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1. Introduction

A number of papers [1-7] have been presented to address the issues of multi-body
mechanisms. Examples of their applications are found in gasoline and diesel engines, where
the gas force acts on the slider and the motion is transmitted through the links. Whether the
connecting rod is assumed to be rigid or not, the steady-state and dynamic responses of the
connecting rod of the mechanism with time-dependent boundary condition were obtained
by Fung et al. [1-3]. In addition, a number of controllers, for example, repetitive control [4],
adaptive control [5], computed torque control [6], and fuzzy neural network control [7] were
designed for the multi-body mechanisms.

Over the past 25 years, the SMC algorithm [8-10] has been taken into account for dynamic
control problems. The main feature of the SMC is to allow the sliding mode to occur on a
prescribed switching surface, so that the system is only governed by the sliding equation
and remains insensitive to a class of disturbances and parameter variations [8]. It is noted
that the SMC is a robust control method and has been well established in pure motion
control [9]. Afterwards, in order to eliminate the chattering phenomenon, which is
commonly found in simulation of discontinuous SMC systems, and to simplify a hybrid
numerical method that incorporates benefits of both SMC and differential algebraic
equations, the (DAE) stabilization method was developed and successfully used to simulate
constrained multi-body systems (MBS) whether under holonomic constraint or not [10].
However, the development of a control law which has been induced by a constrained force
has not been adequately developed consistently in the previous studies. Su et al. [11]
attempted to use the SMC for simultaneous position and force control on a constrained
robot manipulator. They asserted that the control law, along with inclusion of the constraint
force error in the definition of the sliding surface, produces an asymptotically stable force
tracking error. However, Grabbe and Bridges [12] addressed their formulation as being a
departure from the typical definition of a sliding surface, which is a linear differential
equation in one tracking error variable [13], and the errors in the separate force control law
and stability analysis were presented in [11]. Recently, Lian and Lin [14] have proposed a
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282 Sliding Mode Control

new sliding surface in terms of motion error and force error, and claimed that the errors in
[11] are improved; therefore, the asymptotic stability of the motion-tracking error and force-
tracking error can be ensured. However, Dixon and Zergeroglu [15] pointed out an error in
the sliding mode control stability analysis of [14].

In this chapter, our intent is to improve the errors in [11, 14] and simplify the control design
and stability proof for the three typical mechanisms, including the slider-crank mechanism,
the quick-return mechanism and the toggle mechanism as shown in Figs. 1~3 respectively,
which are not seen in any references addressing the force/motion SMC. Here, a separate
sliding surface is proposed using the measurements of the angular position and speed of the
crank, but the SMC algorithm is derived as well in a simple manner using only the force
tracking error to construct the controller. In these schemes, the force tracking error is shown
to be arbitrarily small by changing the force control feedback gain. Then, by exploiting the
structure of its dynamics, the fundamental properties of the dynamics are obtained to
facilitate controller design, whereby the asymptotic stability of motion tracking error in
sliding surface and force tracking error accumulated in controller can be ensured.

The organization of this chapter is arranged as follows. In Section 2, the kinematic and
dynamic analysis of the multi-body mechanism is investigated. A number of previous
papers [4-7, 16-17] have shown the position and speed controllers for the regulation and
tracking problems of the multi-body mechanism in the theoretical analysis and experimental
results. However, control of the constrained force has not been investigated. The SMC laws
are designed in Section 3. The simulated examples are shown in Section 4 and, finally, some
conclusions are drawn.

2. Dynamics analysis

2.1 Dynamic equation of motion
Based on the Euler-Lagrange formulation [4], the equation of motion for a mechanism can
be expressed as:

M(QQ+N(QQ)+®ir=Q* +U - (1)

where M(Q) is an nxn inertia matrix, QeR" is the generalized coordinate vector,
N(Q,Q) eR" is the nonlinear vector, AeR™is the vector of Lagrange multipliers,
@, =[ 0D/0Q]e R™" is the partial derivative of the constraint equation with respect to the
coordinate and is called the constraint Jacobian matrix, QA e R" is the vector of non-
conservative forces and U e R" is the vector of applied control efforts.

