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1. Introduction 

During the last 20 years, structural optimization has become one of the most important topics 
of engineering applications. Design optimization of structure has been an interesting area of 
research in the field of engineering design for its ability to short the design cycle and to 
enhance product quality. Significant research activity has occurred in the area of structural 
optimization in the last decade. Especially for topology optimization of structure, many new 
theoretical, algorithmic, and computational contributions have resulted by researchers and 
engineers. Topology optimization is a powerful tool for global and multi-scale design of 
macrostructures, microstructures, and the cell of prescribed composite materials. 
The population based evolutionary algorithms have emerged as powerful mechanism for 
finding optimum solutions of complex optimization problems in engineering during the last 
two decades. Evolutionary computation is the study of computational systems which use 
ideas and get inspiration from natural evolution and adaptation [1]. The thinking has wide 
application in various engineering fields, such as computer science, artificial intelligence, 
operations research. Genetic algorithm is another kind of bio-inspired optimization method 
and it is playing an increasingly important role in studies of complex adaptive systems. Its 
application ranges from adaptive agents in economic theory to the use of machine learning 
techniques in the design of complex devices and structures, such as aircraft turbines and 
integrated circuits [2]. 
Optimization of structures can be classified into three categories: sizing, shaping, and 
topology optimization. In the topology optimization, it is concerned with the structure 
members and connectivity between members. In general, it is easily represented by discrete 
variables rather than by those used for continuous optimization problems. Topology 
optimization is the most difficult and complex among three categories and it is special 
useful in developing innovative conceptual designs. Structural optimization, in particular 
the topology optimization, has been identified as one of the most challenging tasks in 
structural design. Various techniques and approaches have been established during the last 
two decades. Topology optimization usually referred to as layout optimization or general 
shape optimization [3]. It lets engineers get the optimal topology of structure or new 
configurations during product design phase, as they are implementing the design of the size 
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and shape of structure. In the last two decades, topology optimization has been becoming 
increasingly popular in industrial applications [4-6]. For in many cases, tremendous cost 
savings have been achieved due to the impact of this design tool in the early stage of the 
design procedure. However, because of the complicacy of the mathematical formulation and 
the difficulties in solving it, topology optimization is considered as one of the most 
challenging research field. 
In order to improve the efficiency in global optimization search the topology of engineering 
problems, many heuristic algorithms [7, 8, 9] have been developed, such as evolutionary 
algorithm [8, 9], genetic algorithms[10, 11], ant algorithm, simulated annealing algorithm,. 
In recent years, many biologically inspired methods come to be used in topology 
optimization of structure. Evolutionary algorithms are a popular and robust strategy for 
structure optimization. Especially the evolutionary structure optimization (ESO) has been 
applied widely in solving structural topology optimization problems [12, 13, 14]. These 
methods have special characteristics such as parallel computing and globally optimum 
searching. Based on hole image interpretation techniques, Lin et al. [7] gave two-stage 
artificial neural networks for topology and shape optimization, which contains improved 
template variety and recognition reliability. Salami and Hendtlass [8] proposed a “fast 
evolutionary algorithm” that does not evaluate all new individuals, in which fitness and 
associated reliability value are assigned to each new individual that is evaluated using the 
true fitness function only if the reliability value is below a threshold. In 1992, Xie and Steven 
[9, 12, 13] proposed the ESO and bidirectional ESO (BESO) approach [13] for topology 
optimization and applied to the optimization of structures successfully. During 
implementation of the method, elements are gradually removed from the structure by 
altering the material properties. The removal or additional criterion is based on the 
comparison of the Von Misses stress, principal stress or the deformation energy of the 
candidate element. Considering the low efficiency of the usage of the material in the low 
value of stress or strain energy, the element can be removed from the structure, or added in 
high value region for the need of material. For its simplicity in implementation and 
convenience in coping with the local buckling, displacement constraint and local stress 
constraint, ESO algorithm has wide applications in the dynamic modification, topology 
optimization thermal-structure coupling problems with different criteria, for further please 
see refernces [14, 15, 16]. Mariano Victoria etc. [17] gives the isolines topology design 
algorithm, and in essence it is a variant of Evolutionary Structure Topology optimization 
approach. Based on the thinking of perfect state of harmony in musical processing, Lee and 
Z. W. Geem [18] give the implementation of harmony searching algorithm for structural 
optimization. The merit is independent of the initializing design variable and derivative 
information of objective and constraint function. 
To get good topology of the final structure, in 1994 Eschenauer, et al. [19] put forward the 
Bubble Method. The main idea is first to introduce a new small circle and then implement a 
shape optimization by a conventional fixed topology shape optimization to get the size, 
shape and position of the hole. Osher and Sethian [20, 21, 23] proposed the concept of level 
set, it has been proven to be phenomenally successful as a numerical device, and since its 
appearance it has wide applications ranging from capturing multiphase fluid dynamical 
flows to special effects in hollywood to visualization, image processing, topology 
optimization of structure[24, 25], computer vision and many more. Wang and his coauthors 
[26, 27] Proposes level set method for structural topology optimization and many other 
variant of this algorithm. Wei [27] proposed piecewise constant level set method to nucleate 
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holes during optimization and some benchmark problems show the validity of the 
algorithm. 
There are several advantages to this approach for topology optimization of continuum 

