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1. Introduction 

Concrete structures often incorporate large numbers of thin-section finishing components 
that are bonded or joined to the concrete with inorganic cement-type adhesives, such as 
cement mortar, when wet construction methods are used. These components, usually 
ceramic tile or other finished products, are emplaced by experienced workmen to create 
exterior finishing products using plastering cement mortar as adhesive. These exterior 
layers are typically 5–30 mm thick. Cement mortar finishing products are normally single-
layer, while ceramic tile finishing products usually consist of two layers, with the tile 
emplaced atop adhesive cement mortar. One of the typical signs of decay for these 
components is delamination at the interface of the finishing product and the concrete 
structure. Delamination is usually attributed to high shear stresses and fractures at the 
interface caused by elastic and creep strain in the concrete due to the weight of the structure, 
and expansion-contraction strains caused by environmental variations. 
Because of this, Japanese institutions have begun testing samples of thin sections attached to 
concrete with cement mortar using the method shown in Figure 1. An axial compressive 
load is then applied to exert a shear stress on the interface between the two materials. This 
approach is simple and provides a macroscopic measure of the shear resistance at the 
interface while the concrete is under compressive loading. An example of the test results 
obtained from ceramic tile finishing products is shown in Figure 2. This shows the how the 
strain on the lateral face of the tile varies with the mean stress at the loaded face of the 
concrete. Since the shear stress is concentrated at the edge of the interface between the 
finishing product and the underlying concrete, this is where delamination between the two 
bodies normally begins. Specifically, at the edge of the interface between the concrete and 
the cement mortar used as adhesive. Once the delamination propagates laterally out to the 
edges of the interface, where the strain is measured in these observations, the connection 
fails and the indicated strain terminates abruptly. These phenomena are often seen when 
separation has occurred due to extremely brittle fracture conditions at the interface. 
However, a method for evaluating the interface strength under the installed thin finishing 
components has yet to be developed. 
It is possible that adhesive design technologies based on linear elastic interfacial fracture 
mechanics could prove useful for assessing the fracture strength of the cement-type 
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adhesive at the interface when it fails due to excessive brittleness, i.e., unstable fracture. If 
so, it will first be necessary to not only describe the stress field in the vicinity of the finishing 
product interface, but also to determine methods for calculating the stress singularity 
parameters governing interfacial fracture mechanics of the situation, and to subsequently 
validate the effectiveness of those parameters. 
  

 

Fig. 1. Overview of test for improved deformation performance under compressive stress 

 

 

Fig. 2. Relationship between compressive stress and strains on the lateral face of a concrete 
sample 

The purpose of this report is to propose a method for applying linear elastic interfacial fracture 
mechanics to problems related to the separation of cement-type materials as one method for 
testing simple shear stresses in ceramic tile, and to validate its practical applicability. The stress 
singularity parameters indicated by interfacial fracture mechanics can be handled as indicators 
of the interface strength for unstable fracture. If the proposed testing method is found to be 
practical, it could then be used in the same manner as the simple shear test when examining 
cement-type structure finishing products that are especially prone to separation. It may also be 

CIRCLE: Assumed location of initial 
delamination 

→ 
Stress singularity field 
(topic of this study) 

           (a) Two-sided test                                                (b) One-sided test 
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possible to extend these results to the design of the surface shapes that serve as structural 
interfaces in order to reduce the stresses acting on those interfaces. 

2. Stress functions applied and their solutions 

2.1 Stress singularity field at edge of the interface between dissimilar materials in a 
semi-infinite region 

We will now re-draw the model of a notch in the edge of an adhesive interface between the 
components of a semi-infinite body composed of two dissimilar materials containing 
notches, which is a situation that gives rise to a stress field containing a singularity (Figure 
3). It has previously been determined that the magnitude of stress can then be approximated 
by use of the logarithmic function shown in Eq. (1). Here, the parameters indicating the 
singularity are the order of stress singularity and the stress intensity factor. The order of 
stress singularity is determined by the notch angles θ1 and θ2 and the mechanical properties 

of the material. When both θ1 and θ2 are 180°, as occurs in the case of a crack, λ is 0.5, 
regardless of the material constants. 

