We are IntechOpen,
the world’s leading publisher of

Open Access books
Built by scientists, for scientists

6,900 186,000 200M

ailable International authors and editors Downloads

among the

154 TOP 1% 12.2%

Countries deliv most cited s Contributors from top 500 universities

Sa
S

BOOK
CITATION
INDEX

Selection of our books indexed in the Book Citation Index
in Web of Science™ Core Collection (BKCI)

Interested in publishing with us?
Contact book.department@intechopen.com

Numbers displayed above are based on latest data collected.
For more information visit www.intechopen.com

Y



19

On Stabilizability and Detectability of
Variational Control Systems

Bogdan Sasu’and Adina Luminita Sasu

Department of Mathematics, Faculty of Mathematics and Computer Science, West
University of Timisoara, V. Pdrvan Blvod. No. 4 300223 Timisoara

Romania

1. Introduction

The aim of this chapter is to present several interesting connections between the input-output
stability properties and the stabilizability and detectability of variational control systems,
proposing a new perspective concerning the interference of the interpolation methods in
control theory and extending the applicability area of the input-output methods in the stability
theory.

Indeed, let X be a Banach space, let (©, d) be a locally compact metric space and let € = X x ©.
We denote by B(X) the Banach algebra of all bounded linear operators on X. If Y, U are two
Banach spaces, we denote by B(U, Y) the space of all bounded linear operators from U into Y
and by Cs(©, B(U, Y)) the space of all continuous bounded mappings H : © — B(U, Y). With
respect to the norm |||H||| := sup ||H(0)||, Cs(®, B(U, Y)) is a Banach space.

(©)

fe
If H e C(O,B(U,Y)) and Q € Cs(O,B(Y,Z)) we denote by QH the mapping ©® > 6 —
Q(#)H(0). It is obvious that QH € Cs(®,B(U, Z)) .

Definition 1.1. Let ] € {R4,R}. A continuous mapping ¢ : ® x | — @ is called a flow on ®
if 7(6,0) = @ and ¢(0,s +t) = o(c(6,s),t), forall (6,s,t) € @ x J2.

Definition 1.2. A pair 7 = (®,0) is called a linear skew-product flow on € = X x @ if 0 is a
flow on © and @ : ©® x Ry — B(X) satisfies the following conditions:

(i) ©(6,0) = I, the identity operator on X, for all 6 € ©;

(il) D(0,t +5) = ®(c(0,1),5)P(0,t), forall (6,t,5) € ® x R?. (the cocycle identity);

(iii) (0,t) — (0, t)x is continuous, for every x € X;

(iv) there are M > 1 and w > 0 such that ||®(6,t)|| < Me®!, forall (6,t) € © x R;..

The mapping & is called the cocycle associated to the linear skew-product flow 7 = (®,0).

Let L} (R4, X) denote the linear space of all locally Bochner integrable functions u : Ry — X.

Let 1 = (®,0) be a linear skew-product flow on £ = X x ©. We consider the variational
integral system

t
(Sx) xg (£ x0,u) = P(6,t)xg +/0 ®(o(0,s),t—s)u(s)ds, t>0,0€0O

* The work is supported by The National Research Council CNCSIS-UEFISCSU, PN II Research Grant
ID 1081 code 550.
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442 Robust Control, Theory and Applications

withu € L} (R4, X) and xq € X.

loc

Definition 1.3. The system (S ) is said to be uniformly exponentially stable if there are N,v > 0
such that
l|xg(t; x0,0)|| < Ne “|xo]|, V(6,t) € ® xRy, Vxg € X.

Remark 1.4. It is easily seen that the system (S ) is uniformly exponentially stable if and only
if there are N,v > 0 such that ||®(0,t)|| < Ne~"!, forall (6,t) € ® x R..

If 1 = (®,0) is a linear skew-product flow on £ = X x ® and P € Cs(0O, B(X)), then there
exists a unique linear skew-product flow denoted 7p = (®p,0) on X x O such that this
satisfies the variation of constants formula:

DPp(0,t)x = D(6,H)x + /Ot ®(0(0,s),t —s)P(c(0,s))Pp(0,s)x ds (1.1)
and respectively
Dp(0,t)x = D(6,t)x + /Ot Dp(c(0,s),t—s)P(c(6,s))P(0,s)x ds (1.2)

for all (x,6,t) € £ x Ry. Moreover, if M, w are the exponential growth constants given by
Definition 1.2 (iv) for 7, then

| ®p(6,1)|| < Mel@tMIIPIDE - v(6,1) ¢ © x Ry

The perturbed linear skew-product flow 7p = (Pp, o) is obtained inductively (see Theorem
2.1 in (Megan et al., 2002)) via the formula

