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1. Introduction 

Many kinds of mechanical systems are often modeled as spatial multibody systems, such as 
robots, machine tools, automobiles and aircrafts. A multibody system typically consists of a 
set of rigid bodies interconnected by kinematic constraints and force elements in spatial 
configuration (Flores et al., 2008). Each flexible body can be further modeled as a set of rigid 
bodies interconnected by kinematic constraints and force elements (Wittbrodt et al., 2006). 
Dynamic modeling and vibration analysis based on multibody dynamics are essential to 
design, optimization and control of these systems (Wittenburg, 2008 ; Schiehlen et al., 2006). 
Vibration calculation of multibody systems is usually started by solving large-scale 
nonlinear equations of motion combined with constraint equations (Laulusa & Bauchau, 
2008), and then linearization is carried out to obtain a set of linearized differential-algebraic 
equations (DAEs) or second-order ordinary differential equations (ODEs) (Cruz et al., 2007;  
Minaker & Frise, 2005; Negrut & Ortiz, 2006; Pott et al., 2007; Roy & Kumar, 2005). This kind 
of method is necessary for solving the dynamics of nonlinear systems with large 
deformation. 
However, there are two major disadvantages for vibration calculation of multibody systems 
by using the conventional methods. On one hand, the computational efficiency is very low 
due to a large amount of efforts usually required for computation of trigonometric 
functions, derivation and linearization. Many approaches have been proposed to simplify 
the formulation, such as proper selection of reference frames (Wasfy & Noor, 2003), 
generalized coordinates (Attia, 2006; Liu et al., 2007; McPhee & Redmond, 2006; Valasek et 
al., 2007), mechanics principles (Amirouche, 2006; Eberhard & Schiehlen, 2006), and other 
methods (Richard et al., 2007; Rui et al., 2008). On the other hand, despite sensitivity analysis 
of multibody systems based on the conventional methods are well documented (Anderson & 
Hsu, 2002; Choi et al., 2004; Ding et al., 2007; Sliva et al. 2010; Sohl & Bobrow, 2001; Van 
Keulen et al. 2005; Xu et al., 2009), the formulation is quite complicated because the resulting 
equations are implicit functions of the design parameters.  
Actually, what people concern, for many kinds of mechanical systems under working 
conditions, are eigenvalue problems and the relationship between the modal parameters 
and the design parameters. And the designer needs to know the results as quickly as 
possible so as to perform optimal design. From this point of view, fast algorithm for 
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vibration calculation and sensitivity analysis with easiness of application is critical to the 
design of a complex mechanical system. A novel formulation based on matrix 
transformation for open-loop multibody systems has been proposed recently (Jiang et al., 
2008a). The algorithm has been further improved to directly generate the open-loop 
constraint matrix instead of matrix multiplication (Jiang et al., 2008b). The computational 
efficiency has been significantly improved, and the resulting equations are explicit functions 
of the design parameters that can be easily applied for sensitivity analysis. Particularly, the 
proposed method can be used to directly obtain sensitivity of system matrices about design 
parameters which are required to perform mode shape sensitivity analysis (Lee et al., 1999a; 
1999b). 
Vibration calculation of general multibody system containing closed-loop constraints is 
investigated in this article. Vibration displacements of bodies are selected as generalized 
coordinates. The translational and rotational displacements are integrated in spatial 
notation. Linear transformation of vibration displacements between different points on the 
same rigid body is derived. Absolute joint displacement is introduced to give mathematical 
definition for ideal joint in a new form. Constraint equations written in this way can be 
solved easily via the proposed linear transformation. A new formulation based on 
constraint-topology transformation is proposed to generate oscillatory differential equations 
for a general multibody system, by matrix generation and quadric transformation in three 
steps: 
1. Linearized ODEs in terms of absolute displacements are firstly derived by using 

Lagrangian method for free multibody system without considering any constraint. 

2. An open-loop constraint matrix ′B  is derived to formulate linearized ODEs via quadric 

transformation = =′ ′ ′T ( , , )E B EB E M K C  for open-loop multibody system, which is 

obtained from closed-loop multibody system by using cut-joint method. 

