)Q,

being self-consistent with equation (equation 88), where a
equation into (equation 85) we get the master equation found to solve the Einstein field
equation in this gauge, where the classical solutions are presented in table IIIA.

B Noncommutative classical solutions

2

1 =

©1)

n? + p2. Introducing this

B.1 Noncommutative classical solutions in the Gauge N = 24¢3? & la WKB and via

Hamiltonian formalism

The noncommutative solutions in the space g# become
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2 2, 2
ap =ny+p1,

Case Noncommutative Solutions
2
Y = —1, A # O, o1 = M,l an = %Ln [—m SEChZ (6ﬂ1t):| — 92—1p1 — %nl,

Bine = £2n1t + 92”1 tanh(6ayt) — 2 31,
B-nc = j:2p t+ 91”1 tanh(6aqt) -|- 1y,

y=1, A #0,01 = Mje 0
a3 = n% + p3 + 384nGM;,

Que = ¢ Ln [4';—1/\ Sech (6a1t)] -5 p1 - G—an,
Bine = F2nqt + 92”1 tanh(6ayt) — 2 3 p1,
B—nc = £2p4 t—l— 91”1 tanh(6aqt) + 3n1,

y=1 A=0, p1 = ]\/116_6Q

an = 2a1t — Pl - 9—7/[1,

bo = 3847(GMO,
at = n? + p3,

a2 =n? + p? +3847GMy,  |Binc = —2n1t + by,
B—nc = —2p1t —l— 1(11 + 93 511,
v=0, A=0, pp=Mope 3 |Quc = LiLn | -7 sech2(3a1t)} p1 - 9—2711,

Bine = +2nt —|— 92”1 tanh(3aqt) — 2 J 1,
Brne— = £2p1t + 91”1 tanh(3aqt) + 93711

2 _
a7 = ni +pi,

’)’I%, A =0, poIM%E_ALQ

Qe = an —ﬁ sechz(Zalt)J — 2 pl — @nl,

L 3
Bine = +2n1t + %8 tanh(2ayt) — %py
B—nc = £2p1t + 91”1 tanh(2a1t) + 93111

Table 6. Noncommutative solutions for v = —1, %, 1,0, and constraints a1, by and b;.
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