 ┫ ∝ 1/r
λ

  (1) 

Here, ┫(r) is the stress in the vicinity of the singularity point, r is the distance from the 
singularity point, and λ is the order of stress singularity. 
However, Eq. (1) only provides the stress profile. It is still important to consider the stress 
intensity factor, which indicates the magnitude of the singularity stress field. In other words, 
the stress intensity factor is believed to be a function of material constants and of the shape 
of the bond including θ1 and θ2, but no unified theory of stress intensity factors that 
considers the bonded structures of differing materials has been formulated. 
Groth(1988),Hattori(1989, 1991) and Quaresimin(2006) expressed stress relationships as 
shown in Eq. (2) in order to apply Eq. (1) to practical circumstances. He expressed the stress 
relationship as shown in Eq. (2) for use in the practical applications of Eq. (1) and advocated 
using K as a generalized stress intensity factor when considering delamination caused by 
thermal stress loads. In this paper, we attempt to apply this simplified stress function to the 
simple shear stress test method shown in Figure 1. 

 ┫(r) = K/r
λ 

(2) 

 

 

Groth(1988), Hattori(1989, 1991) and Quaresimin(2006) 

Fig. 3. Model of interface between notch and dissimilar materials 

Notch face in Material 1 

Notch face in Material 2 

Singularity point

Material 1

Material 2 

θ1

θ2

Adhesive interface 
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2.2 Method for stress analysis 

In this analytical model, the simple shear strength test sample is assumed to have the 
material composition and shape shown in Figure 1. The one-sided half-model shown in 
Figure 4 was used. The sample was assumed to have the mechanical properties found in 
actual tests. The stress applied by the loading plate was 10 N/mm2 and the boundary 
condition between the loading plate and the concrete was assumed to be simple contact. A 
numerical analysis was performed on a two-dimensional elastic body under a plane strain 
conditions with the stress applied by a boundary element program. The minimum element 
size in the vicinity of the singularity was 0.2 mm; the material conditions are shown in Table 
1. Compressive tests were carried out on concrete, cement mortar and ceramic tile and the 
elastic coefficients (longitudinal elasticity and Poisson’s ratio) were found at 1/3 the 
maximum level for elastic behavior for concrete and cement mortar. Because it is difficult to 
measure Poisson’s ratio in ceramic tile samples, this value was assumed to be 0.18. 
 
 

 
 

Fig. 4. Model for boundary element method 

 
 

Concrete 

Shape ・Width; 100 mm, Thickness; 100 mm, Length; 400 mm 

Properties 
・Material: Ordinary concrete 

Young’s modulus; 26700 N/mm2, Poisson’s ratio; 0.18 

Cement 
mortar 

Shape ・Width; 100 mm, Thickness; 15 mm, Length; 230 mm 

Properties 
・Material: Ordinary mortar 

Young’s modulus; 24000 N/mm2, Poisson’s ratio; 0.22 

Ceramic tile 

Shape ・Width; 100 mm, Thickness; 12 mm, Length; 230 mm 

Properties 
・Material: Ordinary stoneware tile 

Young’s modulus; 38100 N/mm2, Poisson’s ratio; 0.18 

Table 1. Basic conditions for each layer 

X 

Y 

50
m

m
 

Steel loading plate

Stress load on load cell: 10 N/mm2 

110mm 

Symmetric interface 

Smallest permitted 
divisions for element 
: 0.2 mm 

Ceramic tile thickness 

: 12 mm 

Cement mortar thickness 

: 15 mm 

Concrete

Adhesion boundary edge: 

Singularity point θ1 = 90° 

θ2=180° 

100mm 

20
0m

m
 

11
5m

m
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2.3 Stress field at the adhesive interface 

