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1. Introduction

The observer design problem for nonlinear time-delay systems becomes more and
more a subject of research in constant evolution Germani et al. (2002), Germani &
Pepe (2004), Aggoune et al. (1999), Raff & Allgower (2006), Trinh et al. (2004), Xu et al.
(2004), Zemouche et al. (2006), Zemouche et al. (2007). Indeed, time-delay is frequently
encountered in various practical systems, such as chemical engineering systems, neural
networks and population dynamic model. One of the recent application of time-delay is
the synchronization and information recovery in chaotic communication systems Cherrier
et al. (2005). In fact, the time-delay is added in a suitable way to the chaotic system in the
goal to increase the complexity of the chaotic behavior and then to enhance the security of
communication systems. On the other hand, contrary to nonlinear continuous-time systems,
little attention has been paid toward discrete-time nonlinear systems with time-delay. We
refer the readers to the few existing references Lu & Ho (2004a) and Lu & Ho (2004b), where
the authors investigated the problem of robust H observer design for a class of Lipschitz
time-delay systems with uncertain parameters in the discrete-time case. Their method show
the stability of the state of the system and the estimation error simultaneously.

This chapter deals with observer design for a class of Lipschitz nonlinear discrete-time
systems with time-delay. The main result lies in the use of a new structure of the proposed
observer inspired from Fan & Arcak (2003). Using a Lyapunov-Krasovskii functional, a
new nonrestrictive synthesis condition is obtained. This condition, expressed in term of
LMI, contains more degree of freedom than those proposed by the approaches available in
literature. Indeed, these last use a simple Luenberger observer which can be derived from the
general form of the observer proposed in this paper by neglecting some observer gains.

An extension of the presented result to He performance analysis is given in the goal to
take into account the noise which affects the considered system. A more general LMI is
established. The last section is devoted to systems with differentiable nonlinearities. In
this case, based on the use of the Differential Mean Value Theorem (DMVT), less restrictive
synthesis conditions are proposed.

Notations : The following notations will be used throughout this chapter.

e |.|| is the usual Euclidean norm;
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20 Discrete Time Systems

e (%) is used for the blocks induced by symmetry;
e AT represents the transposed matrix of 4;
¢ [, represents the identity matrix of dimension r;

e for a square matrix S, S > 0 (S < 0) means that this matrix is positive definite (negative
definite);

e z(k) represents the vector x(k — t) for all z;
1

* The notation |[x|s = <Zli°=o || x(k) HZ) > is the 5 norm of the vector x € IR®. The set /3 is
defined by
5 = {x ER® ¢ [Ix][ < —1—00}.

2. Problem formulation and observer synthesis
In this section, we introduce the class of nonlinear systems to be studied, the proposed state

observer and the observer synthesis conditions.

2.1 Problem formulation
Consider the class of systems described in a detailed forme by the following equations :

x(k+1) = Ax(k) + Agxy(k) + B f(Hx(k), ded(k)) (1a)
y(k) = Cx(k) (1b)
x(k) = x°(k), for k= —d,...,0 (1c)

where the constant matrices A, Ay, B, C, H and H; are of appropriate dimensions.
The function f : R* x R*? — IR satisfies the Lipschitz condition with Lipschitz constant -y f,

ie:
s z1 — 4
Jr(evz) = s(avz) [ <[22
Now, consider the following new structure of the proposed observer defined by the
equations (78) :

P VZl,Zz,ﬁl,fz. (2)

(3a)

+L(y(k) = C2(R) ) + L (va (k) — C(K) )
o(k) = H2(k) + K (y(k) — C2(k) ) + K} (ya(k) = Ca(k)) (3b)
w(k) = Hyta(k) + K (y(k) = C2(K)) + K3 (ya (k) — Ca()). (39
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Observers Design for a Class of Lipschitz Discrete-Time Systems with Time-Delay 21

The dynamic of the estimation error is :
e(k+1) = (A - LC)e(k) + (Ad - de>sd(k) +BSf; (4)

with
fic = f(Hx(k), Hyxa(k) ) = £ (0(k), w(k) ).