Dp(0,t) = i D, (6, 1),
n=0

where

t
Dy(6,t)x =P(0,t)x and D,(0,t)x = / ®(0(0,s),t —s)P(c(6,s)) P, _1(0,s)xds,n > 1
0
for every (x,0) € £and t > 0.
Let U, Y be two Banach spaces, let B € Cs(©,B(U, X)) and C € Cs(0, B(X, Y)). We consider

the variational control system (71, B, C) described by the following integral model
{ x(6,t,x0,u) = ®(6,t)xg + fot ®(0(0,s),t —s)B(c(0,s))u(s)ds
y(0,t,x0,u) = C(c(6,t))x(6,t,x0,u)

where t > 0, (x0,0) € Eand u € L} (R4, U).
Two fundamental concepts related to the asymptotic behavior of the associated perturbed
systems (see (Clark et al., 2000), (Curtain & Zwart, 1995), (Sasu & Sasu, 2004)) are described

by stabilizability and detectability as follows:

Definition 1.5. The system (71, B, C) is said to be:

(i) stabilizable if there exists a mapping F € Cs(®, B(X,U)) such that the system (Sy,;) is
uniformly exponentially stable;

(ii) detectable if there exists a mapping K € Cs(®, B(Y, X)) such that the system (Sp,.) is
uniformly exponentially stable.
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On Stabilizability and Detectability of Variational Control Systems 443

Remark 1.6. (i) The system (77, B, C) is stabilizable if and only if there exists a mapping F €
Cs(©,B(X,U)) and two constants N, v > 0 such that the perturbed linear skew-product flow
nige = (Ppr, 0) has the property

||Ppr(6,1)]| < Ne™™, V(6,t) € © x Ry;

(ii) The system (7, B, C) is detectable if and only if there exists a mapping K € Cs(®, B(Y, X))
and two constants N, v > 0 such that the perturbed linear skew-product flow mgc = (P, 0)
has the property

[|@xc(6,t)]| < Ne ", V(0,t) €® x Ry.

In the present work we will investigate the connections between the stabilizability and
the detectability of the variational control system (77, B,C) and the asymptotic properties
of the variational integral system (S;). We propose a new method based on input-output
techniques and on the behavior of some associated operators between certain function spaces.
We will present a distinct approach concerning the stabilizability and detectability problems
for variational control systems, compared with those in the existent literature, working with
several representative classes of translations invariant function spaces (see Section 2 in (Sasu,
2008) and also (Bennet & Sharpley, 1988)) and thus we extend the applicability area, providing
new perspectives concerning this framework.

A special application of our main results will be the study of the connections between
the exponential stability and the stabilizability and detectability of nonautonomous control
systems in infinite dimensional spaces. The nonautonomous case treated in this chapter will
include as consequences many interesting situations among which we mention the results
obtained by Clark, Latushkin, Montgomery-Smith and Randolph (see (Clark et al., 2000))
and the authors (see (Sasu & Sasu, 2004)) concerning the connections between stabilizability,
detectability and exponential stability.

2. Preliminaries on Banach function spaces and auxiliary results

In what follows we recall several fundamental properties of Banach function spaces and we
introduce the main tools of our investigation. Indeed, let M (R, R) be the linear space of all
Lebesgue measurable functions u : Ry — IR, identifying the functions equal a.e.

Definition 2.1. A linear subspace B of M (R4, R) is called a normed function space, if there is a
mapping | - |p : B — Ry such that:

(i) lulp =0if and only if u = 0 a.e,;

(i1) |au|g = |a| |u|p, for all (a,u) € R x B;

(i) lu +v|p < |u|lg + |v|p, forall u,v € B;

(iv) if |u(t)| < |v(t)|a.e.t € Ry and v € B, then u € Band |u|pg < |v|p.

If (B, |- |p) is complete, then B is called a Banach function space.
Remark 2.2. If (B, |- |p) is a Banach function space and u € B then |u(-)| € B.

A remarkable class of Banach function spaces is represented by the translations invariant
spaces. These spaces have a special role in the study of the asymptotic properties of the
dynamical systems using control type techniques (see Sasu (2008), Sasu & Sasu (2004)).
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444 Robust Control, Theory and Applications

Definition 2.3. A Banach function space (B, | - |p) is said to be invariant to translations if for
every u : Ry — Rand every t > 0, u € B if and only if the function

. - u(s—t),SZt
ur: Ry — R, ”t(s)_{ 0 ,sel0¢)

belongs to B and |u¢|p = |u|p.

Let Cc(R4,R) denote the linear space of all continuous functions v : Ry — R with compact
support contained in R and let Lllo (R4, R) denote the linear space of all locally integrable
functions u : Ry — R.

We denote by 7 (R;) the class of all Banach function spaces B which are invariant to
translations and satisty the following properties:
(i) Cc(R4,R) C B C L}, (R4, R);

(i) if B\ L'(R4,R) # @ then there is a continuous function 6 € B\ L' (R4, R).
For every A C R4 we denote by x 4 the characteristic function of the set A.