A log-log chart of the absolute value of each interfacial stress versus the distance r (0.5–100 
mm) from the leading edge of the interface is shown in Figure 5. It was found that ┫x 
(normal stress parallel to the interface) and ┬ (shear stress) varied in an approximately linear 

fashion within the range near the edge (r ≈ 0.5 mm) to log (r) = 0.8 (r ≈ 7 mm). This stress 
distribution indicates that it may be possible to express the stress function using Eq. (2). At 
distances over 7 mm, this relationship diverges from linearity, and ultimately, the 
singularity disappears. Meanwhile, ┫y (normal stress perpendicular to the interface) does 
not show any such linearity, even in the region quite close to the edge (within r = 0.5), and 
stress decreases rapidly, indicating disappearance of the singularity. These results indicate 
that incorrect values for the stress singularity parameters will be obtained by improper 
application of the linear relationship in Eq. (2) if calculations are carried out too close to the 
edge of the interface, or if the elements selected for numerical analysis are too coarse. 
 

 

Fig. 5. Log-log graph of stress distribution (absolute values) 

Two cracking modes are considered when assessing the risk of interface delamination in 

two-dimensional problems: Mode I (tensile stress-induced cracking) and Mode II (shear-

induced cracking). These are induced by ┫y and ┬. Here, ┫y is a negative stress, which acts to 

close cracks, so Mode I fractures cannot occur. Thus, a Mode II fracture caused by shear 

stress ┬ is the only mode assumed to act during this simple shear test. Therefore, the 

expressions for stress as it affects the stress singularity in the present study are exclusively ┬, 
which has the chief influence over interface fracture here. The linear region of logarithmic 

stress in Figure 5 (up to r ≈ 7 mm) was divided into three sub-regions. The solutions of 

further least-squares analyses for each portion are presented in Table 2. Each linearization 

showed a close resemblance to the order of the stress singularity, but varied from it by 3 to 

7%. Thus, the piecewise linear data showed quite high linearity in each sub-region, but it is 

clear that the calculated values are vulnerable to several factors, including the choice of 

coarseness in the elements selected for the numerical analysis. This indicates that it is 

essential to develop an appropriate approach to these calculations. K′ is the apparent stress 

intensity factor found from the approximately linear segment where log (r) = 0. 

Observed linear regions for ┫y, ┬ Non-linear region

1
−λ

Linearity rapidly lost for jy 
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Region 
Distance r from 

edge (mm) 
Log (r) 

Apparent singularity 

order: λ 

(ratio with order 

near edge) 

Apparent stress intensity 

factor 

K′ (N·mmλ−2) 

A 0.5–1.3 
−0.3010 

to 0.1139 

0.445 

(1.000) 

8.57 

(corr. coeff.: 0.9999) 

B 1.3–3.1 
0.1139 

to 0.4914 

0.414 

(0.930) 

8.52 

(corr. coeff.: 1.0000) 

C 3.1–6.9 
0.4914 

to 0.8388 
0.458 

(1.029) 
8.95 

(corr. coeff.: 0.9993) 

Table 2. Results for piecewise linearization of shear stress 

3. Calculation of the stress singularity parameters 

3.1 Calculation of the order of stress singularity 

Bogy(1971) employed the two-dimensional semi-infinite model shown in Figure 3, which 

incorporates Young’s modulus and Poisson’s ratio as E1, ν1 and E2, ν2 and notch angles θ1, θ2 

for the respective materials. He derived theoretical values for λ from the roots p of the 

characteristic Eq. (3), which are used in Eq. (2). In this report, the stress singularity field 

occurring at the edge of the interface between the concrete and cement mortar layers in the 

finished structure is approximated with Eq. (1). It is proposed that the theoretical solutions 

to Bogy’s characteristic equation be applied to the order of the stress singularity: 

 Q(θ1,θ2,┙,┚;p) = 0  (3) 

where the characteristic function Q and coefficients are determined by the following 
equations: 

 Q(θ1,θ2,┙,┚;p)=  

 =┚2⋅A(θ1,θ2;p)+2⋅┙⋅┚⋅B(θ1,θ2;p)+┙2⋅C(θ1,θ2;p)+2⋅┚⋅D(θ1,θ2;p)+2⋅┙⋅E(θ1,θ2;p)+F(θ1,θ2;p) (4) 

