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1. Introduction

Signal processing is a fast growing area today and the desired effectiveness in utilization
of bandwidth and energy makes the progress even faster. Special signal processors have
been developed to make it possible to implement the theoretical knowledge in an efficient
way. Signal processors are nowadays frequently used in equipment for radio, transportation,
medicine, and production, etc.

One of the basic problems encountered in signal representations using conventional Fourier
transform (FT) is the ineffectiveness of the Fourier kernel to represent and compute location
information. One method to overcome such a problem is the windowed Fourier transform
(WFT). Recently, Grochenig (2001); Grochenig & Zimmermann (2001); Weisz (2008) have
extensively studied the WFT and its properties from a mathematical point of view. Kemao
(2007); Zhong & Zeng (2007) applied the WFT as a tool of spatial-frequency analysis, which is
able to characterize the local frequency at any location in a fringe pattern.

On the other hand the quaternion Fourier transform (QFT), which is a nontrivial
generalization of the real and complex Fourier transform (FT) using quaternion algebra, has
been of interest to researchers, for example, Hitzer (2007); Mawardi et al. (2008); Sangwine
& Ell (2007). It was found that many FT properties still hold but others have to be modified.
Based on the (right-sided) QFT, one can extend the classical windowed Fourier transform
(WFT) to quaternion algebra while enjoying the same properties as in the classical case.

In this paper, by using the adjoint operator of the (right-sided) QFT, we derive the Plancherel
theorem for the QFT. We apply it to prove the orthogonality relation and reconstruction
formula of the two-dimensional quaternionic windowed Fourier transform (QWFT). Our
results can be considered as an extension and continuation of the previous work of Mawardi
et al. (2008). We then present several examples to show the differences between the QWFT and
the WFT. Finally, we present a generalization of the QWFT to higher dimensions.

www.intechopen.com



248 Fourier Transforms - Approach to Scientific Principles

2. Basics

For convenience of further discussions, we briefly review some basic facts on quaternions. The
quaternion algebra over IR, denoted by

H = {g =q0+ig1 +jq2 + kq3 | 90,91,92,93 € R}, (1)

is an associative non-commutative four-dimensional algebra, which obeys Hamilton’s
multiplication rules:

ij=—ji=k jk=—kj=i, ki=—ik=j, ==Kk =ijk=—1 )

The quaternion conjugate of a quaternion g is defined by

q=4qo—1iq1 —jq2 —kqs,  qo,q91,92,93 € R, 3)
and it is an anti-involution, i.e.
qp = pq. (4)
From (3), we obtain the norm of 4 € IH defined as
9l = VAT =B+ B+ B+ (5)
It is not difficult to see that
lgpl = lallpl,  Vp.q € H. 6)
Using the conjugate (3) and the modulus of g, we can define the inverse of g € H \ {0} as
-1_ 19
= T (7)
LT

which shows that IH is a normed division algebra.
It is convenient to introduce the inner product (f,g)r2(r2;r) valued in H of two quaternion
functions f and g as follows:

(f, &) r2(r2H) f( )g(x) d*x. (8)

The associated norm is defined by

1/2
e = O A o) = [ VR @x) ©)

As a consequence of the inner product (8), we obtain the quaternion Cauchy-Schwarz inequality:
2 22 1z 232 1z 2(R2
‘/]szgdx’g (/]Rz|f| dx> (/Rz|g| dx) . VfgeARLH).  (10)
3. Quaternionic Fourier Transform (QFT)

Let us introduce the continuous (right-sided) QFT. For more details, we refer the reader to
Hitzer (2007); Mawardi et al. (2008); Sangwine & Ell (2007).
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Two-Dimensional Quaternionic Windowed Fourier Transform 249

3.1 Definition of QFT
Definition 3.1 (Right-sided QFT). The QFT of f € L' (IR*;H) is the function F;{f} : R> — H
given by

FolfHw) = | flpemtome o iy, (1)
where x = x1e1 + Xpep, w = wie] + woep, and the quaternion exponential product e~ lwix = fewnxs
is the quaternion Fourier kernel.

Theorem 3.1 (Inverse QFT). Suppose that f € L>(IR*H) and F,{f} € L'(R%* H). Then the QFT
of f is an invertible transform and its inverse is given by

EAFN () = flx) = (2%)2 [ Rt Hwydemeion i, 12

where the quaternion exponential product eJwr2pl@ixt s cqlled the inverse ( right-sided) quaternion
Fourier kernel.