Remark 2.4. (i) If B € 7 (IR4), then x|g ) € B, forall t > 0.
(i) Let B € T(R4),u € Band t > 0. Then, the function ii; : Ry — R, i;(s) = u(s +t) belongs
to B and |ilt|p < |u|p (see (Sasu, 2008), Lemma 5.4).

Definition 2.5. (i) Let u,v € M(RR4,R). We say that u and v are equimeasurable if for every
t > 0thesets {s € Ry : |u(s)| >t} and {s € Ry : |v(s)| > t} have the same measure.

(ii) A Banach function space (B, | - |p) is rearrangement invariant if for every equimeasurable
functions #,v : Ry — R4 with u € B we have that v € B and |u|g = |v|.

We denote by R(Ry) the class of all Banach function spaces B € 7 (R;4) which are
rearrangement invariant.

A remarkable class of rearrangement invariant function spaces is represented by the so-called
Orlicz spaces which are introduced in the following remark:

Remark 2.6. Let ¢ : Ry — IRy be a non-decreasing left-continuous function, which is
not identically zero on (0, ). The Young function associated with ¢ is defined by Y, (t) =

fot ¢(s) ds. For every u € M(Ry,R) let Mg(u) = [5°Yy(|u(s)|) ds. The set O, of all
u € M(R4,R) with the property that there is k > 0 such that My(ku) < oo, is a linear
space. With respect to the norm |u|, := inf{k > 0 : My(u/k) < 1}, Oy is a Banach space,
called the Orlicz space associated with ¢.

The Orlicz spaces are rearrangement invariant (see (Bennet & Sharpley, 1988), Theorem 8.9).
Moreover, it is well known that, for every p € [1, 00|, the space L? (R4, R) is a particular case
of Orlicz space.

Let now (X, || - ||) be a real or complex Banach space. For every B € 7 (R4) we denote
by B(R4, X), the linear space of all Bochner measurable functions u# : Ry — X with the
property that the mapping N, : R4 — R4, Ny, (t) = ||u(t)|] lies in B. Endowed with the norm
[ullpr,,x) = [Nulp, B(R4, X) is a Banach space.

Let (©,d) be a metric space and let £ = X x ©O. Let 7 = (P, ) be a linear skew-product flow
on & = X x ©. We consider the variational integral system

t
(Sn) xg (£ x0,u) = P(6,t)xg +/0 P(c(6,s),t—s)u(s)ds, t>0,06€c0O

www.intechopen.com



On Stabilizability and Detectability of Variational Control Systems 445

withu € L}, (Ry,X) and x € X.
An important stability concept related with the asymptotic behavior of dynamical systems is

described by the following concept:

Definition 2.7. Let W € 7 (R4). The system (Syx) is said to be completely (W(R4, X),
W (R, X))-stable if the following assertions hold:

(i) for every u € W(R4, X) and every 6 € O the solution xg(-;0,u) € W(R4, X);

(i) there is A > 0 such that [|x(-;0,u)|[w(r,,x) < Allullwr,, x), forall (u,0) € W(R4, X) x
0.

A characterization of uniform exponential stability of variational systems in terms of the
complete stability of a pair of function spaces has been obtained in (Sasu, 2008) (see Corollary
3.19) and this is given by:

Theorem 2.8. Let W € R(IRy). The system (Sy) is uniformly exponentially stable if and only if
(Sr) is completely (W(R4, X), W(R, X))-stable.

The problem can be also treated in the setting of the continuous functions. Indeed, let
Cp(R4,R) be the space of all bounded continuous functions u : R4 — R. Let Cp(R4,R)
be the space of all continuous functions # : R4 — R with lim u(¢#) = 0 and let Cpp(R4,R) :=

{u e Cy(R4+,R) : u(0) = 0}. t—co

Definition 2.9. Let V € {C,(R4,R), Co(R4+,R), Coo(R4,R)}. The system (Sy) is said to be
completely (V(R+, X), V(Ry4, X))-stable if the following assertions hold:

(i) for every u € V(R4, X) and every 0 € © the solution x4(-;0,u) € V(R4, X);

(ii) there is A > Osuch that ||xg(-;0,u)[[y(r, x) < Allully(r,,x) forall (1,0) € V(R4, X) x ©.

For the proof of the next result we refer to Corollary 3.24 in (Sasu, 2008) or, alternatively, to
Theorem 5.1 in (Megan et al., 2005).

Theorem 2.10. Let V € {C,(Ry,R),Co(R4,R),Coo(R4,R)}. The system (Sy) is uniformly
exponentially stable if and only if (S ) is completely (V(R4, X), V(R 4, X))-stable.