 Gｉ= Ei / (2(1 + νi))     (i = 1,2) (5) 

 
mi =                  (i = 1,2)      (6) 

 

 ┙ = (G1⋅m2 − G2⋅m2 )/( G1⋅m2 + G2⋅m1 ) (7) 

 ┚ = (G1(m2 − 2) − G2(m1 − 2))/(G1⋅m2 + G2⋅m1) (8) 

If we use 

 H(p,θ) = sin2(pθ)−P2sin2(θ) (9) 

then A–F in Eq. (4) are determined as follows: 

4(1 − νｉ); plane strain 

4/(1 + νｉ); plane stress
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              A(θ1,θ2;p) = 4H(p,θ1)⋅H(p,θ2) 

              B(θ1,θ2;p) = 2p2⋅sin2(θ1)⋅H(p,θ2)+2p2⋅sin2(θ2)⋅H(p,θ1) 

              C(θ1,θ2;p) = 4p2⋅(p2−1)⋅sin2(θ1)⋅sin2(θ2)+H{p,(θ1−θ2)} 

              D(θ1,θ2;p) = 2p2{sin2(θ2)⋅sin2(pθ1)−sin2(θ1)⋅sin2(pθ2)} 
              E(θ1,θ2;p) = −D(θ1,θ2;p)+H(p,θ1)−H(p,θ2) 
              F(θ1,θ2;p) = H{p,(θ1+θ2)} 

The order of stress singularity λ is then found from the roots p of the above characteristic 
equation as follows: 

 λ= 1−p (11) 

where p is a real number, 0<p<1, when the singularity occurs, and p≥1 when no singularity 
occurs. 
There are cases where p is complex, but a detailed analysis by Hein, Erdogan and 
others(1971) showed clearly that p is always real under the mechanical conditions imposed 
on the materials considered in the present study, as will be described below. 
The solution to the characteristic equation using a singularity point case at the edge of a 

finish is shown in Figure 6. Here, notch angle θ1 = 90° for the finish layer angle and θ2 = 

180°for the concrete adhesion angle under conditions that are otherwise identical to those 
for the simple shear test shown in Figure 1. Thus, the roots p are found by iteration until the 
characteristic equation Q on the left side of Eq. (3) is zero. This result indicates two values, p 
= 0.548, 0.925, yielding λ = 0.452, 0.075 in Eq. (11). As shown in Table 2, values for stress 
singularity λ differ depending on analytic region, and the log-log chart does not actually 
provide a linear solution because two orders of stress singularity λ exist. The two stress 
fields of these singularities are actually superimposed on each other to produce the overall 
field. If the stress function is simplified as in Eq. (2), one of these λ must be applied. 
Additionally, the order with the greater magnitude is believed to be dominant; this 
approach predicts that, of the two values for λ given above, 0.452 would be the appropriate 
value to employ. This theoretical value is very close to the value for the gradient found in 
Table 2, 0.445, confirming that under the present analytical conditions, the theoretically 
predicted value for the order of stress singularity is acceptable in the vicinity of the edge of 
the attachment interface. 
 

 
Fig. 6. Calculated characteristic function 

(10) 

 

p 

λ = 0.452 λ = 0.075 

p = 0.548 p = 0.925 
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3.2 Calculation of stress intensity factor at the edge of the attachment interface 

The stress intensity factor at the singularity point is estimated by direct extrapolation from 

adjacent values. First, Eq. (2) is re-written as Eq. (12) in order to determine Kr from the 

distance r and the numerical solution for ┬: 

 Kr(┬,r) = ┬⋅rλ  (12) 

where the larger of the two values found in Bogy’s theoretical solution for order of stress 

singularity λ is provisionally employed. This will be examined for its suitability below. The 

results using Eq. (12) are shown in Figure 7. The value for Kr is nearly linear within the first 

5 mm from the edge of the interface. The stress intensity factor within this range Kr0 was 

estimated with the extrapolation formula in Eq. (13). This value was 8.52 N·mmλ–2, nearly 

the same as the apparent value given for K′ in Table 2. 