From (35), we obtain
_xl _xl
o] < 2¢] s, st ~ oI ©

2.2 Observer synthesis conditions

This subsection is devoted to the observer synthesis method that provides a sufficient
condition ensuring the asymptotic convergence of the estimation error towards zero. The
synthesis conditions, expressed in term of LMI, are given in the following theorem.

Theorem 2.1. The estimation error is asymptotically stable if there exist a scalar x > 0 and matrices
P =Pl >0 Q= QT >0,R Ry K, K2 K} and K3 of appropriate dimensions such that the
following LMI is feasible :

[—P+Q 0 Mpz; My M  MI
(x) —QMp My M M
(x) (%) M3z 0 0 0
<0 (6)
() (%) (») =P 0 0
() () (0) (%) -7}, 0
) ) ) ) () e
where
M3 = ATPB— CTRB (7a)
My = ATP - CTR (7b)
M15 = ’)/ch (IXH — K1C) (7C)
M = 77R*C (7d)
My; = AIPB — CTR;B (7e)
My, = AIP — CTRy (7)
Mas = 13K;C (78)
Mas = 7} («Hy — KiC) (7h)
M3; = BTPB —al, (7i)
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22 Discrete Time Systems

The gains L and Ly, K', K2, K} and K2 are given respectively by
L=PIRT, L; =P 'R}

1 1

K'=-K!, K> = ~K?,
(44 48
1, 1
K} =-Kj, Kj=-Kj
d o d d o d

Proof. Consider the following Lyapunov-Krasovskii functional :

i=d
Vi =" (k)Pe(k) + Y (e (k)Qei(K) ). ®)
i=1

Using the dynamics (4), we obtain

Vigr — Vi = ¢IM1 gk
where

ATPA—-P+Q ATPA; ATPB

M; = (%) ATPA; - Q Aé"pB , (9a)
(%) (%) B'PB

Gi = [e7(k) el (k) o£]], (9b)

A=A-LC, (9¢c)

A;j=A;—L,C. (9d)

Using the notations K! = aK!,K? = «sz,Kgl = (chll and K% = (XK?I, the condition (5) can be
rewritten as follows :

ZiMaZ, > 0 (10)
with
L M; 0
M, = | %77 , (11a)
T T T T
(%) M5cMpg + M5:IMp5
and M5, M4, M5, M4 are defined in (7).
Consequently
Vier = Vi < ¢ (M1 + My ) g (12)

By using the Schur lemma (see the Appendix), we deduce that the inequality

M;+M; <0
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Observers Design for a Class of Lipschitz Discrete-Time Systems with Time-Delay 23

is equivalent to
My <0
where - .
—P+Q 0 ATpB ATp ML Ml 7
(x) —QAIPBA;P My My

(x) (%) Msz 0O 0 0

M, = \ (13)
® ) (5 P 0 0

*) ) ® %) el 0

L ) ) ) () () —arfly)

Using the notations R = LTP and R; = LgP, we deduce that the inequality My < 0 is
identical to (6). This means that under the condition (6) of Theorem 2.1, the function V; is
strictly decreasing and therefore the estimation error is asymptotically stable. This ends the
proof of Theorem 2.1. O

Remark 2.2. The Schur lemma and its application in the proof of Theorem 2.1 are detailed in the
Appendix of this paper.