structures. Firstly, we solve the elastic strain equations on a fixed grid through a version of 

the immersed interface method (IIM), which avoids the complications that come from using 

distorted and convoluted unstructured meshes. Secondly, the Level Set Method allows us to 

perturb the shapes of the interface, without worrying about changes in topology, such as 

how many holes are required. Thirdly, the entire method carries over to three dimensions, if 

desired. This method attracts many interests of engineers and researchers in optimization 

field for the smoothness of the boundary and having no intermediate density in the final 

topology [24-30].  

The studies all aimed at developing a robust and efficient algorithm for searching global 

optimum solution for engineering applications. 

The demanding computational cost for engineering optimization is often very high for each 

iteration needs at least one finite element analysis. Because the finite element analysis for 

engineering model takes lots of time in finding required data for calculating the parameters 

of objective function in optimization problem and that of constraint function. Various 

mathematical programming methods have been used to solve engineering optimization 

problems. But these methods need calculation of the first or second order differentiation that 

will increase the difficulty in searching optimum solution. In another hand, the 

mathematical programming methods are easily to fall into local optimum for non-convexity 

of topology optimization problems. 

The Traditional level set method algorithms for topology optimization use a Hamilton 

Jacobi equation to connect the evolution of the scalar function with the boundary of the 

topology contours. For this reason, it can hardly create new holes during evolving otherwise 

other measures has been taken. 

This paper proposes an improved LSM algorithm. The newly modified method integrates 

the ESO inspired hole-inserting technique in LSM method and overcome the shortcomings 

of traditionally approach. Using this algorithm, new holes can be inserted at different 

positions during the optimization to determine the optimal topology. From the point of 

view of “ground structure”, the proposed method of topology optimization enlarged the 

searching space of Level Set Method. 

2. Mathematical formulation of the evolutionary optimization algorithm 

Traditionally, the problem of topology optimization of structure to maximize stiffness can 
be specified as (1)-(4): 

Minimize:  ( ) ( )J u F u d
Ω

= Ω∫  (1) 

 s.t.: ( , ) ( )a u v L v=   (2) 

 0|
d

u u v UΓ = ∀ ∈  (3) 

 maxV d V= Ω ≤∫   (4) 
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Here, the design domain of the structure is represented byΩ, ( )J u is the objective function, 
( )F u  is specific physical or geometric type on design domain. In this paper, ( )F u  is the 

compliance of structure and the objective is to find the minimum of it, let the structure be 
the stiffest. In terms of the energy bilinear form ( , , )a u v φ , ( )L v and ( )ij uε  described by (5)-
(7) respectively, 

