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1. Introduction 

Vehicle stability control is very important to vehicle active safety, in particular, during 

severe driving manoeuvres. The yaw moment control has been regarded as one of the most 

promising means of vehicle stability control, which could considerably enhance vehicle 

handling and stability (Abe, 1999; Mirzaei, 2010). Up to the date, different strategies on yaw 

moment control, such as optimal control (Esmailzadeh et al., 2003; Mirzaei et al., 2008), 

fuzzy logic control (Boada et al, 2005; Li & Yu 2010), internal model control (IMC) (Canale et 

al., 2007), flatness-based control (Antonov et al, 2008), and coordinated control (Yang et al, 

2009), etc., have been proposed in the literature.  

It is noticed that most existing yaw moment control strategies rely on the measurement of 

both sideslip angle and yaw rate. However, the measurement of sideslip angle is hard to be 

done in practice because the current available sensors for sideslip angle measurement are all 

too expensive to be acceptable by customers. To implement yaw moment controller without 

increasing too much cost on a vehicle, the estimation of sideslip angle based on 

measurement available signals, such as yaw rate and lateral acceleration, etc., is becoming 

necessary. And, the measurement noise should also be considered so that the estimation 

based controller is more robust. On the other hand, most of the existing studies use a linear 

lateral dynamics model with nominal cornering stiffness for the yaw moment controller 

design. Since the yaw moment control obviously relies on the tyre lateral force and the tyre 

force strongly depends on tyre vertical load and road conditions which are very sensitive to 

the vehicle motion and the environmental conditions, the tyre cornering stiffness must have 

uncertainties. Taking cornering stiffness uncertainties into account will make the controller 

being more robust to the variation of road conditions. In addition, actuator saturation 

limitations resulting from some physical constraints and tyre-road conditions must be 

considered so that the implementation of the controller can be more practical.  

In this chapter, a nonlinear observer based robust yaw moment controller is designed to 

improve vehicle handling and stability with considerations on cornering stiffness 

uncertainties, actuator saturation limitation, and measurement noise. The yaw moment 
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controller uses the measurement of yaw rate and the estimation of sideslip angle as feedback 

signals, where the sideslip angle is estimated by a Takagi-Sugeno (T-S) fuzzy model-based 

observer. The design objective of this observer based controller is to achieve optimal 

performance on sideslip angle and estimation error subject to the cornering stiffness 

uncertainties, actuator saturation limitation, and measurement noise. The design of such an 

observer based controller is implemented in a two-step procedure where linear matrix 

inequalities (LMIs) are built and solved by using available software Matlab LMI Toolbox. 

Numerical simulations on a vehicle model with nonlinear tyre model are used to validate 

the control performance of the designed controller. The results show that the designed 

controller can achieve good performance on sideslip angle responses for a given actuator 

saturation limitation with measurement noise under different road conditions and 

manoeuvres.  

This chapter is organised as follows. In Section 2, the vehicle lateral dynamics model is 

introduced. The robust observer-based yaw moment controller design is introduced in 

Section 3. In Section 4, the simulation results on a nonlinear vehicle model are discussed. 

Finally, conclusions are presented in Section 5.  

The notation used throughout the paper is fairly standard. For a real symmetric matrix M 

the notation of M>0 (M<0) is used to denote its positive- (negative-) definiteness. . refers to 

either the Euclidean vector norm or the induced matrix 2-norm. I is used to denote the 

identity matrix of appropriate dimensions. To simplify notation, * is used to represent a 

block matrix which is readily inferred by symmetry. 

2. Vehicle dynamics model  

In spite of its simplicity, a bicycle model of vehicle lateral dynamics, as shown in Fig. 1, can 

well represent vehicle lateral dynamics with constant forward velocity and is often used for 

controller design and evaluation.  