2.3 lllustrative example

In this section, we present a numerical example in order to valid the proposed results.
Consider an example of an instable system under the form (1) described by the following
parameters :

420 0 0503
A=|042], A;= |05 0 03],
003 0303 0

0.01 0
B=|0 001|, H=[101],
0 0

Hy;=[100], C=[100]
and

in(x! X3
f(Hx,Hyxq,y) = ¢ {s cgs(a(cg)(l:r— 151){))

where

X = [xl x2 x3]T

and s = 10 is the Lipschitz constant of the function f.
Applying the proposed method (condition (6)), we obtain the following gains :
L = [0.0701 1.8682 2.9925] ",

Ly = [0.3035 0.2942 0.0308] ",
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24 Discrete Time Systems

K! =0.9961, K2 = —2.8074 x 102,

K! = —9.0820 x 107, K3 = —0.0075

and
a=10"".

3. Extension to H, performance analysis

In this section, we propose an extension of the previous result to He robust observer design
problem. In this case, we give an observer synthesis method which takes into account the
noises affecting the system.

Consider the disturbed system described by the equations :

x(k+1) = Ax(k) + Agxy(k) + Eow(k) + B f(Hx(k), ded(k)> (14a)
y(k) = Cx(k) + Dow(k) (14b)
x(k) = 2%(k), for k= —d,...,0 (14c)

where w(k) € /3 is the vector of bounded disturbances. The matrices E, and D,, are constants
with appropriate dimensions.

The corresponding observer has the same structure as in (3). We recall it hereafter
with some different notations.

#(k+1) = AR(k) + Agfa(k) + Bf (01(k), 02(K)

(15a)

#(k)) + La (va(k) = C2a(K))
o1 (k) = H2(k) + K* (y(k) — C2(K) ) + K} (ya (k) — Ca(k)) (15b)
02(k) = Hy2a (k) + K2 (y (k) = C2(K) ) + K (va(k) — C2a(K)). (150)

Our aim is to design the matrices L, Ld,Kl,K2,Ké and Kﬁ such that (15) is an asymptotic
observer for the system (14). The dynamics of the estimation error

is given by the equation :
e(k+1) = (A - Lc)s(k) + (Ad - LdC)sd(k) +Bof,

(16)
+ (Ew . LDw)w(k) — LyDew, (k)
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Observers Design for a Class of Lipschitz Discrete-Time Systems with Time-Delay 25

with
6fi = f (Hx(k), Hyxa(K) ) = f (e1(K), 02(K)))

satisfies (5).
The objective is to find the gains L, Ly, K1 K2, Ké and Kl% such that the estimation error
converges robustly asymptotically to zero, i.e :

lelleg < Mlewlleg (17)

where A > 0 is the disturbance attenuation level to be minimized under some conditions that
we will determined later.
The inequality (17) is equivalent to

A
lellgg < <= (lwlf + lwallfs = Y @?(k))°. (18)
\/E 2 2 5

Without loss of generality, we assume that
w(k)=0 for k=—d,..., —1.

Then, (18) becomes

N[

A
lellg < == (llwllf + llwallzs )™ (19)
\/E 2 2

Remark 3.1. In fact, if w(k) # 0 for k = —d, ..., —1, we must replace the inequality (17) by
N = PN
el <A (llolfy +3 X 7)) 20)

in order to obtain (19).

Robust He observer design problem Li & Fu (1997) : Given the system (14) and the
observer (15), then the problem of robust He observer design is to determine the matrices
L, Ly, K, K2, K} and K so that

klim e(k) =0 for w(k) =0; (21)
lellgg < AMlewllgg ¥V w(k) #0; e(k) =0,k = —d,...,0. (22)

From the equivalence between (17) and (19), the problem of robust Hs observer design (see
the Appendix) is reduced to find a Lyapunov function Vj such that

A2 A2
Wi = AV +eT(k)e(k) — 7wT(k)w(k) — 7wg(k)wd(k) <0 (23)

where
AV = Vi1 — V.