In order to obtain the general form of the force/motion controller design, we rewrite the
nonlinear vector as:

N(Q Q)=Nc(Q Q)Q+Ng(Q) - 2

where N¢(Q,Q)e R™ is the vector of coriolis and centrifugal forces; Ng(Q)e R"is the

vector of gravitational force.
Then, Equation (1) becomes:

M(Q)Q +N¢(Q,Q)Q +Ng(Q)=Q* +U+F. (3)

where F = —d)a)\ is the constraint force.
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Force/Motion Sliding Mode Control of Three Typical Mechanisms 283

2.2 Dynamic properties of the mechanism

Equation (3) is similar to the motion equation of an n-link rigid constrained robot [11, 15] in
the state space. Two simplifying properties should be noted about this dynamic structure:
Property 1. The individual terms on the left-hand side of Equation (3) and the whole
dynamics are linear in terms of a suitably selected set of equivalent manipulator and load
parameters, i.e.,

M(Q)Q +N¢(Q,Q)Q +N¢(Q) = Y(Q Q Q). 4)

where Y(Q,Q,Q) isa nxr matrix; a € R" is the vector of equivalent parameters.

Property 2. From the given proper definition of the matrix N-(Q,Q), M(Q)-2N(Q,Q) is
skew-symmetric. The detailed proof can be seen in Appendix A.

Due to the presence of m constraints, the degree of freedom of the mechanism is (n-m). In
this case, (n-m) linearly independent coordinates are sufficient to characterize the
constrained motion. From the implicit function theorem, the constraint Equation (1) can
always be expressed as [18]:

p=o0(q) . (©)

Equation (5) is assumed that the elements of q are chosen to be the last (n-m) components of
Q. If not the above case, Equation (1) still could always be reordered so that the last (1n-m)

equations would correspond to q and the first m equations to p. Thatis, Q = [pT q' T,

Then, to simplify the equation form of the dynamic model, defining

T T
— @ — a_p a_q — 80(‘1) nx(n—m)
M5 {ﬁq aq} { oq I“_m} = ©
and using Equation (5), we have:
Q=L(9)q, )
Q=L(a)d+L(@)q. ®)

Therefore, the dynamic model of Equation (3) restricted to the constraint surface can be
expressed in a reduced form as:

M(q)L(q)d + N;(q,9)q+Ng(q) =Q* + U+F. ©)

where

N, (q,9) =M(q)L(q) + Nc(q,9)L(q) - (10)

By exploiting the structure of Equation (9), three properties can be obtained as follows:
Property 3. In terms of a suitably selected set of parameters, the motion equation (9) is still
linear, i.e.

M(q)L(9)q +N1(q,9)q + Ng(q) = Y1(9,9,9)a . (11)
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284 Sliding Mode Control

Property 4. Define the matrix as

A(q) =L"(@)M(q)L(q) RV ™ (=) (12)

Then, A =2L"(q)N,(q,q) is skew-symmetric, where
Nl (q'q) = M(Q)L(Q) + Nc(q,q)L(q) =] Rnx(n*m) , L(q) e Ri’lX(l’lfm) )

Property 5. [CI)QL(q)]T =L' (q)CI)(T2 =0.
The above three properties are basic principle in designing the force/ motion SMC law.

3. Design of the SMC Law

3.1 The sliding mode controller design

A number of previous papers have only shown the position and speed controller designed
for the regulation and tracking problems control of the constrained mechanisms. However,
control of the constrained force has not been investigated in the previous studies. In this
section, a separate sliding surface is proposed using the measurements of the angular
position and speed of the crank, but the SMC algorithm is derived as well in a simple
manner using only the force tracking error to construct the controller.

Given a desired trajectory q4 and a desired constrained force F;, or identically a desired
multiplier A4, which satisfy the imposed constraint, i.e., ®(qq)=0and E; = —dDCTz(qd))\d . The
control objective is to determine the SMC law such that q >q4 and N > A4 ast > o©.