 ( , , ) ( ) ( )ijkl ij kla u v E u v dφ ε ε
Ω

= Ω∫ , (5) 

 ( )L v pvd vdsτ
Ω Γ

= Ω +∫ ∫ ,  (6) 

 
1

( )
2

ji
ij

j i

uu
u

x x
ε

⎛ ⎞∂∂
⎜ ⎟= +
⎜ ⎟∂ ∂⎝ ⎠

. (7) 

The purpose of the topology optimization is to optimize the objective function by layout of 
the material in design domain. 
In the Level Set Method, the boundary of structure is described by zero level set and it can 
easily represent complicated surface shapes that can form holes, split to form multiple 
boundaries, or merge with other boundaries to form a single surface. Zero level sets are 
decided by the objective function such as energy of deformation, stress, eigenvalue etc., and 
the optimal structure can be gotten through the movement, amalgamation of the external 
boundary of the structure.  
Compared with the homogenization method and SIMP (Solid Isotropic Material Penalty) 
[30] method, the LSM has some excellent aspects: no chessboard, no mesh-dependency 
problems, and good numerical stability. 
The LSM describes the topology of structure implicitly, and the course of the topology 
optimization of continuum is achieved by solving the Hamilton-Jacobi equation (8). 

0V
t

φ φ∂
+ ⋅ =

∂

j
  (8) 

Here, according to objective function how to descend, V
j

is chosen to let level set function 

change. Time variable is length that satisfies Courant-Friedrichs-Levy (CFL) condition which 
makes difference calculation stability. The model of optimization can be specified as (9)-(12): 

Min:  ( , ) ( ) ( )J u F u H dφ φ
Ω

= Ω∫   (9) 

 s.t.: ( , , ) ( , )a u v L vφ φ=  (10) 

 0|
d

u u v UΓ = ∀ ∈   (11) 

 ( ) maxV H d Vφ= Ω ≤∫  (12) 

In terms of the energy bilinear form ( , , )a u v φ , the load linear form ( , )L v φ , and the volume 
( )V φ  of the structure, respectively described by (13)-(15): 

 ( , , ) ( ) ( ) ( )ijkl ij kla u v E u v H dφ ε ε φ
Ω

= Ω∫  (13) 
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 ( , ) ( ) ( )L v pvH d vH dφ φ τ φ δ φ
Ω Ω

= Ω + ∇ Ω∫ ∫  (14) 

 ( ) ( )V H dφ φ
Ω

= Ω∫  (15) 

Where ( )xδ is Dirichlet function， and ( )H x  Heaviside function, see paper [22].  

As known to all, only the moving and merging of holes can be implemented during the LSM 
topology optimization, no new holes can be generated through the optimization. The 
disadvantage of level set based topology optimization is apparent for some engineering 
problems. To conquer the difficulty, one method is to initialize the guess design with 
enough holes in order to include as more topologies as possible. To get a good result, we 
should comply with the following two fundamental principles to initialize the guess 
configuration before carrying out the optimization:  
a. The number of holes must be enough to include all the possible topology; 
b. The layout of the holes should be rationally positioned. 

Cantilever beam is a benchmark problem in topology optimization. As shown in Figure 1, it 
has a length of 64mm and a height of 40mm, thickness of the plate t =1 and is subjected to a 
concentrated load of 80N at the middle of its free end. The objective function of the problem is 
the strain energy of the structure with a material volume constraint. The Young’s Modulus 
and Poisson’s Ratio of the material used in the example are 200GPa and 0.3, respectively. 
Parameters 910α −= , 1.0Δ =  are used in the numerical approximation of ( )xδ and ( )H x . The 
volume ratio is limited to 25%. A mesh including 64 x 40 4-node-isoparametric elements is 
used, and the problem is dealt with as a plane stress problem. As shown in Figure 2, the guess 
topology configuration is initialized with 4 x 6 holes in level set function. 
Figure 3 gives the topology evolving procedure during optimization progress. The final 
result in Figure 3(f) shows that good topology can be obtained if the initialized configuration 
includes sufficient number of holes, see in Figure 2. It consists with the result in paper [31] 
in Figure 5 and that from the optimization criteria(OC) approach in Figure 6. For more 
detailed description on the theory and numerical computation of the level set based 
topology optimization, see [26]. 
 