 

 

Fig. 1. Vehicle lateral dynamics model 

In this model, the vehicle has mass m and moment of inertia Iz about yaw axis through its 

center of gravity (CG). The front and rear axles are located at distances lf and lr, respectively, 

from the vehicle CG. The front and rear lateral tyre forces Fyf and Fyr depend on slip angles 

┙f and ┙r, respectively, and the steering angle ├ changes the heading of the front tyres.  
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When lateral acceleration is lower, the tyres operate in the linear region and the lateral 

forces at the front and rear can be related to slip angles by the cornering stiffnesses of the 

front and rear tyres as 

 yf ┙f f yr ┙r rF =-C ┙ , F =-C ┙  (1) 

where C┙f and C┙r are cornering stiffnesses of the front and rear tyres, respectively. With 

using Newton law and the following relationships 

 f r
f r

l r l r┙ =┚+ -├, ┙ =┚-
v v

 (2) 

vehicle lateral dynamics model can be written in state space equation as 

 
f r

┙f ┙r f ┙f r ┙r ┙f
2

2 2 z
f ┙f┙f ┙rf ┙f r ┙r

z
zz z

C +C l C -l C C- -1- 0
mv mv ┚┚ mv

= + ├+ M1
l Cl C -l C rr l C -l C

I- -
II I v

⎡ ⎤ ⎡ ⎤ ⎡ ⎤⎢ ⎥ ⎢ ⎥⎡ ⎤ ⎡ ⎤ ⎢ ⎥⎢ ⎥ ⎢ ⎥⎢ ⎥ ⎢ ⎥ ⎢ ⎥⎢ ⎥ ⎢ ⎥⎢ ⎥ ⎣ ⎦⎣ ⎦ ⎢ ⎥⎢ ⎥ ⎣ ⎦⎢ ⎥⎣ ⎦⎢ ⎥⎣ ⎦

$

$
 (3) 

where ┚  is vehicle sideslip angle, r is yaw rate, zM is yaw moment, v  is forward velocity. 

Equation (3) can be further written as 

 1 2x=Ax+B w+B u$  (4) 

where 

 
f r

┙f ┙r f ┙f r ┙r ┙f
2

2 2 1
f ┙f┙f ┙rf ┙f r ┙r

zz z

2 z

z

C +C l C -l C C- -1-
mv mv mv

A= ,  B =
l Cl C -l Cl C -l C

- -
II I v

0
┚

B = ,   x= ,  w=├,  u=M1
r

I

⎡ ⎤ ⎡ ⎤
⎢ ⎥ ⎢ ⎥
⎢ ⎥ ⎢ ⎥
⎢ ⎥ ⎢ ⎥
⎢ ⎥ ⎢ ⎥⎣ ⎦⎢ ⎥⎣ ⎦
⎡ ⎤

⎡ ⎤⎢ ⎥
⎢ ⎥⎢ ⎥ ⎣ ⎦⎢ ⎥⎣ ⎦

 (5) 

and  

 
lim lim

lim lim

lim lim

-u       if u<-u

u=sat(u)= u  if -u u u

u        if u>u

⎧
⎪ ≤ ≤⎨
⎪
⎩

 (6) 

which is used to define the saturation state of control input and limu is the limitation of 

available yaw moment in practice. 
It is noticed that the linear relationship between tyre lateral force and slip angle in equation 

(1) can only exist when lateral acceleration is lower (less than about 0.4 g). When lateral 

acceleration increases, the relationship goes into nonlinear region as shown in Fig. 2 where 

change of lateral tyre force to sideslip angle generated from Dugoff tyre model is depicted. 
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Therefore, cornering stiffnesses are no longer constant values but time-varying variables, 

and relationship between tyre lateral force and slip angle is a nonlinear function of sideslip 

angle. To describe this nonlinear relationship, cornering stiffnesses need to be measured or 

estimated. However, either way is difficult to be implemented due to cost or accuracy 

consideration although some approaches have been proposed for the estimation of 

cornering stiffnesses. 
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Fig. 2. Tyre lateral force characteristics.   