From the SMC methodology, we define the tracking error e, € R" " and a sliding surface
s; €R"™ as:

en =q(t) —qq(t). (13)

s1;=q—-q,=e, +Ae,, . (14)

n—m)

where q, € R"™ is the reference trajectory and A e R is a tunable matrix.

The sliding controller [12] is defined as:

U=Y,(q,q,4¢-L(q)s; + PS(@A, —Q*. (15)

where Y; isa nxr matrix of known functions of q,q and q, L(q) is defined in Equation (6),
Q= [gol...gor]T e R" is the vector of switching functions, and A, € R™ is a force control that is
defined as:

where K is a m xm constant matrix of force control feedback gains, and e, is the error
vector of the multipliers and defined as

ey =A—Ag eR™. (17)

3.2 Stability analysis
Substituting Equation (15) into the dynamic model of Equation (9), whose order was
reduced using property 3, we have:
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Force/Motion Sliding Mode Control of Three Typical Mechanisms 285

Y;(d,9, )¢~ L(@)s; + L@ ~ Do (DA = Y;(q,9,§)o - (18)

Defining o as a constant r-dimensional vector and replacing q by the reference
trajectory q,, then the linear parameterization of the dynamics (Property 3) leads to:

M(qr)L(qr)qr + Nl(quqr)qr + NG(qr) = Yl(ququéir)o“ . (19)

Using the derivative of the sliding surface equation (14) and substituting into Equation (11),
we obtain:

Then combining Equation (18) with Equation (20) and using Equation (19), we obtain:
ML$; = Y0 - Yja—Nys; —Ls; + @G — DA . (21)

According to property 5, the above equation becomes:

As, =L"MLs
=LY, 0 -1"Y,0 - L™N;s; —L'Ls,.
To derive the control algorithm, the generalized Lyapunov function is considered as:
1T
Differentiating V with respect to time and using property 4, Equation (23) becomes:
V = SlTAsl + %SlTAsl = SITAsl + SlTLTlel
=5, (L"Y;¢p—L"Y;0—L'Nys; —L'Ls; ) +5; L' N5, (24)
=5,  (L"Y,0 - L"Y;0.— L' Ls,).
The ¢ is chosen as:
A n-m
j=1
such that
V <s]L'Ls, <0. (26)

In the derivation of Eq. (24), it is noted that M(Q)—-2N(Q,Q) is skew-symmetric, and
['(M-2N_)L is also skew-symmetric, which is the same as those in [11, 14]. Besides, the
special cases of the three typical mechanisms in this chapter, L' (M —2N)L is always equal
tozerofor n-m=1.

To reduce the chattering phenomenon along the sliding surface s=0, we adopt the quasi-
linear mode controller [13], which replaces the discontinuous term of sign function of
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Equation (25) with a continuous function inside a boundary layer around the sliding surface
[24]. Therefore, the sgn(S) is replaced by the saturated function:

1 if s>¢,
Sy_J8 r_
sat(g) . if —e<s<g
1 if s>¢,

where ¢ is the width of the boundary layer. This limits the tracking error and guarantees an
accuracy of ¢ order while alleviating the chattering phenomenon.

From Equation (23) and Equation (26), it is evident that a sliding surface ||sl|| is at last
converged exponentially to zero, ie, e, -0 ast—>ow. As ifq—>q4, the condition
P4 =0(qq) also implies that p — p4 .

Therefore,

q—>qq as t—>o.

4. Simulation examples of the three typical mechanisms

4.1 The slider-crank mechanism

For more details on the kinematic and dynamic analysis of the slider-crank mechanism, refer
to [19]. Using Hamilton's principle and Lagrange multipliers [20] and adopting the
generalized coordinate vector Q =[¢ 0]T in Equation (1) for the slider-crank mechanism
shown in Figure 1, the dynamic equation can be obtained associated with the following
matrices and elements:

A E K, K, Ky
E B P P P,
Fy + Fp)lsi
(I)Qz[—lcos¢ rcosH] Q* = (Fp + Fr) 31'r1¢ U= "
(Fg + Fp)rsin@ Uy
1 2 2 .. 2 (1 j . .
A=—=myl" —myl“sin“¢p E=—| —m, +my |rlsin@sin g
3" B 5 M2 T 27)