 

Fig. 1. Geometry parameters and boundary conditions of cantilever plate 
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Fig. 2. Topology Initialization with evenly distributed 4X6 holes 
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Fig. 3. Computational flow of the structural topology optimization 
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Fig. 4(a) Iteration number 15 

 

 

Fig. 4(b) Iteration number 30 

 

 

Fig. 4(c) Iteration number 45 
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Fig. 4(d) Iteration number 60 

 

Fig. 4(e) Iteration number 75 

Fig. 4. Traditional Level set method for topology optimization, initialized with uniformly 
distributed holes 

 

 

Fig. 5. Resultant topology in paper [32] 
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Fig. 6. Final topology through optimization criteria (OC) method 

Numerical experiments show that the optimal topology depends on the initialization 

considerably. In fact, the final topology is only a subset of the candidate topology set of 

initialization. The more the topologies are included, the higher the possibility a good design 

can be obtained. 

To illustrate the invalidity of the level set based topology optimization algorithm, let us 

design the topology of a cantilevered plate, a classical benchmark problem for topology 

optimization, from an initial guess topology with no hole. The design result indicates that 

the optimal topology is a two-bar-truss-like structure, which is apparently different from the 

real optimum topology. From this example, we can safely come to the conclusion that the 

optimal topology highly depends on the initial guess design, and that LSM can only find a 

best topology in the given topology sets in advance. 

To circumvent the obstacle of independence of initialization, new criteria are needed to 

insert new holes at the right position during the right iteration. This is the emphasis of this 

paper. 

The proposed method is based on the node neighboring strain energy as illustrated in 

Figure 7, and calculated through (16), 

 ( ) ( )ei ijkl ij klE u v dα ε ε
Ω

= Ω∫  (16) 

In (16), eΩ indicate the node neighboring region as shown in Figure 8, and iα is the 

Performance Index of the i-th node relative to the whole structure, this value indicate the 

effect of the i-th node on strain energy of whole structure when it is removed from structure.  

For each iteration of optimization, the algorithm finds small percentage of the lowest strain 
energy of all nodes within solid material region, see Figure 7. For different problems, the 
initial value can be changed a little to get better result accordingly. 
The implementation of the proposed algorithm as follows: 
Step 1. Initialization of the guess topology of the structure with signed distance function in 

terms of the external boundary; 
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Step 2. Solving the equilibrium equation of the structure. FEA (Finite Element Analysis) is 

adopted to compute the displacement field and the adjoint displacement field 

through the linear elastic system; 

Step 3. Computing the sensitivity of the candidate node. The value is the strain energy of a 

node-neighboring region iα ; 

Step 4. Hole inserting, in the material region, according to the value, remove the low 

energy element (generally the remove rate is 2-3% of those violating the volume 

constraint); 

Step 5. Evolving of the topology of the structure. Solve the level set equation to update the 

embedding function. Same as that of the Level Set Method. 

Step 6. Convergence checking. If volume constraint met, then the iteration finished; or 

repeats Step2 - Step6 until convergence. 

In Step3 and Step4, the proposed method can control the position of the inserted hole 

adaptively. Apart from that, the number of holes and the iteration number can be carried 

out individually in code implementation. For different fields of topology optimization 

problems, corresponding parameters should be adjusted accordingly. 

 
 
 

NΩ
Nodei

 

 

 

Fig. 7. Computational diagram for strain energy of node neighboring region 
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Fig. 8. Averaged strain energy of 4 neighboring gauss point 

 
 

 

Fig. 9. Updated topology boundary after inserting a new hole during evolving optimization 
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3. Numerical examples 

To illustrate the reliability and the validity of the nodal ESO hole-inserting LSM topology 

optimization method, the classical cantilever beam in Figure 1 is optimized and gets a good 

result. At the same time, to show the efficiency of the improved algorithm, guess topology 

has no hole is computed to show the characteristics. 