 Kr0 = lim
0→r

Kr(┬,r)  (13) 

When the stress intensity factor Kr0 and order of stress singularity λ are calculated by the 

above method, the distribution of shear stress near the edge of the finish work is given by 

Eq. (14). The values for ┬ predicted by the numerical model and by Eq. (14) are compared in 

Figure 8; the extrapolation provided a good approximation of Kr0 within the extrapolation 

region. 

 ┬(r) = Kr0/rλ  (14) 
 
 
 
 
 

 
 
 
 
 
 
 

Fig. 7. Extrapolation of Kr0 (theoretical value for λ) 

Kr = –0.0945r–8.52

Kr0 = 8.52 

r (mm) 

 

K
r 

(N
·m

m
λ
−2

) 
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Fig. 8. Comparison of numerical solution with the solution yielded by the proposed  
method. 

4. Parametric analysis of finishing conditions 

4.1 Issues under investigation 

This report examines the problem of whether the method for estimating the stress intensity 

factor by fitting the calculated value of the order of stress singularity in Eq. (13) to Eq. (2) is 

valid. There are two methods for calculating the order of stress singularity: finding the 

gradient with a linear approximation of the shear stress (the approximated solution) and the 

method proposed here, based on Bogy’s theoretical analysis (the theoretical solution). The 

approximated solution provides an inaccurate value in the approximation region (Table 2) 

where there is a risk of influence on the estimate from the accuracy of the analytical method 

or from too-coarse elements. In contrast, the theoretical solution provides an unambiguous 

figure, based on the material constants and notch angles illustrated in Figure 3. This avoids 

the issues of the approximate approach. However, the material is thin near the edge of the 

adhesive interface and the situation here is very different from the semi-infinite region 

shown in Figure 3. For this reason, it is not clear whether the stress field takes the form 

predicted by the current theory. It must also be determined whether this theoretical solution 

should be fitted to Eq. (2) in situations where the theoretical solution provides multiple real-

number solutions. Therefore, in the present study, this calculation method is evaluated by 

comparing the value for the order of stress singularity found by the theoretical approach to 

the approximated solution in an extremely narrow region near the singularity point, which 

is taken as the “true” value. The stress intensity factor is a very important parameter, used 

in the failure criteria for the adhesive interface and in other calculations. Therefore, the 

method for estimating this value is assessed in the same way as was previously described 

for the order of stress singularity. That is, by evaluating the approximated solution in close 

proximity to the singularity point and comparing this result to that provided by the 

approach proposed in this paper. The approximated solution was obtained in Region A, 

which is quite close to the singularity point, as shown in Table 2. 

Numerical solution 

Eq. (14) 

A region for extrapolation

Log (r) (mm) 

L
o

g
 (

|σ
|) 

(N
/

m
m

2 )
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Both stress singularity parameters are believed to be strongly influenced by the geometrical 

conditions and mechanical characteristics of the finish material layer; thus, in the present 

study, the finish conditions are divided into three different series for separate parametric 

analyses. 

4.2 Analytical models and basic conditions 

The analytical conditions were defined as depth and length of the tile layer and mortar 

layer, as well as elastic coefficients. The typical real values of these parameters were used. 

The calculation methods are summarized in Figure 9. The analytical model was as shown in 

Figure 4, consisting of three layers: concrete, adhesive cement mortar, and ceramic tile. The 

model was one-sided and was symmetric about the horizontal center line. Two-dimensional 

plane strain analysis was used, assuming elastic media, and the boundary element method 

was employed. Since there was no influence on the stress singularity parameters from the 

loading, the same loading was used as in Figure 4, 10 N/mm2. The basic conditions in each 

layer were also as shown in Table 1. 

 
 

 

Fig. 9. Flow chart of calculations of stress singularity parameters 

4.2 Scheme of analysis 

The three series of analytical conditions are presented in Table 3. 

In Series I, the mortar layer thickness and tile layer thickness were the analytical factors. 