B= —%mlr2 —(my +mp)rsin® @

K, =—mpl*¢singcosg K, = —(%mz +m3jrlécosﬁsin¢ Ky = —%nglcosgé
P = —(%mz +mBjrl¢sin9cos¢ P, = —(m, +my)r*fsin@cos® P, =0

where the dimensions of the slider-crank mechanism are n=2,m=1, and r=1 in the
dynamic analysis. For the single degree-of-freedom slider-crank mechanism, only one
constraint equation exists, which can be shown as:

D(Q)=rsinf—Ising=0. (28)
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The position of the slider B can be expressed as:

Xg=rcosf+I1cosg . (29)
Substituting Equation (28) into Equation (29) yields:

1
Xp =rcosf + [lz — % sin? 9}2 (30)

The angular displacement of the crank can be obtained as:
2.2 12
9: C0871 w . (31)
2rxp

The result can also be obtained if the cosine law is applied.
The Jacobian matrix of the constraint equation (28) is

Dg = {GCS(QQ)} = [GCI;;Q) 861;(9Q)} = [—l cos¢ rcos 49] . (32)

Differentiating Equation (28) with respect to time yields the constraint velocity equation:

D(Q) =rfcosf —lpcosp=0 - (33)

Therefore, the matrix defined in Equation (6) becomes

T . T T
L(q)zﬂ{% %} _[2 q| Z|reost (34)
oq |06 00 0 lcos¢
and its first time derivative becomes
i(q) = rlg sin¢cos;9 - 1;19 cos¢@siné 0 ! (35)
[ cos“ ¢

The dynamic equation (9) of the slider-crank mechanism, when restricted to the constraint
equation (28), can be expressed as:

rcosé Arl¢sm¢cos¢9—rlé’cos¢sm€+K rcosé

+E +K
lcos¢ j I? cos” ¢ ! [cos ¢ 2 )
rcosd hsi — 116 i
E +B E rl¢sm¢c0526’ rzlé’cosqﬁsmé? P, rcosé P, %
Icos¢ I“ cos” ¢ Icos¢ (36)
. —%nglcos¢ :{(FB +FE)lsi.n¢}+{u1}+{ lcos¢ }l.
0 (Fg+Fg)rsin€ | |u,| |-rcosé

The symbols A,E,B,K;,K,,P;,P, and P, are shown in Equation (27). It is noted that F; is
the friction force, F; is the external force, and f; =lcos¢d and f, =—rcosf1 are the
constraint forces. From the results presented above, property 1~property 5 mentioned in
Section 2.2 are all verified and fully satisfied in this example.
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288 Sliding Mode Control

The control objective is to design a feedback controller so that the angle & tracks the desired
trajectory 6, and maintains the constraint force [ fi fz]T to the desired oneF; . In here,
6, and F; are assumed to be consistent with the imposed constraint. The block diagram of
the SMC algorithm is shown in Figure 4.

Since A —> Ay means|f; fz]T —F,;, 04 and A4 are chosen as 04 =5.76(rad) and Ay =15 in
the simulations. The initial values of the constraint forces are assumed to be
F4(0)=[£,(0) £,(0)]" =0,ie, A©0)=0.

Using Equation (19), the applied control effort U = [ul u2]T can be derived as:

U=Y,p-Ls; + DHA — Q4. (37)
where
y . a;, s;(L'Y,)<0 .
a —a,, s;(L"Y;)>0

For numerical simulations, the parameters of the slider-crank mechanism are chosen as:
my =3.64 kg, m, =1.18 kg, mp =1.8 kg, r =0.1m,1=0.305m,lp=0.055m. and a;=1, a;=1 and
A=5.

Since the trajectory tracking on the constraint surface with a specified constraint force is of
interest, the initial position and speed of the slider-crank mechanism are chosen on the
desired trajectory as:

0(0) = 4.712(rad); $(0) =—-0.334(rad); 6(0)=0; ¢$0)=0;
xp(ty) =0.343 m, xp(t) = 0.443 m.