Since Takagi-Sugeno (T-S) fuzzy model has been effectively applied to approximate 

nonlinear functions in many different applications (Tanaka & Wang, 2001), instead of 

estimating cornering stiffness, we use T-S fuzzy model to describe the nonlinear relationship 

between tyre lateral force and sideslip angle in the vehicle lateral dynamics model. The 

plant rules for the T-S fuzzy lateral dynamics model are built as  

IF ｠r is 1N THEN 

 1 11 2x=A x+B w+B u$  (7) 

IF ｠r is 2N THEN 

 2 12 2x=A x+B w+B u$  (8) 

where 1N  and 2N are fuzzy sets, ｠r is premise variable which is defined by deviation of 

yaw rate as  

 
( )2

ref

c

r -r l rv｠r= 1+
v v r

⎡ ⎤⎛ ⎞⎢ ⎥⎜ ⎟
⎢ ⎥⎝ ⎠⎣ ⎦

 (9) 

where cv is characteristic velocity, l=lf+lr, and the reference yaw rate refr is defined as 
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 ref 2

c

v ├
r =

l v
1+

v

⎛ ⎞
⎜ ⎟
⎝ ⎠

 (10) 

The deviation of yaw rate is used as a premise variable in this T-S fuzzy model because it 

can approximately show the degree of nonlinear state and can be used to judge whether the 

vehicle is in linear or nonlinear region (Fukada, 1999).  

By fuzzy blending, the final output of the T-S fuzzy model is inferred as follows 

 ( )
2

i i 1i 2
i=1

x= h (｠r) A x+B w+B u∑$  (11) 

where 
2

i i ii=1
h (｠r)=μ (｠r)/ μ (｠r)∑ , iμ (｠r)  is the degree of the membership of ｠r in iN . In 

general, triangular membership function can be used for fuzzy set iN , and we have 

ih (｠r) 0≥  and 
2

ii=1
h (｠r)=1∑ . i 1iA  and B  are sub-matrices which are obtained by 

substituting cornering stiffness values for linear and nonlinear regions, respectively.  

3. Observer based robust controller design 

It was pointed in many previous research works that both sideslip angle and yaw arte are 

useful information for effective vehicle handling and stability control. However, sensors for 

measuring sideslip angle are really expensive and cannot be used in stability control for 

commercial automotives. Therefore, estimation of slip angle is a cost-effective way to solve 

this problem. On the contrary, measurement of yaw rate is relatively easy and cheap, and 

gyroscopic sensor can be used to do it. Base on the measurable yaw rate signal, sideslip 

angle can be estimated and then used for full state feedback control signal.  

In a real application, the state measurements can not be perfect. Thus, the measured state 

variables should be corrupted by measurement noises as 

 y=Cx+n  (12) 

where y is the measured output, n denotes the measurement noise, C is a constant matrix (if 

all the state variables are measured, C is an identity matrix). To estimate the state variables 

from noisy measurements, we construct a T-S fuzzy observer as 

 

2

i i 2 i
i=1

ˆ ˆ ˆx= h (｠r)[A x+B u+L (y-y)]

ˆŷ=Cx

∑$
 (13) 

where x̂ is observer state vector, Li is observer gain matrix to be designed, ŷ is observer 

output. 
By defining the estimation error  

 ˆe=x-x  (14) 

we obtain 
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2

i i i 1i i
i=1

ˆe=x-x= h (｠r)[(A -L C)e+B w-L n]∑$$ $  (15) 

To making the estimation error as small as possible, we define one control output as  

 o ez =C e  (16) 

where Ce is constant matrix. The objective of observer design is to find Li such that the H∞  

norm of owT , which denotes the closed-loop transfer function from the steering input w to 

the control output zo (estimation error e) and is defined as  

 
2

o 2
ow

w 0 2

z
T = sup

w∞
≠

 (17) 

where 
2 T

o o o2 0
z z (t)z (t)dt

∞
= ∫  and 

2 T
2 0

w w (t)w(t)dt
∞

= ∫ , is minimised. 