At this stage, we can state the following theorem, which provides a sufficient condition
ensuring (23).
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26 Discrete Time Systems

Theorem 3.2. The robust He, observer design problem corresponding to the system (14) and the
observer (15) is solvable if there exist a scalar « > 0 matrices P = PT > 0,0 = QT > 0,
R, Ry, K, K?, K} and K3 of appropriate dimensions so that the following convex optimization problem

is feasible :

min(vy) subjectto T <0 (24)
where ) )
~P+Q+I, 0 Mz 0 0 My, ML M
(%) —QMy; 0 0 M, ML M,
(*) (%) Mz M3y Mss 0 0 0
(%) (%) (x) =9I 0 ELP—CTR 0 0
(*) (%) () (x) =L —DuRg; 0 0
I = (25)
M4 les 11\/[;6 g
M, Mjs Mg P 02 0
0 0 0 (*) —arfls, O
ELP—CTR 0 0 (*) () —arils,
L —DwRd 0 0 _
with
Ms, = BTPE,, — BTRTC, (26a)
M35 = —BTR] Dy, (26b)

and M3, M14, M5, M16, Mp4, Mos, Mo, M33 are de ned in (7).

The gains L and Ly, Kl,Kz,K;, Kﬁ and the minimum disturbance attenuation level A are given

respectively by

L=P'RT, Ly =P 'R]

Kl=lg e=lp
o o
1_ 1_

Kl= gl K2=_R2

d o d d o d

A =+/27.

Proof. The proof of this theorem is an extension of that of Theorem 2.1.
Let us consider the same Lyapunov-Krasovskii functional defined in (8). We show that if the
convex optimization problem (24) is solvable, we have W < 0. Using the dynamics (16), we

obtain
Wi =11S1n (27)
where ) B ~ _ ~
1,00 ATPE, —ATPD,,
M;+ (000 A;pE;) —Agpﬁw
000 BT'PE, —B'PD,
U= rATpE, —ATPDLT o (28)
ATpE. _ATpp. | [EoPEe =7l EuPDo
% (W 51 ’w DZ;PEw DZ;PDW — ol
| |B'PE, —B'PD,, |
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Observers Design for a Class of Lipschitz Discrete-Time Systems with Time-Delay 27

where
E,=E,—LC (29a)
Dy = LiDy (29b)
nt = [T el 6fr wl wl], (29¢)
)\2

The matrices M, A and A are defined in (9).
As in the proof of Theorem 2.1, since 0 f satisfies (5), we deduce, after multiplying by a scalar
a > 0, that

7" Sy >0 (30)

where 1
a_y}M3 0 00

S, = 0 —al;00 (31)
0 0 00
0 0 00
and M3 is defined in (11b).
The inequality (31) implies that
Wi = 1" (S1 +S2)7. (32)

Now, using the Schur Lemma and the notations R = LTP and R; = L;P, we deduce that
the inequality 5; + 5, < 0is equivalent to I' < 0. The estimation error converges robustly
asymptotically to zero with a minimum value of the disturbance attenuation level A = /2 if
the convex optimization problem (24) is solvable. This ends the proof of Theorem 3.2. O

Remark 3.3. We can obtain a synthesis condition which contains more degree of freedom than the
LMI (6) by using a more general design of the observer. This new design of the observer can take the
following structure :

2(k+1) = A2(k) + Ag2q(k) + Bf (v(k), w(k))

d (33a)
+L{y0) = C20) + X Li{uith) - C2i(o))
d
o(k) = He (k) + K! <y(k) - cx(k)) + Y K! (yi(k) - Ca?i(k)) (33b)
i=1
d
w(k) = Hyta(k) + K (y(k) = C£(K)) + 12 KF (vi(k) — Cai(k) ). (330
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28 Discrete Time Systems

If such an observer is used, the adequate Lyapunov-Krasovskii functional that we propose is under

the following form :
j=di=j

Vi =T (k)Pe(k) + 1 Y (T ()Qjei (k) ). (34)

j=1i=1

4. Systems with differentiable nonlinearities

4.1 Reformulation of the problem
In this section, we need to assume that the function f is differentiable with respect to x.
Rewrite also f under the detailed form :

f1(Hyx, H{z)
f(Hx,Hyz) = . (35)
q(an'c, Hf;z)

where H; € R%*" and Hld € R for all i € {1,..,q}. Here, we use the following
reformulation of the Lipschitz condition :