All the parameters in the SMC controller are chosen to achieve the best transient
performance in numerical simulations under the limitation of the control effort and the
requirements of stability. Furthermore, for the reason of using a single input actuation on
joint 1, the control effort is only needed in the second equation of the constrained motion of
Equation (36). As to the first part of Equation (36), it shows that the force equilibrium either
with holonomic or nonholonomic constraints and the torque is exerted at joint 2. The
responses of the crank angle, which is shown in Figure 5(a), reach the desired value in about
0.8 sec. The slider position manipulated from Equation (29) is shown in Figure 5(b). The
tracking results of the crank angle ¢ and the slider position x; coincide with previous
studies by Fung et al. [16, 17]. The control effort of the applied torque 7 is shown in Figure
5(c) and the sliding surface s; is shown in Figure 5(d). The Lagrange multiplier A- is
shown in Figure 6(a), and constraint forces of joints 1 and 2 are shown in Figure 6(b) and
Figure 6(c), respectively. From Figures 5 and 6, the control objectives of force/motion of the
slider-crank mechanism are achieved successfully.

4.2 The quick-return mechanism

To present the robustness and a well-established control method of the SMC controller, the
quick-return and toggle mechanisms (see Section 4.3) will be chosen to verify the SMC
algorithm, which is then adequately developed to the general case of multi-body
mechanisms. The quick-return mechanism is addressed first, where the kinematic and
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dynamic analysis of the mechanism is found in [21] and the generalized coordinate vector
Q=[¢ y/j H]T in Equation (1) for the quick-return mechanism shown in Figure 2 is
adopted. The dynamic equation can be obtained and is associated with the following
matrices and elements:

Al G1 O P1 T1 O
M=|H1 Bl 0 | No=/Yl Rl 0| Ng=0
0 0 CC 0O 0 O

_ | cosg(D+Rcosf)+ Rsinfsing 0 —Rsinqﬁsin&—Rcochosq

Q —Lsing Scosf 0
PLcos¢ [y
Q* =|PSsinpg| U=|u,
0 Uy

Al= —%mle —(my +mg)[*cos® ¢, Gl=~ %mz +mC)SLsin,Bcos¢ ,

H1l= —(%WQ +mCJSLsin,Bcos¢/ Bl= —(%mz +msin? ﬁjS2 ,

CC= —%m3R2, P1=(my +mc)[*gcosgsing,,

T1l= —(%mz +mC)SL,6"cos,Bcos¢, Y1l= (%mz +ijSLq§sin,Bsin¢,

R1= —mCSZ,Bsin,Bcos p. (38)

where n=3, m=2 and r=1 are employed in the dynamic analysis.
For the single degree-of-freedom quick-return mechanism, there exist two constraint
equations as follows:

sin@(D + Rcos @) — Rsin & cos ¢
D(Q)= ( . ) =0. (39)
Ssin f—L(1—cos¢)
where ¢ can be obtained by analyzing its geometric relations
¢ =tan" _Rsind . (40)
D+ Rcos@
The position of slider C can be expressed as:
Xc =Scosf—Lsing. (41)

The Jacobian matrix of the constraint equations is:
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290 Sliding Mode Control

o {cos¢(D+Rcos¢9)+Rsin9sin¢ 0 ~Rsin@gsin — R cos @ cos ¢
Q =

} . (42)
—Lsing Scosf 0

Therefore, the matrix defined in Equation (6) is:
T . . . . .
vw-R-[2 B T[4 F ][4 5,
oq oo 06 o6 6 6 6 ¢ 6
T
| (DRcosé +R?) Lsing(DRcos @ + R?) 4
D? + R? +2DRcosf  Scos (D + R? + 2DRcos )

(43)

Then, differentiating Equation (43) with respect to time yields:

DRésin§(R* - D?)
(D? + R? + 2DRcos 6)?
LSDR@sin ¢sin §cos f(R* — D?) .
$? cos? B(D* + R? + 2DR cos 0)* Ly
L(q) =| LS(D? + R? + 2DRcos 8)(DR cos 0 + R*)(Bsingsin B + pcosgpcos B) | =| Lo |- (44)
S? cos? f(D? + R? + 2DR cosb)? 0