Three mortar thicknesses and four integral multiples of the tile thickness (6 mm) were 

utilized. 

In Series II, the analytical factor was finish layer length. The basic dimension was the length 

of a standard tile (227 mm). Four lengths were used, 0.25 to 1.5 times the basic dimension. 

The materials used in the mortar layer and tile layer were the same as in Series I. 

In Series III, the relevant factors were the materials used for the mortar and tile layers. The 

basic conditions differed from those in Table 3. In anticipation of the future use of mortar 

with low Young’s modulus, which has been under development in recent years, one of the 

two types of mortar in the mortar layer was assumed to have a low Young’s modulus. The 

tile layer was also assumed to be one of two types, either stoneware finishing tile or 

porcelain finishing tile (both with Young’s modulus of 44800 N/mm2 and Poisson’s ratio of 

0.18). 

Analysis of stress distribution near notch using boundary element method 

Calculation of stress singularity parameters 

A) Approximated solution: r and ┬ are approximated by least-squares solution 

in region  near the singularity point found in Table 1 and the slope of the 

r-┬ line on a log-log plot is employed. 

B) Theoretical solution: r and ┬ are found using Bogy’s theoretical solutions; 

the greater values are employed when multiple real solutions exist. 

Calculation of stress intensity factor by extrapolation 

www.intechopen.com



Analytical Research on Method for Applying Interfacial Fracture Mechanics to Evaluate  
Strength of Cementitious Adhesive Interfaces for Thin Structural Finish Details 

 

77 

Series Layer Conditions 

I 

Ceramic tile 
Four thicknesses: 6−24 mm, Length: all standard length 227 mm 
Material: Stoneware tile 

Mortar 
Three thicknesses: 5–15 mm, Length: same as tile 
Material: Ordinary mortar 

II 

Ceramic tile 

Thickness: 12 mm 
Composition of tile and joints 
   [Non-jointed configuration]: 4 lengths 

    1) 341 mm (1.5 × standard length) 
    2) 227 mm (standard length) 
  3) 114 mm (1/2 standard length) 
  4) 57 mm (1/4 standard length) 
   [Jointed configuration]: 2 lengths 
    1) 2 tiles + 1 joint 
(tile 1/2 standard length, 1 joint 6 mm long in center) 
    2) 3 tiles + 1 joint (attachment length 354 mm) 
(tile 1/2 standard length, 2 joints 6 mm long in center) 
Material: Stoneware tile 

Mortar 
Thickness: 15 mm, Length: same as tile 
Material: Ordinary mortar 

III 

Ceramic tile 

Thickness: 12 mm, Length: all standard length 227 mm 
Material: 2 types, Stoneware tile and porcelain tile finishing 
    1) Stoneware tile 
    2) Porcelain tile 
      (Young’s modulus: 44800 N/mm2;, Poisson’s ratio: 0.18) 

Mortar 

Two thicknesses: 5 and 15 mm, Length: same as tile 
Material: Ordinary mortar and light mortar 
    1) Ordinary mortar 
    2) Two types of light mortar 
(1/2 and 1/4 longitudinal Young’s modulus of ordinary mortar) 

* All widths 100 mm 

Table 3. Analytical Conditions 

4.3 Results of analysis for shear stress distribution 

4.3.1 Series I 

The results of this analysis are shown in Table 4. Almost no influence from the mortar or tile 
thickness was observed on the order of stress singularity in the approximated solution. The 
variation in the theoretical solution was small at 1–5%. The theoretical solution appears to be 
capable of predicting the order of stress singularity with adequate accuracy. 
Variation in the calculated stress intensity factor versus finish layer thickness, the sum of 
mortar thickness and tile thickness is shown in Figure 10. The stress intensity factor 
increased gradually with tile thickness at all mortar layer thicknesses. This increase was 
most marked in the 5-mm mortar layer; above the finish thickness of 20 mm; however, it 
remained generally constant within the range 7–8 N·mmλ–2. No large variations were seen in 
the stress intensity factor under these analytical conditions. The stress intensity factor also 
showed extremely little variation with the method of calculation of stress singularity order. 
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Mortar 
thickness 
(mm) 