4. Linear Operators on Quaternionic Hilbert Spaces

In this section, we will briefly introduce the notation of linear operator on quaternionic Hilbert
spaces. In fact, it is a natural generalization of the idea of an operator on a real and complex
Hilbert space.

Definition 4.1. Let X and Y be two H-vector spaces. The operator T : X — Y is called a left
H-linear space if

T(ax+ By) = aT(x) + BT (x), (13)
for all quaternion constants a, € H and for all x,y € X.

Definition 4.2. The adjoint of H-linear operator T : X — X is the unique H-linear operator
T* : X — X such that
(Tx,y) = (x, T'y), VxyeX. (14)

This gives the following result.

Theorem 4.1. The adjoint of the QFT is inverse of the QFT multiplied by (277)?, i.e
(Fo{F &) ramem) = 70)2(f, Fo 18 i rem)- (15)
Proof. For f,g € L?(IR?;H) we calculate the inner product (8) to get
(Falfh Qe = [, FolFHw) gw) dPw

(11)
IR R

@ f( ) </ g(w )ejxlwleix2“’2d2w> d*x
_/ f(x) 2m)2F; Hg) (x) d?

= 2m)*(f, Fy 18D 2 wem). (16)
which completes the proof. O

f(x) g~ lwim g fwrns d*xg(w) d*w
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250 Fourier Transforms - Approach to Scientific Principles

Remark 4.1. Note that Theorem 4.1 is not valid for the (two-sided) QFT. This fact implies that the
Plancherel theorem can not be established.

Theorem 4.2 (Plancherel formula). Suppose that f, ¢ € L?(IR%*;H). Then

(Fol £} FolgD aremy = 270 (f, ) r2remy (17)
and

(Fo ' UFASH Fo P ) izrey = (2702 (F, @) r2rem)- (18)

Proof. A simple calculation gives for every f, g € L?(IR?; H)

(Fol 3 gD e = Q)2 (f, Fo  1Fd g re

e (27)*(f,8) 12 (R2;11), 19)

as desired. Equation (18) can be established in a similar manner. O
4.1 Discrete QFT

Similar to the discrete Fourier transform, the discrete quaternionic Fourier transform (DQFT)
and the inverse discrete quaternionic Fourier transform (IDQFT) are defined as follows.

Definition 4.3. Let f(m,n) be a two-dimensional quaternion discrete-time sequence. The DQFT of
f(m,n) is defined by F(u,v) € HM*N where

— 1INl 'um s on
Z Zf m,n) tMe N, (20)
m=0 n=
Definition 4.4. The IDQFT is defined by
1 Mi — ]Un lllnl
f(m,n) = m MZO UZ u, U e (21)

4.2 Application of DQFT
In the following, we introduce an application of the DQFT to study two-dimensional discrete
linear time-varying (TV) systems. For this purpose, let us introduce the following definition.

Definition 4.5. Consider a two-dimensional discrete linear TV system with the quaternion impulse
response of the filter denoted h(-,-,-,-). The output r(-,-) of the system to the input f(-,-) is defined by

i i f(u,v)h(m,n,m —u,n — o). (22)

U=—R0V=—0CC

The transfer function of the TV filter / can be obtained by
R(m,n,wy,wp) = Y, Y. h(mmnm', n) e im' @ p—fn'ws (23)

The following simple theorem relates the DQFT to the output of a discrete linear TV band-pass
filter.
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Two-Dimensional Quaternionic Windowed Fourier Transform 251

Theorem 4.3. Consider a linear TV system with the quaternion impulse response h defined by

_im(mfm/) s n(n—n')

h(m,n,m',n') =e Moe ] N, for0O<m<M-10<n<N-1. (24)

If the input to this system is the quaternion signal f(u,v), then its output r(-,-) is equal to the DQFT
of f(u,v).

Proof. Using Definition 4.5, we obtain

S Y fu,0)hm,nm — u,n o)

U=—0V=—00

M_l N_l g m(m—(m—u sn(n—(n—ov
_ Z 2 f(u,v)e_l ( 1\(/1 ) o] ( 1(\1 )
u=0 v=0
M 1 N 1 um on
Z Z u,v) et ’]N (25)
which completes the proof by Definition 4.3. O

If the quaternion impulse response & is given by

then (22) implies
i i f(u,0) h(m,n,m —u,n—v)
U=—00V=—00
PN ; ; wo) ¥ &, @)

where the input to the system is quaternion signal F(u,v).
Equations (24) and (26) show that the choice of the quaternion impulse response of the filter
determines output characteristics of the discrete linear TV systems.