— o0 < g < g—g(?,zi) <bjj < +oo, V' €RY, V7' €R" (36)
j
oo < aldj < gg(xilgi) < b?] < 400, vgz c ]Rri/ v,xi € R (37)

where x! = Hyx and 2! = Hfz.
The conditions (36)-(37) imply that the differentiable function f is 7 s-Lipschitz where

i=q j=si =i
vs= Zmax max <’ai],‘2, ’bijlz)/ Z max <]a?j’2, ]b?]|2>
i=1 j=1 /=1

The reformulation of the Lipschitz condition for differentiable functions as in (36) and (37)
plays an important role on the feasibility of the synthesis conditions and avoids high gain as
shown in Zemouche et al. (2008). In addition, it is shown in Alessandri (2004) that the use of
the classical Lipschitz property leads to restrictive synthesis conditions.

Remark 4.1. For simplicity of the presentation, we assume, without loss of generality, that f
satis es (36) and (37) with a;; = 0 and afm =O0foralli,l =1,..,9,j=1,..,sand m =1, ..., r, where

s = max (s;) and r = max (r;). Indeed, if there exist subsets S1,S9 C {1,...,.q}, So C {1,...,s} and
1<i<q 1<i<q

sS4 c {1,...,r} such that a;j # 0 forall (i,j) € S1 x Sy and ad 0 forall (1I,m) € S§ x S4, we can
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Observers Design for a Class of Lipschitz Discrete-Time Systems with Time-Delay 29

consider the nonlinear function

f(xk, xk-a) = f(Hxy, Haxg—a) — ( )y ﬂz’jHini>xk
(i,j)€51% S,

d pd pd
_< ) almHlmHl>xk*d
(1m)€Six 4

(38)

where

Hij = eq(D)e () and Hf, = eq(1)ey, (m).
Therefore, fsatis es (36) and (37) with a;; = 0, ﬁ;’lj =0, Eij = bjj — ajjand El‘.i]- = b;-’lj — a‘iij, and then
we rewrite (1a) as

Xpy1 = Axg + Agxi_g + Bf (i, xc—g)
with
A=A+B )  wjHjH;, Aj=A;+B ) a?ijij
(i,j)€51% 5, (i,j)€Six 8§

Inspired by Fan & Arcak (2003), we consider the following state observer :

i=q .
fpp1 = AR+ Agfp_g + Y Beg(i) fi(vp, wy) (358)
i=1 a
+L(yx — C) + L9 (vi-a — Cia)
vl = Hify + K; (yk - c:ek> (39b)
w;c = Hffk—d + Kfl <yk—d - ka—d) (39¢)
¢ = 20, Vk € {—d,...,0) (39d)

Therefore, the aim is to find the gains L € R"*7, L% € R"™ P, K; € R%*P and Kfl € R"*P, for
i =1,...,q,such that the estimation error

€ = X — X (40)

converges asymptotically towards zero.
The dynamics of the estimation error is given by :

i=q
epry = (A - LC)sk + (Ad . de)sk,d + Y Bey(i)df; (41)
i=1

where i
8fi = fi(Hixy, Hi %) — fi(v}, w})-
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30 Discrete Time Systems

Using the DMVT-based approach given firstly in Zemouche et al. (2008), there exist z; €
Co(H;x,v'),z¢ € Co(Hxy_g4,w') foralli = 1,...,q such that :

j=si J=ti
Sfi =Y hj(k)el (Nxi + Y W (k)el (Dt (42)
j=1 j=1
where
Xi= (Hi - KiC)Sk (43)
xd = (Hf —KiC)er 4 (44)
a .
hij(k) = a—g <Zi(k)rH1“ixk—d> (45)
j
dopy _ Ofi( i _a
hii(k) = 87); (Ukrzi (k)> (46)

Hence, the estimation error dynamics (41) becomes :

epy = (A . Lc)sk + (Ad - de)ek,d

i=q j=si
+ hii(k)BH;ixi
g}g 1]( ) ijAi (47)
i=q j=r;
+Y. Y Wk BHfA!
i=1j=1

4.2 New synthesis method

The content of this section consists in a new observer synthesis method. A novel sufficient
stability condition ensuring the asymptotic convergence of the estimation error towards zero
is provided. This condition is expressed in term of LMI easily tractable.