Remark 2.11. Let W € R(R4) U {Co(R+, X), Coo(R+, X), Cp (R, X) }. If the system (Sy) is
uniformly exponentially stable then for every 6 € © the linear operator

t
PS : W(R., X) — W(Ry,X), (Phu)(t) = / O (o (6,s),t —s)u(s) ds
0
is correctly defined and bounded. Moreover, if A > 0 is given by Definition 2.7 or respectively
by Definition 2.9, then we have that sup,_q ||P8|| < A.

These results have several interesting applications in control theory among we mention those
concerning the robustness problems (see (Sasu, 2008)) which lead to an inedit estimation of
the lower bound of the stability radius, as well as to the study of the connections between
stability and stabilizability and detectability of associated control systems, as we will see in
what follows. It worth mentioning that these aspects were studied for the very first time for
the case of systems associated to evolution operators in (Clark et al., 2000) and were extended
for linear skew-product flows in (Megan et al., 2002).

www.intechopen.com
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3. Stabilizability and detectability of variational control systems

As stated from the very beginning, in this section our attention will focus on the connections
between stabilizability, detectability and the uniform exponential stability. Let X be a Banach
space, let (©,d) be a metric space and let T = (®,0) be a linear skew-product flow on £ =
X x ©. We consider the variational integral system

t
(Sy) xg (£ x0,1) = (6, F)xg +/ ®(0(0,5),t — s)u(s)ds, t>0,0€0O
0

withu € L} (R, X) and xo € X.

Let U, Y be Banach spaces and let B € Cs(©,B(U, X)), C € Cs(0, B(X, Y)). We consider the
variational control system (77, B, C) described by the following integral model

{ x(6,t,xg,u) = ®(6,t)x9 + fot ®(0(0,s),t —s)B(c(0,s))u(s)ds
y(0,t,x9,u) = C(c(0,t))x(0,t,x0,u)

where t >0, (x9,0) € Eandu € L] (R4, U).

According to Definition 1.5 it is obvious that if the system (Sy) is uniformly exponentially
stable, then the control system (7, B, C) is stabilizable (via the trivial feedback F = 0) and
this is also detectable (via the trivial feedback K = 0). The natural question arises whether the

converse implication holds.

Example 3.1. Let X = R,© = R and let 0(0,t) = 6 + t. Let (Sx) be a variational integral
system such that ®(6,t) = I; (the identity operator on X), for all (6,¢t) € ® x R4. Let U =
Y = X and let B(6) = C(0) = I;, forall 0 € ®.Let ¢ > 0. By considering F(8) = —0 I, for all
6 € O, from relation (1.1), we obtain that

t
Ppp(0,t)x = x — 5/0 Ppp(0,s)xds, Vt>0

for every (x,0) € £. This implies that ®pr(6,t)x = e %x, forall t > 0 and all (x,6) € &,
so the perturbed system (S, ) is uniformly exponentially stable. This shows that the system
(71, B, C) is stabilizable.

Similarly, if & > 0, for K(0) = —¢ I, for all 0 € ®, we deduce that the variational control
system (77, B, C) is also detectable.

In conclusion, the variational control system (71, B, C) is both stabilizable and detectable, but
for all that, the variational integral system (S, ) is not uniformly exponentially stable.

It follows that the stabilizability or/and the detectability of the control system (7, B,C) are
not sufficient conditions for the uniform exponential stability of the system (S ). Naturally,
additional hypotheses are required. In what follows we shall prove that certain input-output
conditions assure a complete resolution to this problem. The answer will be given employing
new methods based on function spaces techniques.

Indeed, for every 6 € ©, we define

p?. !

loc

(R4, X) — L}, (R4, X), (PPw)(t) = /0t<I>(c7(0,s),t —s)w(s) ds
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and respectively
B%: Lipe(Ry, U) — Lipo(Ry, X),  (B%u)(t) = B(c(6,1))u(t)

Cl: L} (Ry,X) — LE (R4, Y), (CP)(t) = C(c(6,1)o(t).

We also associate with the control system S = (7, B,C) three families of input-output
mappings, as follows: the left input-output operators {L%}gce defined by

L.} (R, U) — L (Ry,X), LY:=PYBY
the right input-output operators {R%}gce given by
RY: L} (R4, X) — L, (Ry,Y), RY:=cfpP
and respectively the global input-output operators {G%}gce defined by
GO Ll (Ry,U) — L} .(Ry,Y), GY:=cCOPUBY.
A fundamental stability concept for families of linear operators is given by the following;:

Definition 3.2. Let Z1, Z be two Banach spaces and let W € 7 (R4 ) be a Banach function
space. A family of linear operators {O? : L] (Ry,Z;) — L} (R, Z)}gep is said to be
(W(R4,Zy), W(Ry, Zp))-stable if the following conditions are satisfied:

(i) for every ay € W(R4,Z;) and every 8 € ©, 0% € W(R, Z,);

(zﬁ)gther@e is m > 0 such that HOGMHW(IR+22) < m ||a1|[w(r,,z,) foralla; € W(R4,Z;) and
a c V.