The dynamic equation of a quick-return mechanism, when restricted to the constraint
equation, can be expressed as:

atx] (DReos0+R*) | . [ Lsing(DRcosd+R?) ]
D? + R? + 2DRcosé Scos B(D* + R* + 2DR cos 0)

(DRcos + R?) Lsin¢(DR cos@ + R?) .
Hlxi——— + B1x ——> 0
D® + R* +2DRcosé Scos f(D° + R +2DRcos0)

cC

2 . 2y ]
A1xL11+G1xL21+ P1x(DRcosé+R )+ T1xLsing(DRcos8 + R”)

D? + R? +2DRcosf  Scos f(D* + R? + 2DRcos6)
Y1x(DRcos® + R?) N R1xLsing(DRcos6 + R?)
D? + R? +2DRcosé  Scos (D + R* + 2DRcosb)

0
PLcosg| [uy| |cos¢(D+Rcosf)+Rsin@sing —Lsing A
=|PSsinf |+|u, |+ 0 Scos Lj
0 Us —Rsingsinf — Rcosf cos ¢ 0
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The parameters A1,G1,B1,H1,CC,L,;,L,,P1,T1,Y1,R1 are shown in Equation (38). It is
noted that P is the cutting force acting on the slider C, 7 is the external force acting on rod
3, and the constraint forces are expressed as:

f1 ={cosg(D +Rcos®)+ Rsin@sing} 4, —Li,sing,

fo =Scos 4, ,
fs = {—Rsin¢sin¢9—Rcos€cos¢}/11 .

The control objective is to control the slider C to move periodically. Since A — Ay
means[ fi fZ]T — F;, we chose 04 =4.712 rad and A4 =15in the simulations. The initial
position of x is 2.167 m (i.e. 6, =3.1416rad) for the slider C and the controlled stroke of the
slider C are set to be 0.85 m. Substituting the slider position x into Equations (39)-(41), the
crank angle ¢ can be obtained.

In the simulations, the responses of the crank angle showing in Figure 7(a) reach the desired
value in about 0.9 sec. The responses of the position of slider C are shown in Figure 7(b), the
associated control efforts 7 are shown in Figures 7(c), and the sliding surface s, is shown in
Figure 7(d). The Lagrange multiplier A- is showed in Figure 8(a). The constraint forces of
joints 1-3 are shown in Figures 8(b)-(d), respectively. From Figures 7 and 8, the control
objectives of force/ motion of the quick-return mechanism are achieved successfully.

4.3 The toggle mechanism
For more details of the kinematic and dynamic analysis of the toggle mechanism, refer to

[23] and adopt the generalized coordinate vector Q=[6; 6, 6’1]T in Equation (1) for the

toggle mechanism shown in Figure 3. The dynamic equation can be obtained and is
associated with the following matrices and elements:

A 0 E I 0 J
E H Cy By Qw Ry

o _[5(1)”((2)}_{ 0  rncosh,  rcosb }
0=| 1= |=

2Q; 15c0s G5 0 14 cos(6; + @)
Fcrssin 05
QA = (Fg + Fg )13 8in 6,

(Fg + Fg)ry sin@, + Fory sin (6, +¢)

1])(2 . 1(2 .
A= —E{(ng + 2mcs1n295j752}, B= —E{£§m3 + 2m351n202jr32} ,

1) myrtri . o 20:2 202
Cp =—=3—222sin"g + 2(my + mg )1 sin"6; +2(ms +mg )rysin® (6, + @) ¢

w 2
2 15

www.intechopen.com



292 Sliding Mode Control

E= —%{(ch + 1115 ) 1, 158in (6 + ¢)sin¢95}, Qw = —%{(m3 - 2m3)rlr3sin<91c0502} 0,
H :—1{(2111 + 113 )11 8in 6, sin 6 } I:—l{2m 1.2 sin 6 cos @ }6’
> gt M3 )13 1 2§ 5 |<MMcTs 5 5005,
1 . : 1 2. :
J=-— E{(mS +2mc ) 1,15 cos (6, +¢)sm<95}91, Ky = —E{ZmBr3 siné, cos 6,16, ,