5. Quaternionic windowed Fourier Transform

In section, we introduce the QWEFT presented in Mawardi et al. (2010). As we will see, not all
properties of the WFT can be established for the QWFT.
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5.12-D WFT

Although the FT is a powerful tool for the analysis of stationary signals, the FT is not well
suited for the analysis of non-stationary signals. Because the FT is a global transformation with
poor spatial localization Zhong & Zeng (2007). However, in practice, most natural signals are
non-stationary. In order to characterize a non-stationary signal properly, the WFT is commonly
used.

Definition 5.1 (WFT). The WFT of a two-dimensional real signal f € L?(IR?;R) with respect to the
window function ¢ € L>(R?) \ {0} is given by

Gef(w,b) = [ () 300 p @) 8)

where the window daughter function g, 1, is defined by

S p(¥) = g(x — b)eVLWX, (29)

The window daughter function g, 1, is also called the windowed Fourier kernel.

Most applications make use of the Gaussian window function g, which is non-negative and
well localized around the origin both in spatial and frequency domains. The Gaussian window
function can be represented as

g(x,00,00) = e*[(xl/al)er(xz/aQ)Z]/zl 30

where 07 and 0, are the standard deviations of the Gaussian function. For fixed wg = uge; +
[
Sew, (x,01,00) = 6\/jl (tox1+00%2) p— [(x1/01)*4(x2/02)?] /2 (31)

is called a complex Gabor filter.

5.2 Quaternionic Gabor filters

Biillow (1999; Felsberg & Sommer) extended the complex Gabor filter g¢ w,(x,01,02) to
quaternions by replacing the complex kernel eV ~1(wx1+00%2) with the inverse (two-sided)
quaternion Fourier kernel elton1 pJ00%2 He proposed the extension form

gq(x,09,00) = plto¥1 pfvoxz o= [(31/ 1)+ (x2/02)] /2. (32)

which he called quaternionic Gabor filter, and applied it to get the local quaternionic phase of
a two-dimensional real signal. Bayro-Corrochano et al. (2007) also used quaternionic Gabor

filters for the preprocessing of 2D speech representations. Based on (32), the quaternionic
windowed Fourier kernel can be written in the form

D, p(x) = 0¥ g(x — b)el 2, (33)

The extension of the WFT to quaternions using the quaternionic windowed Fourier kernel (33)
is rather complicated, due to the non-commutativity of quaternion functions. Alternatively,
we use the kernel of the (right-sided) QFT to define the quaternionic windowed Fourier kernel
which enables us to extend the WFT to quaternions.
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Two-Dimensional Quaternionic Windowed Fourier Transform 253

Definition 5.2. For a non-zero quaternion window function ¢ € L?>(R?*;H) \ {0}, its quaternionic
window daughter function is defined by

Do p (¥) = S (x — b). (34)
For fixed wg = ugpe; + vpey, our quaternionic Gabor filter is defined by
Gy(x,01,07) = Jvox2 pltoxs o= [(x1/01)*+(x2/02)?] /2. (35)

Lemma 5.1. For ¢, € L*(R%H), we have
H‘P bHLZ R%H) — H‘PHLZ RZH) (36)

5.3 Definition of QWFT

Definition 5.3 (QWFT). Let ¢ € L*(R%H) \ {0} be a non-zero quaternion window function.
Denote by Gy, the QWFT on L*(R?%;H). The QWFT of f € L?(IR*;IH) with respect to ¢ is defined
by

Gof (@,b) = [ | F(x) 9 p () 2
= |, fx) 9lx— b)e fwinpmjwaragly, (37)
The quaternionic window daughter function

Do p (%) = S p(x — b) (38)
is also called the quaternionic windowed Fourier kernel.

These lead to the following observations:

¢ Equation (37) shows that it is generated using the inverse (right-sided) QFT kernel. Note
that the definition is not valid using the kernel of the (two-sided) QFT.

e If we fix w = wp, and by = by, = 0, and take the Gaussian function as the window function
of (38), then we get the quaternionic Gabor filter
Gy(x,01,07) = Jv0x2 pitox1 p—[(x1/01)>+(x2/02)%] /2. (39)
¢ Since the modulation property does not hold for the QFT, equations (37) and (38) can not
be expressed in terms of the QFT.