Thus, we observe that if W € R(IR+), then the variational integral system (S ) is uniformly
exponentially stable if and only if the family {P%}4cq is (W(Ry, X), W(R, X))-stable (see
also Remark 2.11).

Remark 3.3. Let Z1, Z; be two Banach spaces and let W € 7 (R.) be a Banach function space.
If Q € Cs(©,B(Z1,7Z,)) then the family {Q%}gce defined by

QY Ll (Ry, Z1) — L (R, Zp), (Q%)(t) = Qo (6,1))a(t)

is (W(R+, Z1), W(R, Zy))-stable. Indeed, this follows from Definition 2.1 (iv) by observing
that
1Q°a) (D[] < IIQII Ia(t)]], Vt=>0,¥a € W(Ry,Z1), 70 € ©.

The main result of this section is:

Theorem 3.4. Let W be a Banach function space such that W € R(IR.). The following assertions are
equivalent:

(i) the variational integral system (S ) is uniformly exponentially stable;

(ii) the variational control system (7, B,C) is stabilizable and the family of the left input-output
operators {L%}gc is (W(Ry, U), W(R, X))-stable;

(iii) the variational control system (71, B, C) is detectable and the family of the right input-output
operators {R%}gce is (W(R4, X), W(R4,Y))-stable

(iv) the variational control system (71, B, C) is stabilizable, detectable and the family of the global
input-output operators {G%}gce is (W(Ry, U), W(R4, Y))-stable.
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Proof. We will independently prove each equivalence (i) <= (ii), (i) <= (iii) and
respectively (i) <= (iv). Indeed, we start with the first one and we prove that (i) = (ii).
Taking into account that (Sy) is uniformly exponentially stable, we have that the family
{PY e is (W(R1, X), W(R, X))-stable. In addition, observing that

1(L0u)(1)]] < zu(};HPGH HIBIu(®)]], Yu e W(Ry, U),v60 € ©
S

from Definiton 2.1 (iv) we deduce that that the family {L%}gce is
(W(R4,U), W(R4, X))-stable.

To prove the implication (ii) == (i), let F € C(Cs(0,B(X,U)) be such that the
system (Sy,;) is uniformly exponentially stable. It follows that the family {H%}4cq is
(W(R4, X), W(R4, X))-stable, where

t
H®: Ll (Ry,X) — LL (R.,X), (H'u)(t)= /0 Dpr(0(6,5),t —s)u(s)ds, t>0,0¢€ 0.

For every 6 € O let

FO:LL (Ry, X) — LL (R4, U), (FPu)(t) = F(o(6,t))u(t).

loc

Then from Remark 3.3 we have that the family {F?}gc@ is (W(R+, X), W(R, U))-stable.
Letf € ®and letu € Lllo (R4, X). Using Fubini’s theorem and formula (1.1), we successively
deduce that

(LOFOHOu) () = /Ot /OSCID(U(G,S),t—S)B(U(Q,s))F(U(G,s))@Bp(U(Q,T),s — D)u(t)drds =

— /Ot /: ®(0(0,s),t —s)B(o(0,s))F(c(0,s))Ppr(c(6,7),s — T)u(t)dsdt =
= /Ot /OtT D(o(0,T+&),t—T1—&)B(o(0, T+ &))F(c(6, T+ ¢))Ppp(0(0,7),&)u(t) dé dt =

- /0 [ Opp(e(6, 7).t — T)u(T) — D(e(6, T, t — T)u()] dr =

= (H%u)(t) — (PPu)(t), Vt>o0.
This shows that
PPu = Hu — L9F%H%, vu e L} (R4, X),V0 € ©. (3.1)

Let m; and my be two constants given by Definition 3.2 (ii) for {H%}4ce and for {L%}4cq,
respectively. From relation (3.1) we deduce that PPu € W(R4, X), for every u € W(Ry, X)
and

1Pl (g, x) < ma(L+ma| |[E[]) [ullwg.x) Yu€W(R,X),V6€®.

From the above relation we obtain that the family {P%}4cg is (W(R, X), W(R4, X))-stable,
so the system (S ) is uniformly exponentially stable.