On the other hand, to realise good handling and stability, the sideslip angle and the yaw 

rate need to be controlled to the desired values. Generally, the desired sideslip angle is given 

as zero and the desired yaw rate is defined in terms of vehicle speed and steering input 

angle (Zheng, 2006). For simplicity, we only consider to control sideslip angle as small as 

possible, which in most cases can also lead to satisfied yaw rate. Thus, we define another 

control output as 

 ┚ ┚z =C x  (18) 

where ┚C =[1 0], and the objective is to design a robust T-S fuzzy controller based on the 

estimated state variables as 

 
2

i i
i=1

ˆu= h (｠r)K x∑  (19) 

where Ki is control gain matrix to be designed, such as the H∞  norm of ┚wT , which 

denotes the closed-loop transfer function from the steering input w to the control output ┚z , 

is minimised. Together with control output (16), the control output for both observer and 

controller design is defined as 

 
┚ ┚

z
e

ˆC C x
z=C x=

e0 C

⎡ ⎤ ⎡ ⎤
⎢ ⎥ ⎢ ⎥

⎣ ⎦⎣ ⎦
# ##  (20) 

where T T Tˆx=[x  e ]# is the augmented system state vector. It can be seen from (20) that Ce can 

be used to make the compromise between ┚z and zo in the control objective.  
To derive the conditions for obtaining Ki and Li, we now define a Lyapunov function as 

 
T Tˆ ˆV=x Px+e Qe  (21) 

where P = PT > 0, Q = QT > 0. Taking the time derivative of V along (13) and (15) yields 
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( )

( )

T T T T

T

2
i 2 2 i i

i
i=1 T

i i 1i i

T
T

i 2 i i i i 1i i2

i
i=1

ˆ ˆ ˆ ˆV=x Px+x Px+e Qe+e Qe

1+┝ 1+┝
ˆ2 A x+B u+B u- u +L Ce+L n Px

2 2= h

+2 A -L C e+B w-L n Qe

1+┝
ˆ2 A x+B u+L Ce+L n Px+2 A -L C e+B w-L n Qe

2
h

1+┝
+κ u- u

2

⎧ ⎫⎡ ⎤⎛ ⎞⎪ ⎪⎜ ⎟⎢ ⎥⎪ ⎪⎝ ⎠⎣ ⎦⎨ ⎬
⎪ ⎪

⎡ ⎤⎪ ⎪⎣ ⎦⎩ ⎭

⎡ ⎤ ⎡ ⎤⎣ ⎦⎢ ⎥⎣ ⎦≤
⎛
⎜
⎝

∑

∑

$ $$ $ $

( )

T
-1 T T

2 2

T
T

i 2 i i i i 1i i2

i 2
i=1 T 1 T T

2 2

T
T T

i 2 i

2

i
i=1

1+┝
ˆ ˆu- u +κ x PB B Px

2

1+┝
ˆ2 A x+B u+L Ce+L n Px+2 A -L C e+B w-L n Qe

2
h

1-┝
ˆ ˆ+κ u u κ x PB B Px

2

1+┝ 1+┝
x̂ A P+PA + B K P+ PB

2 2

= h

i

−

⎧ ⎫
⎪ ⎪
⎪ ⎪
⎨ ⎬
⎪ ⎪⎞ ⎛ ⎞

⎟ ⎜ ⎟⎪ ⎪⎠ ⎝ ⎠⎩ ⎭
⎧ ⎫⎡ ⎤ ⎡ ⎤⎪ ⎪⎣ ⎦⎢ ⎥⎪ ⎪⎣ ⎦≤ ⎨ ⎬
⎪ ⎪⎛ ⎞ +⎜ ⎟⎪ ⎪⎝ ⎠⎩ ⎭

⎛ ⎞
⎜ ⎟
⎝ ⎠

∑

∑

T

2
T -1 T

2 i i i 2 2

T T T T T T
i i i i i i

T T T T T T T T T
1i 1i i i i i

2
T T T

i i i i
i=1

1-┝
ˆK +κ K K +κ PB B P x(t)