3. A constraint matrix ′′B  corresponding to all cut-joints is finally derived to formulate a 

minimal set of ODEs via quadric transformation = =′′ ′′ ′ ′′T ( , , )E B E B E M K C  for closed-

loop multibody system. 
Complicated solving for constraints and linearization are unnecessary for the proposed 
method, therefore the procedure of vibration calculation can be greatly simplified. In 
addition, since the resulting equations are explicit functions of the design parameters, the 
suggested method is particularly suitable for sensitivity analysis and optimization for large-
scale multibody system, which is very difficult to be achieved by using conventional 
approaches. 

Large-scale spatial multibody systems with chain, tree and closed-loop topologies are taken 

as case studies to verify the proposed method. Comparisons with traditional approaches 

show that the results of vibration calculation by using the proposed method are accurate 

with improved computational efficiency. The proposed method has also been implemented 

in dynamic analysis of a quadruped robot and a Stewart isolation platform. 

2. Fundamentals of multibody dynamics 

2.1 Description of multibody system 

As shown in Fig. 1, considering a multibody system which consists of n  rigid bodies and 

the ground 0B , each two bodies are probably interconnected by at most one joint and 

arbitrary number of spatial spring-dampers. A spatial spring-damper means an integration 
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of three spring-dampers and three torsional spring-dampers. Each joint contains at least one 

and at most six holonomic constraints. iB  denotes the thi  rigid body, and ijJ is the joint 

between iB  and jB , where = A, 1,2, ,i j n and ≠i j . ijs denotes the total number of spring-

dampers between iB and jB , among which ijsK is the ths one, where = A0,1,2, , ijs s . = 0ijs  

means there is no spring-damper between iB and jB . 

Four kinds of reference frames are used in the formulation. The global reference frame, 

namely the inertial frame, i.e., -o xyz , is fixed on the ground. The body reference frame, e.g., 

-ic xyz for iB , is fixed in the space with its origin coinciding with the center of mass (CM) of 

the body. For simplicity without loss of generality, all body reference frames are set to be 

parallel to -o xyz in this paper. The spring reference frame, e.g., ′ ′ ′-ijsu x y z  for ijsK , is located at 

one of the spring acting points. The joint reference frame, e.g., ′′ ′′ ′′-ijv x y z  for ijJ , is located at 

one of the joint acting points. 
 

 

Fig. 1. Elements and reference frames in multibody system 

Define im the mass of iB , iJ the inertia tensor of iB with respect to -ic xyz , and I the 3×3 

identity matrix. Then the mass matrix of body iB with respect to -ic xyz  is given by 

 = diag( )i i imM I J  (1) 

The mass matrix of the free multibody system can be organized as 

 = A1 2diag( )nM M M M  (2) 

The translation of CM of iB is specified via vector = T[ ]i i i ix y zr . The rotation of iB is 

specified via Bryan angles α β γ= T[ ]i i i iθ . The absolute angular velocities can be written as 

(Wittenburg, 2008) 

 
β γ γ

β γ γ

β

αω
ω β
ω γ

⎡ ⎤⎡ ⎤ ⎡ ⎤
⎢ ⎥⎢ ⎥ ⎢ ⎥= = −
⎢ ⎥⎢ ⎥ ⎢ ⎥

⎣ ⎦ ⎣ ⎦ ⎣ ⎦

$
$
$

0
0

0 1

iix i i i

i iy i i i i

iz i i

C C S
C S C
S

┱  (3) 

where μ μS =sin , μ μ μ α β γ= =C cos ( , , )i i i .  

Due to small angular displacements of bodies, i.e.,α β γ ≈, , 0i i i , the absolute angular 

velocities and displacements can be linearized as (Wittenburg, 2008) 

 α β γ≈ = $$$ $ T[ ]i i i i i┱ θ  (4) 
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 Θ = ≈ =∫ ∫ $d di i it t┱ θ θ  (5) 

The spatial displacements of iB can be unified as 

 α β γ= =T T T T[ ] [ ]i i i i i i i i ix y zq r θ  (6) 

The displacements and velocities for free multibody system can be organized as 

= AT T T T
1 2[ ]nq q q q and =$ $ $ $AT T T T

1 2[ ]nq q q q . 