The implication (i) == (iii) follows using similar arguments with those used in the proof
of (i) = (ii). To prove (iii) = (i), let K € Cs(©, B(Y, X)) be such that the system (Sr,.)
is uniformly exponentially stable. Then, the family {T%}gce is (W (R, X), W(IR, X))-stable,
where

loc

.1} (Ry, X) — L (R4, X), (r"u)(t):/th>KC(a(9,s),t—s)u(s)ds.
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For every 6 € © we define

KY: L} (Ry,Y) — LL (R4, X),  (K%u)(t) = K(c(6,t))u(t).

loc

From Remark 3.3 we have that the family {K%}4cg is (W(R4, Y), W(RR, X))-stable.
Using Fubini’s theorem and the relation (1.2), by employing similar arguments with those
from the proof of the implication (ii) = (i), we deduce that

Pu = 1% —T°K%R%;, vu e L} (R4, X),V0 € O. (3.2)

Denoting by g; and by g, some constants given by Definition 3.2 (ii) for {T%}gce and for
{R%}gc@, respectively, from relation (3.2) we have that PPu € W(Ry, X), for every u €
W(R4, X) and

1Pul Lo, x) < 311+ qa KT [1ullwer, x), Vi € W(RS, X), V6 € ©.

Hence we deduce that the family {P?}gc@ is (W(R, X), W(R, X))-stable, which shows that
the system (S ) is uniformly exponentially stable.

The implication (i) == (iv) is obvious, taking into account the above items. To prove that
(iv) = (i), let K € Cs(©, B(Y, X)) be such that the system (Sy,.) is uniformly exponentially
stable and let {K?}yc@ and {T?}4c@ be defined in the same manner like in the previous stage.
Then, following the same steps as in the previous implications, we obtain that

LOu = T9B% — T9k°G%u, vue Ll (R4, X), V0 €O@. (3.3)

From relation (3.3) we deduce that the family {L%}gco is (W(R4,U), W(R4, X))-stable.
Taking into account that the system (71, B,C) is stabilizable and applying the implication

(ii) = (i), we conclude that the system (S ) is uniformly exponentially stable. O
Corollary 3.5. Let V € {Cy(R4,R),Co(R4,R),Coo(R4,R)}. The following assertions are
equivalent:

(i) the variational integral system (S ) is uniformly exponentially stable;

(ii) the variational control system (7t,B,C) is stabilizable and the family of the left input-output
operators {L%}gc@ is (V(R4,U), V(Ry, X))-stable;

(iii) the variational control system (71, B, C) is detectable and the family of the right input-output
operators {R%}gc@ is (V(R, X), V(Ry,Y))-stable

(iv) the variational control system (7t,B,C) is stabilizable, detectable and the family of the global
input-output operators {G%}gce is (V(R4, U), V(R Y))-stable.

Proof. This follows using similar arguments and estimations with those from the proof of
Theorem 3.4, by applying Theorem 2.10. ]

4. Applications to nonautonomous systems

An interesting application of the main results from the previous section is to deduce necessary
and sufficient conditions for uniform exponential stability of nonautonomous systems in
terms of stabilizability and detectability. For the first time this topic was considered in (Clark
et al., 2000)). We propose in what follows a new method for the resolution of this problem
based on the application of the conclusions from the variational case, using arbitrary Banach
function spaces.

Let X be a Banach space and let I; denote the identity operator on X.
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Definition 4.1. A family U = {U(t,s)};>s>0 C B(X) is called an evolution family if the
following properties hold:

(i) U(t,t) = Iyand U(t,s)U(s, tg) = U(t, ty), forallt > s >ty > 0;

(ii) there are M > 1 and w > 0 such that ||U(t,s)]| < Mew(t=38) forallt > s > tg > 0;

(iii) for every x € X the mapping (t,s) — U(t,s)x is continuous.

Remark 4.2. Forevery P € Cs(R4, B(X)) (see e.g. (Curtain & Zwart, 1995)) there is a unique
evolution family Up = {Up(t,s) }+>s>0 such that the variation of constants formulas hold:

t
Up(t,s)x = U(t,s)x +/ U(t,7)P(t)Up(t,s)xdt, Vt>s>0,Vxe X
S

and respectively
t
Up(t,s)x = U(t,s)x+/ Up(t, T)P(T)U(T,s)xdt, Vt>s>0,Vxe X.
S

LetU = {U(t,5) }+>5>0 be an evolution family on X. We consider the nonautonomous integral
system

t
(Sy) xs (8 x0,u) = U(t,s)xg +/ U(t,t)u(t)dr, t>s,s>0

S
withu € L}, (Ry,X) and xg € X.
Definition 4.3. The system (S) is said to be uniformly exponentially stable if there are N,v > 0
such that ||xs(£; x0,0)|| < Ne=v(t=3)||xo||, forall t > s > 0 and all xy € X.

Remark 4.4. The system (S;) is uniformly exponentially stable if and only if there are N, v > 0
such that ||U(t,s)|| < Ne v(t=5) forall t > s > 0.

Definition 4.5. Let W € 7 (Ry). The system (S;) is said to be completely (W(R4, X),
W(R 4, X))-stable if for every u € W(RR, X), the solution x¢(+;0, ) € W(R, X).

Remark 4.6. If the system (S;/) is completely (W (R, X), W(R4, X))-stable, then it makes
sense to consider the linear operator

P:WIRE, X) — W(Ry, X), P(u) =xo(-;0,u).
It is easy to see that P is closed, so it is bounded.