Tile 
thickness

(mm) 

Stress singularity 
parameters by 
approximated 

solution 

Stress singularity 
parameters by 

theoretical solution 

Compared theoretical 
and approximated 

solutions 

Order of 
stress 

singularity 
λ 

Stress 
intensity 
factor*1 

K 

Order of 
stress 

singularity 
λ' 

Stress 
intensity 
factor*1 

K′ 

λ'/λ K′/K 

5 

6 0.444 7.89 

0.452 

7.87 1.018 0.997 

12 0.437 8.59 8.54 1.034 0.994 

18 0.434 8.87 8.81 1.041 0.993 

24 0.431 8.89 8.89 1.049 1.000 

10 

6 0.450 8.18 8.18 1.004 1.000 

12 0.444 8.49 8.47 1.018 0.998 

18 0.442 8.63 8.60 1.023 0.997 

24 0.439 8.66 8.62 1.030 0.995 

15 

6 0.449 8.37 8.36 1.007 0.999 

12 0.445 8.51 8.52 1.016 1.001 

18 0.443 8.59 8.56 1.020 0.997 

24 0.441 8.58 8.55 1.025 0.997 
*1) Unit: N·mmλ−2 

Table 4. Analytical Results (Series I) 

 

 

Fig. 10. Relationship between finish layer thickness and stress intensity factor (Series I) 

4.3.2 Series II 
The results were similar to those in Series I (see Table 5). No finish length influence was seen 

on order of stress singularity in the approximated solution method, which showed nearly 

the same values as the theoretical solution. 
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Mortar 
thickness 

(mm) 

Tile 
length
(times)

Stress singularity 
parameters by 

approximated solution 

Stress singularity 
parameters 

 by theoretical solution 

Compared 
theoretical and 
approximated 

solutions 

Order of 
stress   

singularity 
λa

Stress 
intensity 
factor*1  

Ka

Order of 
stress 

singularity 
 λb

Stress 
intensity 
factor*1  

Kb

λB/λA KB/KA 

5 

1.5 0.438 8.68 

0.452 

8.63 1.032 0.994 

1.0 0.437 8.64 8.54 1.032 0.988 

0.5 0.443 8.54 8.50 1.020 0.995 

0.25 0.438 7.24 7.20 1.032 0.994 

15 

1.5 0.445 8.61 8.58 1.016 0.996 

1.0 0.445 8.51 8.52 1.016 1.001 

0.5 0.446 8.33 8.31 1.013 0.998 

0.25 0.424 6.83 6.76 1.066 0.990 
*1) Unit: N·mmλ−2 

Table 5. Analytical Results (Series II) 

Variation in the stress intensity factor with finish length is shown in Figure 11. The stress 
intensity factor was nearly constant at finish lengths over 100 mm, but was lower at the 
finish length of 57 mm. This indicates that when the finish material length is extremely 
small, the shear stresses operating on the interface are quite low, but at greater adhesion 
lengths, this low shear stress should not be assumed, as it could lead to dangerous 
underestimates. Despite this, when the finish length is greater than 100 mm, the obtained 
stress intensity  
factor figures appear to be useful. It is also important to note that the differences between 
the approximated solution and the theoretical solution were quite small. 
 

 

Fig. 11. Relationship between finish layer length and stress intensity factor (Series II) 
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4.3.3 Series III 

The approximated solution indicated a strong effect of Young’s modulus on the predicted 

order of stress singularity (see Table 6). That is, the lower the Young’s modulus of the 

mortar, the lower the order of stress singularity. In addition, it was found that as the 

Young’s modulus of the mortar decreased, the difference between the predictions of the 

approximated solution and the theoretical solution became larger; this difference also  

 