It is easy to see that

Gof(w,b) = Folf - Ty} (w), (40)
where the translation operator is defined by
Tyf = f(x—b). (41)

Equation (40) clearly shows that the QWFT can be regarded as the (right-sided) QFT of the
product of a quaternion-valued signal f and a quaternion conjugated and shifted quaternion
window function, or as an inner product (8) of f and the quaternionic window daughter

function. In contrast to the QFT basis e~ 11%1¢=/¥1%2  which has an infinite spatial extension,

the QWFT basis ¢(x — b) e —lwivip—jwrx2 has a limited spatial extension due to the locality of
the quaternion window function ¢(x — b).

www.intechopen.com



254 Fourier Transforms - Approach to Scientific Principles

5.4 Properties of QWFT
The following proposition describes the elementary properties of the QWFT. Its proof is
straightforward.

Proposition 5.2. Let ¢ € L?(R?;H) be a quaternion window function.

(i). (Left linearity)
[Gp(Af + ug)l(w, b) = AGyf(w, b) + nGypg(w, b), (42)
for arbitrary quaternion constants A, y € H.
(ii). (Parity)
Gpy(Pf)(w,b) = Gy f(w, =b), (43)
where P is the parity operator defined by Pf(x) = f(—x).
(iii). (Specific shift) Assume that f = fo +if1 and ¢ = ¢g + i¢py.

Go(Txo f) (w, b) = €200 (G, f(w, b — xq)) e T« (44)

Let us give alternative proofs of the orthogonality relation and reconstruction formula. We
follow the idea of Grochenig (2001) to prove the theorems.

Theorem 5.3 (Orthogonality relation). Let ¢,y be quaternion window functions and f,g €
L%(R?;H) arbitrary. Then we have

/]R2 /11{2 Gof(w,b) Gyg(w,b) d>wd®b = 270)* (f($, ) 12(rem1), &) 12(R2H)- (45)

Proof. We notice that

Gof(w,b) = Fy{f - Ty$} (w), (46)
for fixed b. We have known that the Plancherel theorem is valid for the (right-sided) QFT. So,
applying it into the left-hand side of (45), we get

[ Gof(w,b) Gyglw,b)d*w = (Fylf - Ty}, F{f - Ty} izcaem)
= @)% (f - Ty, f - Tp®) 12 (resm)
em? [ fEpE— b -bgEdx @)

If we assume that f¢ and g are in L?(R?;TH), then integrating (47) with respect to d*b yields
/]RZ /]Rz Gof (w,b) Gyg(w,b) Pwd® = (27 [ f(x) /Rz o(x — b)p(x — b)g(x) d2x d2b
= @2 [ fG) [ 99 i g(x) B, @s)

which proves the theorem. -

From the above theorem, we obtain the following consequences.
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Two-Dimensional Quaternionic Windowed Fourier Transform 255

(i). If ¢ = 1, then

|-, Gof (@,0) Gyg(@,B) b P = 2P glzen (.8 ey (49)
This formula is quite similar to the orthogonality relation of the classical WFT, for example,

see Grochenig (2001). However, we must remember that equation (49) is a quaternion
valued function.

(ii). If f = g, then
/]R2 Gof (w,b) Gyf(w,b) d*bd*w = (270)* (f($, ) 12(rem1), f) 12(R2H)- (50)

(iii). If f = gand ¢ = ¢, then

/]Rz /IRZ ‘quf w,b | o dw = (27‘[) ”fHLZ R%H) ||47||L2 R2H)" (51)
(iv). If the quaternion window function is normalized so that ”‘PHLZ(W;IH) = 1, then (51)
becomes
2
/]Rz /IR Gof (w,b) 2 b 2w = (27 £ e (52)

Equation (52) shows that the QWFT is an isometry from L?(IR?; H) into L2(IR?;H). In other
words, up to the factor (277)?, the total energy of a quaternion-valued signal computed in
the spatial domain is equal to the total energy computed in the quaternionic windowed
Fourier domain.