Theorem 4.2. The estimation error (40) converges asymptotically towards zero if there exist matrices
P=Pr>0Q=0T >0R, RY, K; and Kfl, fori =1,..,q, of adequate dimensions so that the
following LMI is feasible :

-P+Q 0 M 0 ATp—-CTR
() -Q 0 N Alp—CTR4
(*x) (%) =Y 0 >Tp <0 (48)
(*) (%) () =YT  (Z)TP
(x)  (x) ) () —-P
where
M = [My (K ) -+ M (K)] (49)
M;(K;) = | (H; = K:C)T...(H; = K;O)' | (50)
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N = [Ny (K]) - Ny(K9) | (51)

Ny(Kf) = | (Hf = KiC)T...(H - KiC)T | (52)
r; times

Y —B [Hn - Hyg, Hyy - Hqsq} (53)

4 = B|H, - Hf, Hy - Hy,] (54)

Y = diag (/311 Isyy oo Bis Ts1, Ba1 Isys s B, Isq> (55)

Y = diag (B Iy, . ﬁm Iy, Bt s B T, ) (56)

Bij = b_z] Bl = b%. (57)

Hence, the gains L, L% are given, respectively, by L = P~'RT, LY = P~Y(RY)T and the matrices
K;, Kfl are free solutions of the LMI (48).

Proof. For the proof, we use the following Lyapunov-Krasovskii functional candidate :
T S
Vk = SkPEk + Z SkfiQSk—i
i=1

Considering the difference AV = Vj 1 — Vj along the system (1), we have

AV =€l [(A Lc) p(A - Lc) P+ Q} e el {(Ad - LdC)TP<Ad - de> - Q] Ef 4

2l (A-10) P(Ay—19C)er_g+26[ (4-1C) P (iz”f BHU@)

i=1 j=1
i=q j=r; T i=q j=s;
T T d
+2¢f (A - Lc) (21 Y BH ) +2¢f_y(4g—L9C) P (21 21 BHijCij)
i ] i=1j=

T -e
i=qj=r; i=q j=s; i=q j=s;
+ 26T d(Ad ny, c) p (2 Y B ;jg;i]) (2 y BHljg,]) p (2 y BHi]-gij)

i=1j=1 i=1j= i=1j=1
. . T
i=qj=r; i=qj=r;
+ (Z Y BHZ@%) (Z Y BH )
i=1j=1 i=1j=1

where

(58)

Gij = hij()xi, &8 =g (xd (59)
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32 Discrete Time Systems

From (36) and (37), we have

i= q] Si 1
Z Z 51] b gij >0 (60)
i=1j=1 )
= 6]] ri
Zl Z C ]’ld - bd g (61)
i=1j=
Using (43) and (59), the inequalities (60) and (61) become, respectively,
i=qj=s T i=qj=si 1
el (Hi - Kic> gz] Z Z gq >0 (62)
i=1j=1 i=1j=
=g j=ri T i=qj=ri 4
Y Y a(H ki) - @ >0 (63)
i=1j=1 i=1j=1 "ij
Consequently,
T
€k Iy T'p T3 iy ek
€k—d (x) T2 T3 Tog| |&k—a
AV < 64
~ | Ck (%) (x) T3z Tag| | Ck (64)
ox (%) (%) (%) Taa] [ g}
where
T
T = <A—LC) P(A—LC)—P+Q (65)
T
Ty = (A - LC> P(Ad - de) (66)
T
T3 = MT(Ky, .. Ky) + <A - Lc) Px (67)
T
Ty = (A . Lc) pxd (68)
T
Ty = (Ad - de) P(Ad - de) ~Q (69)
T
Ty = (Ad 1 de) Py (70)
T
Ty = NT(K{,..,KI) + (Ad . de> pxd (71)
I3 =2TPY—Y (72)
[y =2Tpyd (73)
Iy = (2H)Tpz? —v4 (74)
O = [g{l,...,g{sl,g"{l,...,qusq]T (75)
o =1C)" - @) @) ()T (76)
q
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Observers Design for a Class of Lipschitz Discrete-Time Systems with Time-Delay 33