Case 1 

To solve the problem with no hole the initialization configuration has, one cannot get the 

optimal topology using traditional LSM algorithm easily.  

According to the theory of Evolutionary Structure Optimization method, this paper gives 

the automated hole-inserting approach. The evolution procedure of structural topology is 

shown from Figure 10(a) to Figure 10(f). The topology optimization of the cantilever shows 

the validity of the proposed method. 

Figure 11 gives the structural strain energy variation history during optimization. Figure12 

shows the iteration history of material usage within the design domain during topology 

evolving. 

Case 2 

To illustrate the efficiency of the proposed algorithm, the same benchmark problem is 

solved. but the initialization has initialized holes and inserting holes when impossible 

during the optimization iteration. Figure 13(a) until Figure 13(f) gives the key intermediate 

topology during optimization. Optimization history shows that the iteration number 

decreased from 72 to 39. 

Figure14 gives the structural strain energy variation history during optimization. Figure15 

shows the iteration history of material usage within the design domain during topology 

evolving. 

 
 
 

 

Fig. 10(a) Topology initialization without holes 
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Fig. 10(b) Iteration number 14 
 

 

Fig. 10(c) Iteration number 30 
 

 

Fig. 10(d) Iteration number 46 
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Fig. 10(e) Iteration number 61 

 

Fig. 10(f) Iteration number 72 

Fig. 10. The proposed algorithm: Topology evolving process with initialization having no 
holes 
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Fig. 11. Strain Energy of the structure V.S. iteration number 
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Fig. 12. Value of constraint function v.s. iteration number, the value indicted the gross 
material usage during the optimization 
 

 

Fig. 13(a) Iteration number 6 

 

Fig. 13(b) Iteration number 13 
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Fig. 13(c) Iteration number 20 

 

 

Fig. 13(d) Iteration number 27 

 

 

Fig. 13(e) Iteration number 33 
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Fig. 13(f) Iteration number 39  

Fig. 13. The proposed algorithm: Topology evolving process with initialization having holes 
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Fig. 14. Strain energy of the structure v.s. iteration number 
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Fig. 15. Value of constraint function V.S. iteration number, the value indicted the gross 
material usage during the optimization 

4. Conclusions 

This paper proposed a LSM combined ESO hole-inserting algorithm for topology 
optimization. The algorithm integrated the merits of two methods and eliminated the 
weaknesses of conventional Level Set Method. Smooth boundary of the final topology can 
be gotten and need no post-processing for the manufacturability. The optimization iteration 
needs no explicit description of the variation of the topology, all the merits of LSM methods 
are kept and implemented in the new algorithm so that it makes the computation 
convenient and improves the efficiency accordingly. In conclusion, the nodal ESO integrated 
level set methods for topology optimization has the following characteristics: 
1. Enlarged the optimum searching scope of the ground structure, solved the topology 

optimization without holes in initialization of guess configuration. which cannot get 
satisfied topology within proper iteration for traditional LSM method. 

2. With the proposed algorithm in this paper to solve benchmark problems, the 
computational efficiency can be improved considerably, it can get the optimal topology 
in less iteration for initialization with enough initialized holes. 

3. Additionally, the proposed algorithm can be used to solve other engineering problems 
easily if given different optimization criteria, such as local stress constraint, eigenvalue 
optimization and design of compliant mechanism. 

Further work includes the parallelization of the genetic algorithm with the aim of reducing 
the iteration times as well as the extension of the proposed approach to 3D structures. 
Moreover, availability of the bi-direction evolutionary structure optimization algorithm the 
automatic mechanism of inserting and removing hole will be further implemented and 
integrated with the level set method to tackle more complex engineering problems. 
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