Mortar 
material 

Tile material

Stress singularity 
parameters by 

approximated solution 

Stress singularity 
parameters by 

theoretical solution 

Compared 
theoretical and 
approximated 

solutions 

Order of stress
singularity 

λA 

Stress 
intensity 
factor*1  

Ka 

Order of 
stress 

singularity 
λb

Stress 
intensity 
factor*1  

Kb

λB/λA KB/KA 

Ordinary 
 Stoneware 0.437 8.64 

0.452 
8.54 1.034 0.988 

Porcelain 0.433 8.80 8.73 1.044 0.992 

Light (1/2) 
 Stoneware 0.372 6.24 

0.400 
6.16 1.075 0.987 

Porcelain 0.365 6.42 6.32 1.096 0.984 

Light (1/4) 
 Stoneware 0.288 4.24 

0.347 
4.13 1.205 0.974 

Porcelain 0.275 4.36 4.21 1.262 0.966 

*1) Unit: N·mmλ−2 
 

Table 6. (1) Analytical Results (Series III · Mortar thickness 5 mm) 

increased with decreasing thicknesses of the mortar layer and increases in the Young’s 

modulus of the tile. This is attributed to an increasing constraint on mortar deformation by 

the tile, which has a high Young’s modulus that prevents the stress field from acting as 

predicted theoretically. Still, the discrepancy in order of stress singularity due to the 

calculation method remained within 5%. If this is the only parameter used to assess the risk 

of delamination, the method used to estimate the order of stress singularity will not be an 

issue.Variation in the predicted stress intensity factor with the ratio of Young’s modulus 

(modulus of light mortar versus modulus of ordinary mortar) is shown in Figure 12. The tile 

material showed little influence, but reducing the ratio of Young’s modulus lowered the 

ratio of stress intensity factor, resulting in a prediction of moderation in the resulting stress. 

This is a benefit of the development and use of lower-modulus mortars as a technique to 

prevent tile delamination. However, if used, it will also be necessary to compare the benefit 

of fracture toughness and other factors with that of the increased interface strength. 

Lastly, in each of these series, the influence of the method of calculating order of stress 

singularity on the obtained values for stress intensity factor was minor. The extrapolation 

method proposed in the present study for finding the parameters was determined to 

provide acceptable accuracy across a wide range of finish attachment conditions. 
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Fig. 12. Relationship between Young’s modulus ratio and stress intensity factor (Series III) 

5. Conclusion 

A method was proposed for assessing the characteristics of the stress singularity field acting 
on the adhesive holding cement mortar structural finishing components on to concrete, and 
this method was analyzed. The method employed for testing finishing components was the 
simple shear test for ceramic tiles using axial compressive loads. The following results were 
obtained: 
1. The various stress modes occurring during the simple shear test near the edge of the 

adhesive interface between concrete and mortar make up a stress field that contains a 
singularity point at its tip. The failure mode at the adhesive interface appears to be 
Mode II. 

2. There are two real solutions to Bogy’s theoretical solution. The stress field showed 
results that are fairly well approximated by the theoretical solution of greater 
magnitude, but in the strict sense, the stress field is complicated because it is influenced 
simultaneously by two orders of stress singularity. 

3. Calculations of the stress intensity factor using an extrapolation method fitted to a 
generalized stress function revealed results that closely resembled those provided by 
numerical analysis. 

4. The parametric analysis based on practical finishing conditions showed little influence 
of the geometry of the finish layer on the orders of stress singularity indicated by the 
approximated solution and the theoretical solution, but considerable influence of the 
Young’s modulus ratio of mortar types. There are limits to the validity of the theoretical 
solution. The two solutions also provided consistent predictions for the stress intensity 
factor, regardless of the finish conditions. Thus, the approach proposed here was shown 
to provide useful data. 

5. The thickness and length of the tile and mortar were also found to exert little influence on 
the stress singularity parameters within the range of practical dimensions. However, the 
Young’s modulus ratio of mortar types did have a significant affect on these parameters. 
This analysis reproduced the stress moderating effect of low-modulus mortar. 

Mortar thichness : 5 mm Porcelain tile 

Mortar thichness : 5 mm Stoneware tile 

Mortar thichness : 15 mm Porcelain tile 

Mortar thichness : 15 mm Stoneware tile 
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