and M(Kj, ..., Ky), X, Y are defined in (49), (53) and (55) respectively.
Using the Schur Lemma and the notation R = LT P, the inequality (48) is equivalent to

1 Tp T3 Ty
x) T'op T3 T'pg

1
(+) < 0. (77)
(%) (%) T3 T34
(%) (*) (x) Taa
Consequently, we deduce that under the condition (48), the estimation error converges
asymptotically towards zero. This ends the proof of Theorem 4.2. O

Remark 4.3. Note that we can consider a more general observer with more degree of freedoms as
follows :

i=q o =d
R = AR + Agxp_g + Z Beg (i)fl-(v}dw;() + L; (ykfl — Cﬁkfl) (78a)
i=1 120
, I=d
v = Hifk + ) Ky (]/kfl - ka#) (78b)
1=0
j d C
wh = Hit 4+ Y K <yk,d - c:z,Hi) (78¢)
1=0

This leads to a more general LMI using the general Lyapunov-Krasovskii functional :

j=di=j

T T
Vi =g Pe+ ) ) e_iQjek—i
j=1i=1

4.3 Numerical example
Now, we present a numerical example to show the performances of the proposed method. We
consider the modified chaotic system introduced in Cherrier et al. (2006), and described by :

X = Gx+ F(x(t),x(t—1)) (79)
where
—a a 0 —wd tanh (xq (t))
G=1|1 -1 1], F(x(t),x(t—1)) = 0
0 —B— esin(oxy(t — 7))

Since the proposed method concerns discrete-time systems, then we consider the discrete-time
version of (79) obtained from the Euler discretization with sampling period T = 0.01. Hence,
we obtain a system under the form (1a) with the following parameters :

—adT 0
A=1+TG, AdZORsxs, B = 0 0
0 €T

and

[ tanh(x(k))
f (X Xp—q) = [sin(mq (1k - d)}
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that we can write under the form (35) with
Hy=[100], H =[000]

Hy=1[000], Hf = [0 00]

Assume that the first component of the state x is measured, i.e. : C = [1 0 O] .
The system exhibits a chaotic behavior for the following numerical values :

x=9 =14, y=5,d4d=2

6 =5, € =1000, ¢ =100

as can be shown in the figure 1.
The bounds of the partial derivatives of f are

100

50

Fig. 1. Phase plot of the system

a = 1, bll =1, agl = -1, bgl =1

According to the remark 4.1, we must solve the LMI (48) with

. 00 O
b3 = b5 —a3 =2 Ag= |00 ?
0 0—-Teo

Hence, we obtain the following solutions :

1.3394 0
L=1{49503|, L= | 0 |, K3 =09999, K, = —0.0425, K{ = —1.792x 10713, K§ = 100
40.8525 —1000

The simulation results are shown in figure 2.
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X2

2r - - the estimate of x,

X

0.8r 1
- - the estimate of X,

0.61

0.4r
0.2
1

Magnitude
o
Magnitude

1
°
[N

—0.4f!