2

ˆ ˆ+e (A -L C) Q+Q(A -L C) e+x PL Ce+e C L Px

ˆ ˆ+w B Qe+e QB w+x PL n+n L Px-e QL n-n L Qe

= h x Φ x+x ポ w+w ポ x

⎧ ⎫⎡ ⎤⎛ ⎞⎪ ⎪⎢ ⎥⎜ ⎟
⎪ ⎪⎝ ⎠⎢ ⎥⎣ ⎦⎪ ⎪⎪ ⎪⎡ ⎤⎨ ⎬⎣ ⎦
⎪ ⎪
⎪ ⎪
⎪ ⎪
⎪ ⎪⎩ ⎭

⎡ ⎤
⎢⎣∑ # # # # # # ⎥⎦

 

(22)

 

 

where definition (19) and inequalities T T T -1 TX Y+Y X κX X+κ Y Y≤  for any matrices X and 

Y and positive scalar κ  (Du et al, 2005) and 
T 2

T1+┝ 1+┝ 1-┝
u- u u- u u u

2 2 2

⎛ ⎞ ⎛ ⎞ ⎛ ⎞≤⎜ ⎟ ⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠ ⎝ ⎠

 for any 

0<┝<1 (Kim & Jabbari, 2002) are applied, and 
T T Tw=[w  n ]# ,  

 

i

T
T

i 2 i 2 i

i2
i T -1 T

i i 2 2

T
i i i i

1+┝ 1+┝
A P+PA + B K P+ PB K

2 2
PL C

Φ = 1-┝
+κ K K +κ PB B P

2

* (A -L C) Q+Q(A -L C)

⎡ ⎤⎛ ⎞⎢ ⎥⎜ ⎟
⎝ ⎠⎢ ⎥

⎢ ⎥
⎛ ⎞⎢ ⎥⎜ ⎟⎢ ⎥⎝ ⎠

⎢ ⎥
⎢ ⎥⎣ ⎦

 (23) 

 
i

i
1i i

0 PL
ポ =

QB -QL

⎡ ⎤
⎢ ⎥
⎣ ⎦

 (24) 

By adding T 2 Tz z-┛ w w# # to two sides of (22) yields 
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T

T 2 T

2
T T T T T 2 T

i i i i z z
i=1

2
T

i i
i=1

V+z z-┛ w w

h x Φ x+x ポ w+w ポ x+x C C x-┛ w w

= h x Θ x

⎡ ⎤≤ ⎢ ⎥⎣ ⎦∑

∑

$ # ## #

# ## # # # # # # # # #  (25) 

where T Tx=[x  w ]T# # , and  

 

i

T
T

i 2 i 2 i
T

i ┚ ┚2
T -1 T T
i i 2 2 ┚ ┚

Ti
i i i i

1iT T
e e ┚ ┚

2

2

1+┝ 1+┝
A P+PA + B K P+ PB K

2 2
PL C+C C 0 PL

1-┝
+κ K K +κ PB B P+C C

2
Θ

(A -L C) Q+Q(A -L C)
* QB -QL

+C C +C C

* * -┛ 0

* * * -┛

⎡ ⎤⎛ ⎞⎢ ⎥⎜ ⎟
⎝ ⎠⎢ ⎥

⎢ ⎥
⎛ ⎞⎢ ⎥⎜ ⎟⎢ ⎥⎝ ⎠

⎢ ⎥=
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎣ ⎦

 (26) 

It can inferred from (25) that if Θi < 0, then T 2 TV+z z-┛ w w<0$ # ## # . Thus, the closed-loop system 

augmented by (13) and (15) is stable when the disturbance w=0#  and the H∞  performance 

on zwT# is satisfied when x(0)=0# . 
By the Schur complement, Θi < 0 is equivalent to 