Theorem 5..4 (Reconstruction formula). Let ¢, € L?*(R%;H) be two quaternion window
functions. Assume that (¢, §)r2(re;p) 7 0. Then, every 2-D quaternion signal f € L?(R%H) can
be fully reconstructed by

(27)” /]Rz / T’Pa) b( x) (¢, ¢)L2 R2H) d’b P w. (53)
Under the same assumptions as in (49), we obtain
( H‘P”Lz R2H) R? ]R2 Wb

Proof. By direct calculation, we obtain

/w/mzc"’f w,b) Gyg(w,b)d “’dzb_/]Rz /Rz /]m Gof (@,b) P, p (¥)8(x) d°w d*b d*x
- /IRZ /]Rz G¢f w’b)lpw,b Pwd? b/g)Lz(]RZ;]H)/ (55)

for every ¢ € L?(R?;H). Applying (45) of Theorem 5.3 to the left-hand side of (55), we have

2 i 2 2
QORGP D = ( [, f Cofl@ e tog) @
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256 Fourier Transforms - Approach to Scientific Principles

for every ¢ € L?(IR?;H). Since the inner product identity (56) holds for every ¢ € L?(R";TH),
we conclude that

(G Do = [, [, Gof (@ by pdwib. 7)

Multiplying both sides of (57) from the right side by (271)~2(¢, JJ)LZ R2p) We immediately
obtain

f=@0)2 [ [ Cof (@, b)e b (6 9) ey 20 &b. 58)

Notice also that if ¢ = ¢, then (¢, ¥) 12(r2) . This proves (54).
0

= 10172 ey = 191172 2 .p0)-

Theorem 5.5 (Reproducing kernel). Let be ¢ € L?(IR?;H) be a quaternion window function. If

1
Ky (w, b; w', b/ 3 2(R?; (59)

then Ky (w, b; w',b") is a reproducing kernel, i.e.
Gof (w', b)) :/]RZ /IRZ Gy f (w,b)Ky(w, b; ', b') d2w d2b. (60)

Proof. By inserting (53) into the definition of the QWFT (37), we obtain

Gof (@ b) = [ F(3) 9y ()

- /IR ((zmz P /R /IR Gof (@, b) 9 p <x>d2bd2“’> P py (%)

[0 e
1 -
= Gof(w,b) < x)p i (x d2x> d’b d*w
I Tl VAL L DO
— NPSVAR N/ 2 2
_/]RZ/]R2G4,f(w,b)]K4>(w,b,w,b)dbd w, (61)
which was to be proved. O

5.5 Examples of the QWFT
For illustrative purposes, we will give examples of the QWFT. Let us begin with a
straightforward example given in Mawardi et al. (2010).

Example 5.1. Consider the two-dimensional first order B-spline window function defined by

#(x) = 1, if-1<x;<land-1<x <1, 62)
B 0, otherwise.
Obtain the QWEFT of the function defined as follows:
Flx) = e¥1 T2 jf —co < xy < 0and —o0 < xp <0, (63)
0, otherwise.
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Two-Dimensional Quaternionic Windowed Fourier Transform 257

By applying the definition of the QWFT, we have

Gyf(w,b) = (2;)2/

—1+b J—1+4by
my =min(0,14by), mp =min(0,1+ by). (64)

mq ny l .
X1 X2 HWX1 o= JW2X2 g s

Simplifying (64) yields

1 mq my . .
G ,b L / / xl(l—la)l) X2(1—]LU2) d2
of(w:b) (27)2 J14p, —1+bze ‘ g

_ 1 i /ml exl(lfiwl)dxl /mz ex2(1~jw2)dx2

(271)% J-1+b, 14b,
1 x1(1—iw) . m e2(1=jw2) |y
- 1— S
(271)2 ¢ (1= i) ~14b, (1 —jwy) |=14b,
(eml(lfiwl) _ e(flerl)(lfiwl))(emz(l—jwz) _ e(—l—l—bz)(l—jwz)) .
@m)2(1 — fwn — jag T kanaws) (65)
Using the properties of quaternions, we obtain
Gy f(w,b)

B (eml(lfiwl) _e(flerl)(l*iwl) ) (emZ(l_jw2) _e(_l+b2)(1_jw2) ) (1+iw1 +jw2 _kwlwz) (66)
= 5 '

(27)2(1 + w} + W} + wiw3)
Example 5.2. Let the window function be the two-dimensional Haar function defined by
1, for0<x; <1/2and0<x; <1/2,
p(x) =< -1, for1l/2<x;<land1/2<x <1, (67)
0, otherwise.
Find the QWET of the Gaussian function f(x) = e~ (¥it72),
From Definition 5.3, we obtain