-0.61

—0.8!

i . .
0 50 100 150 ]
Tim (k) Time (k)

(a) The first component x; and its estimate £; (b) The second component x; and its estimate £

Magnitude

X3

- = -the estimate of x_

o 50 100 150
Tim (k)

(c) The third component x3 and its estimate %3

Fig. 2. Estimation error behavior

5. Conclusion

This chapter investigates the problem of observer design for a class of Lipschitz nonlinear
time-delay systems in the discrete-time case. A new observer synthesis method is proposed,
which leads to a less restrictive synthesis condition. Indeed, the obtained synthesis condition,
expressed in term of LMI, contains more degree of freedom because of the general structure
of the proposed observer. In order to take into account the noise (if it exists) which affects
the considered system, a section is devoted to the study of He robustness. A dilated LMI
condition is established particularly for systems with differentiable nonlinearities. Numerical
examples are given in order to show the effectiveness of the proposed results.

A. Schur Lemma

In this section, we recall the Schur lemma and how it is used in the proof of Theorem 2.1.
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Lemma A.1. Boyd et al. (1994) Let Q1, Q2 and Q3 be three matrices of appropriate dimensions such
that Q1 = QlT and Q3 = Qg . Then, the two following inequalities are equivalent :

Q1 Q2
8] <o
Q3 <0 and Q1 —Q,Q;'0Q7 <. (81)

Now, we use the Lemma A.1 to demonstrate the equivalence between M; + M, < 0 and
My < 0.
We have

-P+Q 0  ATPB
M; + M, = (*) ) AEPB
(*) (%) BTPB—al,

+

(82)
1 [Mi5Mis + M{Mig Mi5Mos + M Mo 0
— (%) M6 Mo + M;35Mos 0| -
ath (*) () 0
By isolating the matrix
P 0 0
A= 10 m}lsl 0
0 0 oc'yJ%IsZ
we obtain
i AT ML, MI, A A; 0
-P+Q 0 ATPB
M;+M, = | (x) —-Q AIPB | — AT ML ML | Y(—A)"'Y | M5 Mos 0 (83)
(*)  (x) BTPB—ualy,
0 0 0 Mis Mg 0
where
PO O
Y=|[0L 0].
00 I,
By setting

AT T T
A MlS M16

(x) —-Q AIPB

-P+Q 0 ATpB
Q1= , Q= |ATMIL. ML |Y and Q3 = —-A
() (x) BTPB—al,

0 0 O
we have
M +M; = Q1 - Q0505 (84)
Since Q3 < 0, we deduce from the Lemma A.1 that
M;+M,; <0
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is equivalent to (80), which is equivalent to
My <0

where My is defined in (13). This ends the proof of equivalence between IM; + M, < 0 and
My < 0. The Lemma A.1 is used of the same manner in theorem 3.2.

B. Some Details on Robust H., Observer Design Problem

Hereafter, we show why the problem of robust He observer design is reduced to find a
Lyapunov function Vi so that Wy < 0, where Wy is defined in (23). In other words, we show
that Wy < 0 implies that the inequalities (21) and (22) are satisfied.

If w(k) = 0, we have Wj, < 0 implies that AV < 0. Then, from the Lyapunov theory, we deduce
that the estimation error converges asymptotically towards zero, and then we have (21).
Now, if w(k) # 0; e(k) =0,k = —d, ...,0, we obtain Wy < 0 implies that

/\2 N
Z ekl < % Z lo ()1 + 5 3 llwa)]1* — Y- (Veor — Vi) (8)
k=0 k=0
Since without loss of generality, we have assumed that w(k) = 0 for k = —d,..,—1 and

e(k) =0,k = —d, ...,0, we deduce that

2Nd 2Nd

N
L e ||2<—2Hw ||2+—2|\w )2 - VN<—ZHw |!2+—lew % @6

When N tends toward infinity, we obtain

Z (k)| < & Z lw (k) H2+ > Z k)2 < & Z [lw (k H2+ 5 Z lw(R)I%. (87)

As
lew )|I* = EHw )Z = llwlig

then the final relation (22) is mferred.
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