 

i

T
T

i 2 i 2 i
T

i ┚ ┚2
T -1 T T
i i 2 2 ┚ ┚

T
i i i i

T T
e e ┚ ┚

i i-2

1i i 1i i

1+┝ 1+┝
A P+PA + B K P+ PB K

2 2
PL C+C C

1-┝
+κ K K +κ PB B P+C C

2

(A -L C) Q+Q(A -L C)
*

+C C +C C

0 PL 0 PL
┛ 0

QB -QL QB -QL

T

⎡ ⎤⎛ ⎞⎢ ⎥⎜ ⎟
⎝ ⎠⎢ ⎥

⎢ ⎥
⎛ ⎞⎢ ⎥⎜ ⎟⎢ ⎥⎝ ⎠

⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥⎣ ⎦

⎡ ⎤ ⎡ ⎤
+ <⎢ ⎥ ⎢ ⎥

⎣ ⎦ ⎣ ⎦

 (27) 

which can be written as 

 11 12

22

┑ ┑
<0

* ┑
⎡ ⎤
⎢ ⎥
⎣ ⎦

 (28) 

where 

 

i

T 2
T T -1 T

11 i 2 i 2 i i i 2 2

T -2 T
┚ ┚ i i

T -2 T
12 i ┚ ┚ i i

T T T -2 T T
22 i i i i e e ┚ ┚ 1i 1i i i

1+┝ 1+┝ 1-┝┑ =A P+PA + B K P+ PB K +κ K K +κ PB B P
2 2 2

+C C +┛ PL L P

┑ =PL C+C C -┛ PL L Q

┑ =(A -L C) Q+Q(A -L C)+C C +C C +┛ Q(B B +L L )Q

⎛ ⎞ ⎛ ⎞
⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠

 (29) 
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It is noted from (28) that P, Q, Ki, Li, and κ  are unknown parameters in the inequality that 

need to be determined. Because they are coupled together, no effective algorithms for 

solving them simultaneously can be found by now. Therefore, a two-step procedure is 

applied. Note that (28) means that 22┑ 0< . So, in the first step, we solve 22┑ 0< . By 

defining Xi= QLi and using the Schur complement, from 22┑ 0< , we obtain 

 

T T T T T T
i i i i ┚ ┚ e 1i i

2

2

A Q -C X +QA -X C+C C C QB X

* -I 0 0
<0

* * -┛ I 0

* * * -┛ I

⎡ ⎤
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎣ ⎦

 (30) 

which are LMIs and can be solved by means of the Matlab LMI Toolbox software. Then, we 

can obtain Li by using Li = Q−1Xi for a given ┛. 

In the second step, by defining W = P−1, pre- and post-multiplying (28) by diag(W I)T and its 

transpose, respectively, we obtain 

 

i

T
T

i 2 i 2 i
T -2 T

i ┚ ┚ i i2
-2 T T -1 T T

i i i i 2 2 ┚ ┚

22

1+┝ 1+┝
WA +A W+W B K + B K

2 2
L C+WC C ┛ L L Q

01-┝
+┛ L L +κ WK K W+κ B B +WC C

2

W

W

Ω

⎡ ⎤⎛ ⎞⎢ ⎥⎜ ⎟
⎝ ⎠⎢ ⎥−⎢ ⎥ <⎛ ⎞⎢ ⎥⎜ ⎟⎢ ⎥⎝ ⎠

⎢ ⎥
⎣ ⎦

 (31) 

After defining Yi = KiW and using the Schur complement, we obtain 

 

i

T
Ti 2 i i 2

i ┚ ┚T
2 ┚ -2 T

T -1 T -2 T i i
i i 2 2 i i

22

1+┝ 1+┝
WA +A W+ B Y + Y B

L C+WC C2 2
WC

1-┝ -┛ L L Q+κ Y Y +κ B B +┛ L L
2

* -I 0 0

* * ┑

⎡ ⎤
⎢ ⎥
⎢ ⎥
⎢ ⎥⎛ ⎞
⎢ ⎥⎜ ⎟

⎝ ⎠⎢ ⎥
⎢ ⎥ <
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥⎣ ⎦

 (32) 

which are LMIs and can be solved by means of the Matlab LMI Toolbox software to obtain 

Ki = YiW−1 for a given ┛. 