1

Gof(w,b) = @2n2 sz(x)me_i““xle—fwmdzx
1/2+0b . 1/24+b .
— (271T)2 /b / 1 e_x%e—lanxl dxl/b / 2€_x§e—]wﬁ€2 dX2
1 2
1+b . 1+b .
— 12/ 1 e_xfe—lanm dxl/ 2 e_xge—]wzxz dxy. (68)
(27-[) 1/2+b 1/2+b,

By completing squares, we have

1 1/2+b . 1/24b; .
G‘f’f(w, b) = W/b 1 e—(x1+laJ1/2)2_w%/4dx1/b e_(x2+]w2/2)2_w%/4dx2

1 2

1 1+b1 . 1+b2 .
_—/1 e—(x1+1w1/2)2_w%/4dx1/ e—(x2+]w2/2)2_w%/4dx2‘ (69)

(27)2 J1/24by 1/2+b
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Making the substitutions y; = x; +i %' and y» = xp 4+ j % in the above expression, we

immediately obtain

e*((ﬂ%+@%)/4 1/2+b1+1w1/2 > 1/2+b2+]w2/2 2
/ e Y1 dy /
b b

Gopf(w,b) = TP - e V2 dy,

1+Hiw; /2 2+]'w2/2

o~ (Wi +wd) /4 /1+b1+iw1/2 'y /1+b2+]’w2/2
e e 1
1 1

(27)?

e~ (witw3)/4 by+iw; /2 ) 1/24bi+iw /2,
i Ten? / (—e 1) dyy +/ e Ydy
T 0 0
b2+j(4J2/2 iy 1/2+b2+j(d2/2 2
X /0 (—e yz)dyz—l—/o e V2dy,
1/2+b1+iw: /2 5 I+b+iw /2,
_ / (_e_yl) dyl + / e dyl
0 0

1/2+b2+jw2/2 5 1+bz+jw2/2 2
X / (—e ¥2)dy, —1—/ e V2dy, || . (70)
0 0

eV dy,

/24Dy -‘riLU] /2 /2+b2+jw2/2

2 X
Denote erf(x) = ﬁ / et dt. Equation (70) can be written in the form
0

G py e (b e(Lyp o0
¢f(w, )—W{[—er (1‘{’5(&)1)_{'91' (E‘f‘ 1+§(U1>:|

. 1 .

X {—erf (bz + %wZ) + erf <§ + by + %WZH

et (L byt ) rerf (140 + L
er 3 1 26(]1 er 1 5 1

X [—erf<;+b2+;w2) +erf <1+b2+;w2>“. 71)

6. Clifford windowed Fourier Transform

In this section, we introduce the Clifford windowed Fourier transform as a generalization of
two-dimensional quaternionic Fourier transform to higher dimensions. Let us start with the
following definition.

Definition 6.1. The Clifford windowed Fourier transform of a multivector function f € L?(R"; Cly )
with respect to the non-zero Clifford window function ¢ € L?(R"; Cly,,) is given by

Gof(w,b) = [ F(x)9pox)d"x

= f(x) ¢p(x —b) ﬁ e~ CkWkXk gy (72)
k=1

]RH
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Two-Dimensional Quaternionic Windowed Fourier Transform 259

where w,b € R" and e1, ey, e3,- - - , ey, are the orthonormal vector basis of Clifford algebra Cl ,, which
satisfy the following rules:

eie]’:_eje]' for Z#]/ i,j:1,2,3,"',7’l

elz:—l for i=1,23,---,n.
We call
n—1
Do b<x> = H een—kwnkan—k('b(x —b), (73)
( k=0

a Clifford windowed Fourier kernel. Notice that the Clifford windowed Fourier transform for
n = 2 is identical with the QWFT and that for n = 1 is identical with the classical windowed
Fourier transform.

7. Conclusion

Using the basic concepts of quaternion algebra and its Fourier transform, we have introduced
2-D quaternionic windowed Fourier transform. Since the multiplication in quaternions is
non-commutative, some properties of the classical windowed Fourier transform, such as the
shift property, orthogonality relation and reconstruction formula, needed to be modified. We
have shown that the construction formula can be extended to higher dimensions using the
Clifford Fourier transform. Like quaternion wavelets, which are successfully applied to optical
flow, it will be possible to apply the QWFT to optical flow, image features and image fusion in
the future.
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