Let now U, Y be Banach spaces, let B € Cs(R4,B(U, X)) and let C € Cs(R4,B(X,Y)). We
consider the nonautonomous control system (U4, B,C) described by the following integral
model

{ xs(t;xp,u) = U(t,8)xo + j;t U(t,t)B(t)u(t)dr, t >s,8>0

ys(t; x0,u) = C(t)xs(t; x0, 1), t>s,5>0
withu € L], (R, U),xo € X.

Definition 4.7. The system (U, B, C) is said to be:

(i) stabilizable if there exists F € Cs(R4,B(X,U)) such that the system (Sy,,) is uniformly
exponentially stable;

(ii) detectable if there exists G € Cs(R4,B(Y, X)) such that the system (S;..) is uniformly
exponentially stable.
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We consider the operators
B¢ Lipe(Ry, U) = Lipo(Ry, X),  (Bu)(t) = B(Hu(t)

C: L (R, X) — LL (R, Y), (Cu)(t) = B(t)u(t)
and we associate with the system (i, B, C) three input-output operators: the left input-output
operator defined by
L: L (Ry,U) = L (Ry, X), L =0PB
the right input-output operator given by

R:L (R:, X) — LL (Ry,Y), R=E€P
and respectively the global input-output operator defined by
G:LL(Ry, U) — L} (Ry,Y), §=CPB.

Definition 4.8. Let Zi,Z; be two Banach spaces and let W € 7 (Ri) be a Banach
function space. An operator Q : LI (Ry,Z;) — L (Ry,Zy) is said to be
(W(R4, Z1), W(R4, Zy))-stable if for every A € W(R, Z;) the function QA € W(Ry, Z3).

The main result of this section is:

Theorem 4.9. Let W be a Banach function space such that B € R(R.). The following assertions are
equivalent:

(i) the integral system (Sy;) is uniformly exponentially stable;

(ii) the control system (U,B,C) is stabilizable and the left input-output operator L is
(W(R4,U), W(R4, X))-stable;

(iii) the control system (U,B,C) is detectable and the right input-output operator R is
(W(R4, X), W(R4,Y))-stable;

(iv) the control system (U, B, C) is stabilizable, detectable and the global input-output operator G is
(W(Ry,U), W(Ry,Y))-stable.

Proof. We prove the equivalence (i) <= (ii) , the other equivalences: (i) <= (iii) and (i) <=
(iv) being similar.

Indeed, the implication (i) = (ii) is immediate. To prove that (ii) = (i) let ® = Ry,
c:OxRy — 0O,0(0,t) =60+ tand let P(0,t) = U(t+6,0), forall (6,t) € © x R4. Then
7 = (®,0) is a linear skew-product flow and it makes sense to associate with 7t the following
integral system

t
(Sx) xg (£ x0,u) = P(6,t)xg +/0 P(c(6,s),t—s)u(s)ds, t>0,0€c0O

with u € L} (R4, X) and xq € X.
We also consider the control system (77, B, C) given by

{ x(0,t,x0,u) = ®(6,t)xy + fot ®(0(0,s),t —s)B(c(0,s))u(s)ds
y

(0,t,x9,u) = C(c(0,t))x(6,t,x0,u)

where t > 0, (xo,0) € Eand u € L} (R4, U). For every 6 € © we associate with the system
(7, B, C) the operators P?, BY and L? using their definitions from Section 3.
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We prove that the family {L%}gce is (W(R4, U), W(R4, X))-stable. Let # € © and let & €
W(R 4, U). Since W is invariant to translations the function

a(t—10),t>06

ag: Ry = U, "‘9(”:{ 0, te]0,0)

belongs to W(R,U) and ||lagllww, uy = Illlww,u)- Since the operator L is
(W(R4,U), W(R4, X))-stable we obtain that the function

¢: Ry — X, o) = (Lag)(t)
belongs to W(RR, X). Using Remark 2.4 (ii) we deduce that the function
TRy = X, () = 9(t+6)
belongs to W(R+, X) and |[7[lwr,,x) < [|#llw(r,,x)- We observe that
(L%)(t) = /Ot U6+ 1,0 +5)B(6 +s)a(s) ds = /:H U(6 +t,7)B()a(t — 8) dT =
0+t
- /9 (0 + t, T)B(T)ag(T) dT = (Lag) (6 + ) = (), Vi > 0.
This implies that L?a belongs to W(IR, X) and
L2 [ (k. x) = Hrlwr,x) < Hellwmr.,x) <

< [I&]Haollww,,uy = [L]] lallwr,,u): (4.1)

Since # € ® and « € W(R, U) were arbitrary from (4.1) we deduce that the family {L%}4c¢
is (W(Ry, U), W(R, X))-stable.