On the other hand, from (19), the constraint 

 
2

lim
i i

i=1

u
ˆh ( r)K x

┝
Δ ≤∑  (33) 

can be expressed as lim
i

u
ˆK x

┝
≤ .  
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Let 
2

T lim
i i i

u
ˆ ˆ ˆ┐(K )= x xK K x

┝

⎧ ⎫⎪ ⎪⎛ ⎞≤⎨ ⎬⎜ ⎟
⎝ ⎠⎪ ⎪⎩ ⎭

, the equivalent condition for an ellipsoid 

{ }Tˆ ˆ┐(P,ρ)= x x Px ρ≤ being a subset of i┐(K ) , i.e., i(P, ) ┐(K )Ψ ρ ⊂ , is given as (Cao & Lin, 

2003) 

 
-1 2

T lim
i i

P u
K K

ρ ┝
⎛ ⎞ ⎛ ⎞≤⎜ ⎟ ⎜ ⎟

⎝ ⎠⎝ ⎠
 (34) 

By the Schur complement, inequality (34) can be written as 

 

-12
lim

i

-1

u P
I K

┝ ρ
0

P
*

ρ

⎡ ⎤⎛ ⎞⎛ ⎞⎢ ⎥⎜ ⎟⎜ ⎟⎢ ⎥⎝ ⎠ ⎝ ⎠ ≥⎢ ⎥
⎢ ⎥⎛ ⎞
⎢ ⎥⎜ ⎟
⎢ ⎥⎝ ⎠⎣ ⎦

 (35) 

Using the definitions W = P−1 and Yi = KiW, inequality (35) is equivalent to 

 

2
lim

i

-1

u
I Y

0┝
* ρ W

⎡ ⎤⎛ ⎞⎢ ⎥⎜ ⎟ ≥⎝ ⎠⎢ ⎥
⎢ ⎥
⎣ ⎦

 (36) 

In summary, the procedure for the observer based robust controller design is given as: (1) 
give initial value for ┛; (2) solve LMIs (30), (32), and (36) to obtain Li and Ki; (3) decrease ┛ 
and repeat the previous two steps until no feasible solutions can be found; (4) construct the 
observer and controller in terms of Li and Ki. 

4. Numerical simulations 

To evaluate the effectiveness of the proposed observer based controller design approach, 
numerical simulations on a yaw-plane 2DOF vehicle dynamics model with nonlinear 
Dugoff tyre model will be done in this section. The parameters used for the vehicle model 
are given as m=1298.9 kg, Iz=1627 kg.m2, lf=1.0 m, lr=1.454 m. The robust observer based 
controller is designed using the above introduced approach, where Cf= Cr =60000 N.rad-1 is 
used when tyre sideslip angle is in linear region and Cf= Cr =6000 N.rad-1 is used when tyre 
sideslip angle is in nonlinear region, and the saturation limit is assumed as 3000 Nm, i.e., 
ulim=3000 Nm. By choosing ┝ =0.024, ρ =9.8, we obtain the controller matrices as 

K1=104[2.2258 -2.6083] and K2=104[-1.1797 -1.6864], and observer gain matrices as L1=[8.1763 
165.4576] and L2=[8.4599 162.6120].  
To testify the vehicle lateral dynamics performance, a J-turn manoeuvre, which is produced 
from the ramp steering input (the maximum degree is 6 deg), is used. To validate the 
effectiveness of the designed observer based controller, we first assume the vehicle is 
driving on a snow surface road (road friction is assumed as 0.5) with forward velocity 20 
m/s, and only yaw rate is measurable without measurement noise. To see the observer 
performance clearly, we define different initial values for the vehicle model and observer. 
Fig. 3 shows sideslip angle responses under J-turn manoeuvre for the uncontrolled system 
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(without any controller), the controlled system (with the designed controller), and the 
sideslip angle observer. 
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Fig. 3. Sideslip angle responses under J-turn manoeuvre on a snow road without 

measurement noise. Dashed-dotted line is sideslip angle for uncontrolled system. Dotted 

line is sideslip angle for controlled system with the designed controller, and solid line is 

sideslip angle estimated from observer. 
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Fig. 4. Yaw moment under J-turn manoeuvre on a snow road without measurement noise. 