L= —%{(m3 +2my)rrscos0;sind, } 6, P, = —%{(m5 +2me ) r,r5sin (6, + ¢)cosbs } 05 ,

w

Ry = —%{2(7413 +my ) 17sinG; cos 6, + 2(ms +me )rysin(6; + ¢)cos (6, + 4)}6; (46)

Where n=3, m=2 and r =1 are employed in the dynamic analysis.
For the single degree-of-freedom toggle mechanism, there exist two constraint equations as
follows:

1 siné; +r;sind, — f
P(Q)= =0
(Q) {75 sinbs +r,sin(6, +¢)—h— f 47)
where ¢ can be obtained by analyzing its geometric relation as:
2. .22
=Cos | —(————|. 48
¢ [ 2n1y j (48)
The positions of sliders B and C can be expressed as follows:
1
xB=r1cost91+[1’32—(f—rlsint91)2]2 , (49)
3
xc =ryco8(0) + @) +{rs —[(h+ f)—rysin(6, +#)I} 2 . (50)
The Jacobian matrix of the constraint equation is:
oD 0 75 COS 6 1, cos 6
@, = Q) | _ 3 COS 0, 1cosé | 1)
2Q; 15c0S 05 0 14 cos(6; + @)
Therefore, the matrix defined in Equation (6) is:
T T
L )_@_ 00 06, 06, | _ _r4cos(¢91+¢) _nrcosé 1 52)
V="2q |50, 6, a0, 12 cos s rcosly, |

Then, differentiating Equation (52) with respect to time yields:
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I 1,750, sin(0; + ¢)cos O — 1,1505 sin G5 cos (6, + ¢)_
r52 cos? Os i
. . 11
. 11136, sin @, cos 8, — 1,136, sin @, cos 6. :
L(q) — 1'3Y1 1 . 2 21 3¥2 2 1 =| Ly (53)
13 cos” 6, 0
(- 0 .

The dynamic equation of the toggle mechanism, when restricted to the constraint equation
(51), can be expressed as:
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The parameters A,E,B,H,CW,LH,LZl,I,],KW,T,L,PW,QW and R;, are shown in Equation
(46). It is noted that F; is the friction force, F; is the external force acting on the slider B, F-
is the applied force acting on the slider C, and f; =r4,c0s6;5, f, =14,cos6, and
f3 =1 A cosb, + 1,4, cos(6) +¢) are the constraint forces.

The control objective is to regulate the position of slider B moving from the left to the right
ends. The initial position of X, is 0.104 m (i.e. 6,(t;)=4.712rad), and its expected position
is 0.114 m. The desired values are 8,(t;)=5.76rad and ;=15 in the simulations.
Furthermore, in order to show that the SMC is insensitive to parametric variation, the effects
of friction forces in joints are considered in this toggle mechanism system by using the
Lagrange multiplier method.

The comparisons between the nominal case without considering friction forces and the case
with friction forces are shown in Figures 9-11. Figures 9(a)-(c) show the trajectories of
angles 6, , 6, and 65, respectively. Figures 10(a)-(b) show the positions of sliders B and C,
respectively. Figures 10(c)-(d) illustrate the control effort r and the sliding surfaces;,
respectively. Finally, Figure 11(a) shows the Lagrange multiplier A- and Figures 11(b)-(d)
address the constraint forces f;, f, and f; acting on the joints 1, 2, and 3, respectively.
From the numerical results, it is found that the control efforts z are almost identical for both
cases whether the friction forces are considered or not. From the above figures, the
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force/motion control objective of a toggle mechanism using the SMC is achieved
successfully and the system responses are insensitive to the effects of friction forces.