According to our hypothesis we have that the system (U, B, C) is stabilizable. Then there is
F € Cs(R4, B(X,U)) such that the (unique) evolution family Upr = {Upr(t,s) }+>s>0 which
satisfies the equation

t
Ugp(t,s)x = U(t,s)x +/ U(t, T)B(T)F(t)Ugp(T,s)xdt, Vt>s>0,Vxe X (4.2)
S
has the property that there are N, v > 0 such that

||UpE(ts)|| < Ne™"(75), vt > s> 0. (4.3)

For every (0,t) € ® x Ry, let ®(6,t) := Ugp(0 +t,0). Then, we have that 7 = ($,0) is a
linear skew-product flow. Moreover, using relation (4.2) we deduce that

/Ot ®(c(8,s),t —s)B(c(0,5))F(c(0,s))D(0,s)x ds =

t
= /0 U(0+t,60+s)B(0+s)F(0+s)Ugp(6+s,0)xds =

0+t
:/9 U(0 +t,7)B(7)F(7)Ugp(T, 0)x dT =
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= Ugp(0+t,0)x — U0 +t,0)x = DO, t)x — D0, t)x (4.4)

forall (6,t) € © x Ry and all x € X. According to Theorem 2.1 in (Megan et al., 2002), from
relation (4.4) it follows that

é(@, t) = (I)BF(Q, t), V(@, t) €O xRy
so 7t = mgr. Hence from relation (4.3) we have that
||®gr(0,1)|] = ||Upr(6+t,0)|| < Ne ", Vt>0,V0c®

which shows that the system (S, ) is uniformly exponentially stable. So the system (7, B, C)
is stabilizable.
In this way we have proved that the system (S;) is stabilizable and the associated left
input-output family {L%}4c@ is (W(Ry, U), W(R, X))-stable. By applying Theorem 3.4 we
deduce that the system (S ) is uniformly exponentially stable. Then, there are N,6 > 0 such
that

| ®(6,1)]] < Ne™®, Vt>0,V0 € O.

This implies that
Ut s)|| = [|@(s,t —s)|| < Ne ®(t=5), vt > > 0. (4.5)

From inequality (4.5) and Remark 4.4 we obtain that the system (S;) is uniformly
exponentially stable. O

Remark 4.10. The version of the above result, for the case when W = LP(Ry,R) with p €
[1,00), was proved for the first time by Clark, Latushkin, Montgomery-Smith and Randolph
in (Clark et al., 2000) employing evolution semigroup techniques.

The method may be also extended for spaces of continuous functions, as the following result
shows:

Corollary 4.11. Let V € {Cp(R4,R),Co(R4+,R),Coo(R+,R)}. The following assertions are
equivalent:

(i) the system (Sy;) is uniformly exponentially stable;

(ii) the system (U,B,C) is stabilizable and the left input-output operator L s
(V(R4+,U), V(R4 X))-stable;

(iii) the system (U,B,C) is detectable and the right input-output operator R is
(V(R4, X), V(Ry,Y))-stable;

(iv) the system (U,B,C) is stabilizable, detectable and the global input-output operator G is
(V(R4,U),V(Ry,Y))-stable.

Proof. This follows using Corollary 3.5 and similar arguments with those from the proof of
Theorem 4.9. O

5. Conclusions

Stabilizability and detectability of variational/nonautonomous control systems are two
properties which are strongly related with the stable behavior of the initial integral system.
These two properties (not even together) cannot assure the uniform exponential stability of the
initial system, as Example 3.1 shows. But, in association with a stability of certain input-output
operators the stabilizability or/and the detectability of the control system (7, B,C) imply
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the existence of the exponentially stable behavior of the initial system (S ). Here we have
extended the topic from evolution families to variational systems and the obtained results are
given in a more general context. As we have shown in Remark 2.6 the spaces involved in the
stability properties of the associated input-output operators may be not only LP-spaces but
also general Orlicz function spaces which is an aspect that creates an interesting link between
the modern control theory of dynamical systems and the classical interpolation theory.

It worth mentioning that the framework presented in this chapter may be also extended
to some slight weak concepts, taking into account the main results concerning the uniform
stability concept from Section 3 in (Sasu, 2008) (see Definition 3.3 and Theorem 3.6 in
(Sasu, 2008)). More precisely, considering that the system (7, B,C) is weak stabilizable
(respectively weak detectable) if there exists a mapping F € Cs(0,B(X,U)) (respectively
K € C5(©, B(Y, X))) such that the system (S, ) (respectively (S, )) is uniformly stable, then
starting with the result provided by Theorem 3.6 in (Sasu, 2008), the methods from the present
chapter may be applied to the study of the uniform stability in terms of weak stabilizability
and weak detectability. In authors opinion, the technical trick of the new study will rely on
the fact that in this case the families of the associated input-output operators will have to be
(L1, L®)-stable.
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