It can be seen from Fig. 3 that the sideslip angle of the controlled system converges to the 
desired sideslip value, zero degree. On the contrary, the sideslip angle of the uncontrolled 
system is big which may cause vehicle unstable motion (Mirzaei, 2010). It is also observed 
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from Fig. 3 that the estimated sideslip angle is converging to the real sideslip angle quickly 
even though there is big difference on the initial values of observer and vehicle model. Fig. 4 
shows the required yaw moment, which is within the defined saturation limit. As 
demonstrated by the simulation results, the designed observer based controller effectively 
improves the vehicle handling and stability performance with using yaw rate measurement. 
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Fig. 5. Sideslip angle responses under J-turn manoeuvre on a snow road with measurement 
noise. Dashed-dotted line is sideslip angle for uncontrolled system. Dotted line is sideslip 
angle for controlled system with the designed controller, and solid line is sideslip angle 
estimated from observer. 
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Fig. 6. Yaw moment under J-turn manoeuvre on a snow road with measurement noise. 
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To validate the robustness of the designed controller, we now add measurement noise on yaw 
rate. The sideslip angle responses under J-turn manoeuvre for uncontrolled system, controlled 
system, and observer are shown in Fig. 5. It can been seen from Fig. 5 that the sideslip angle of 
the controlled system is still approaching to the desired sideslip angle in spite of small effect 
caused by the measurement noise.  The required yaw moment is shown in Fig. 6, where big 
variations on the yaw moment caused by measurement noise can be observed. 
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Fig. 7. Sideslip angle responses under J-turn manoeuvre on a dry surface road with 
measurement noise. Dashed-dotted line is sideslip angle for uncontrolled system. Dotted 
line is sideslip angle for controlled system with the designed controller, and solid line is 
sideslip angle estimated from observer. 
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Fig. 8. Yaw moment under J-turn manoeuvre on a dry road with measurement noise. 
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To further validate the robustness of the designed controller, we now assume the vehicle is 
driving on a dry surface road (road friction is assumed as 0.9) with forward velocity 20 m/s. 
The sideslip angle responses and yaw moment are shown in Figs. 7 and 8, respectively. It 
can be seen the designed controller can achieve good performance with the limited yaw 
moment no matter the change of road condition. 
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Fig. 9. Sideslip angle responses under lane change manoeuvre on a dry road with 
measurement noise. Dashed-dotted line is sideslip angle for uncontrolled system. Dotted 
line is sideslip angle for controlled system with the designed controller, and solid line is 
sideslip angle estimated from observer. 
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Fig. 10. Yaw moment under lane change manoeuvre on a dry road with measurement noise. 
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Finally, a lane change manoeuvre is applied to validate the effectiveness of the designed 
controller. As shown in Fig. 9 on sideslip angle and Fig. 10 on yaw moment, similar 
conclusion can be obtained on the performance achieved by the designed controller. 

5. Conclusion 

In this chapter, the practical design of a robust direct yaw moment controller for vehicle to 
improve lateral dynamics stability and handling with considering tyre cornering stiffness 
uncertainties, actuator saturation, measurement noise, and estimation of sideslip angle is 
studied. A two-step procedure is used to solve the observer and controller design problem, 
which can further be expressed as LMIs and can be solved very efficiently using currently 
available software like Matlab LMI Toolbox. Numerical simulations are applied to check the 
performance of the designed controller. The results show that the designed controller can 
improve vehicle handling and stability regardless of the measurement noise, changes of 
road conditions and manoeuvres. Further study on this topic will consider parameter 
uncertainties such as mass, moment of inertia, and forward velocity, etc., and study the 
reflection of road friction on vehicle model with choosing the most appropriate premise 
variables and defining the optimal membership functions.  
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