5. Conclusion

Based on the Lyapunov theorem, we successfully derived a generalized SMC algorithm in a
simple manner. The algorithm used tracking the Lagrange multiplier error to facilitate
controller design and proposed a separate sliding surface in terms of the displacement and
velocity. Furthermore, some properties of the dynamic structure were presented and used to
reduce the dynamic model equations. Finally, the slider-crank, quick-return, and toggle
mechanisms were employed to illustrate and verify the methodology developed. From the
numerical results, we conclude that the effectiveness in application of the developed SMC
method is successfully verified in regards to the force/motion controls for these three
typical mechanisms. First, fast attainment of the control objective: in the simulations, the
three typical mechanisms reached the desired value in less than 1 second. Second, no
overshoot in the control process: from the numerical results, the force/motion control
objectives of the three mechanisms using the SMC were achieved successfully and the
system responses did not overshoot in the whole control process. Third, insensitivity to
parametric variation: the control efforts 7 are almost identical and the system responses are
insensitive to the effects of the friction forces.
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Appendix A

Define the matrix N(Q,Q) = M(Q)-2N-(Q,Q), then N(Q,Q) is skew symmetric, i.e., the
components 7 of N satisfy 1, =—;. '

Proof: Given the inertia matrix M(Q), the ki component of M(Q) is given by the chain
rule as

nomy; .

and the kjth component of N(Q,Q)=M(Q)—-2N(Q,Q) is given by

_ x| o _ Oy +57’”ki _amij 0 _zn: om; _ omy; o) (A2)
S0 [0Q 0Q Q)| F|oQ 9Q; |
Since the inertia matrix M(Q) is symmetric, i.e., m;; =m
k™ component of N(Q,Q)) is

ji » it follows from Equation (A.2), the

n oMy omy, | -
Ny = ;[6_(2]] —%}Q = —1;. (A.3)
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Fig. 1. The physical model of the slider-crank mechanism
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Fig. 2. The physical model of the quick-return mechanism
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Fig. 4. The block diagram of mechanisms using the SMC controller
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Fig. 5. The simulation results of the slider-crank mechanism. (‘—'desired value; ‘—’actual
trajectory) (a) Response trajectories of the crank angle 6. (b) Response trajectories of the
slider B in position Xj. (c) Response trajectories of the control effort 7. (d) Response
trajectories of the sliding surface s, .
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Fig. 6. The simulation results of the slider-crank mechanism. ("—'desired value; ‘—actual

trajectory) (a) Response trajectories of the Lagrange multiplier A- . (b) Response trajectories
of the constraint force f; . (c) Response trajectories of the constraint force f, .
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Fig. 7. The simulation results of the quick-return mechanism. (‘—'desired value; ‘—actual
trajectory) (a) Response trajectories of the crank angle displacement & . (b) Response
trajectories of the slider C in position X . (c) Response trajectories of the control effort 7.
(d) Response trajectories of the sliding surface s, .
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Fig. 8. The simulation results of the quick-return mechanism. (‘—'desired value; ‘—actual
trajectory) (a) Response trajectories of the Lagrange multiplier A . (b) Response trajectories
of the constraint force f;. (c) Response trajectories of the constraint force f, . (d) Response
trajectories of the constraint force f; .
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Fig. 9. The simulation results of the toggle mechanism. ("—’desired curve; ‘---"actual
trajectory (without friction), ‘---"actual trajectory (with friction and f, =0.3)) (a) Response
trajectories of the angle displacement &, . (b) Response trajectories of the angle displacement
6, . (c) Response trajectories of the angle displacement 65 .
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Fig. 10. The simulation results of the toggle mechanism. (‘—'desired curve; ---"actual
trajectory (without friction ), ‘---"actual trajectory (with friction and f, =0.3)) (a) Response
trajectories of the slider C in position X . (b) Response trajectories of the slider B in position
X3z . (c) Response trajectories of the control effort 7. (d) Response trajectories of the sliding
surface s, .
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Fig. 11. The simulation results of the toggle mechanism. ("—'desired curve; ‘---"actual
trajectory (without friction), ‘---"actual trajectory (with friction and f, =0.3)) (a) Response
trajectories of the Lagrange multiplier A . (b) Response trajectories of the constraint force
fi1 - (c) Response trajectories of the constraint force f, . (d) Response trajectories of the

constraint force f,
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