The stiffness and damping coefficients of ijsK are defined in spring reference frame ′ ′ ′-ijsu x y z  

as ( )α β γ= diagu
ijs x y zk k k k k kK , ( )α β γ= diagu

ijs x y zc c c c c cC . ijsP and jisP are the acting 

points of ijsK on iB and jB . = T[ ]ijs ijs ijs ijsx y zr denotes the original position of ijsP relative to 

-ic xyz . = T[ ]jis jis jis jisx y zr  denotes the original position of jisP  relative to -jc xyz . 

α β γ= T[ ]ijs ijs ijs ijsθ  denotes the original orientation of ijsK relative to -ic xyz . 

Most of the joints that used for practical applications can be modeled in terms of the so-

called lower pairs, including revolute, prismatic, cylindrical, universal, spherical, and planar 

joints. Each joint reduces corresponding number of degrees of freedom (DOFs) of the distal 

body (Pott et al., 2007; Müller, 2004) between two connected bodies. Assume there is an 

ideal joint ijJ between body iB and jB . The acting points of ijJ on iB and jB are marked as ijQ  

and jiQ , respectively. = T[ ]ijq ijq ijq ijqx y zr denotes the original position of ijQ relative to -ic xyz . 

= T[ ]jiq jiq jiq jiqx y zr  denotes the original position of jiQ relative to -jc xyz . α β γ= T[ ]ij ij ij ijθ  

denotes the original orientation of J ij relative to -ic xyz . v
ijq and v

jiq are absolute joint 

displacements of ijQ and jiQ with respect to ′′ ′′ ′′-ijv x y z . A 6×6 diagonal matrixH is introduced 

for each kind of joint to formulate the constraint equations in terms of absolute joint 

displacements. For example, the constraint equations for joint ijJ can be written as 

 =v v
ij ij ij jiH q H q  (7) 

The meaning of matrix H can be explained as follows: the value of each diagonal element in 

H  is either one or zero, representing whether the DOF along the corresponding axis is 

constrained or not. In order to reduce the number of constraint equations, another 

matrixD is introduced for each kind of joint to extract the independent variables, e.g., for 

joint ijJ it turns to be =′ v
j ij qjiq D q . MatrixD is obtained from matrix −I H  by removing those 

rows whose elements are all zero. Matrices for some common joints are shown in Table 1. 

Transmission mechanisms are another kind of constraints widely used in mechanical 

systems, such as gear pair, rackandpinion, worm gear pair, screw pair, etc. They are usually 

related to a pair of joints, therefore the constraint equations can be written in terms of 

absolute joint displacements. Suppose there is a transmission mechanism krT between body 

kB and rB , krT is related to joint jkJ and mrJ . The joint acting point of jkJ on kB is marked as jkQ , 

and that of mrJ on rB is marked as mrQ . The constraint equations for krT can be expressed as 

 + =v v
k jk r mrG q G q 0  (8) 

where v
jkq is the absolute joint displacement of jkQ with respect to ′′ ′′ ′′-jkv x y z , and v

mrq is that of 

mrQ with respect to ′′ ′′ ′′-mrv x y z . Matrices kG and rG  are used to extract variables relative to 

transmission mechanism. Matrices for some common transmission mechanisms are shown 

in Table 2, in which i is the transmission ratio. 
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Joint type Free axes MatrixH  MatrixD  

Fixed none 6I  null matrix 

revolute γ  ( )diag 1 1 1 1 1 0  [ ]0 0 0 0 0 1  

prismatic z  ( )diag 1 1 0 1 1 1  [ ]0 0 1 0 0 0  

cylindrical γ,z  ( )diag 1 1 0 1 1 0  
⎡ ⎤
⎢ ⎥⎣ ⎦
0 0 1 0 0 0
0 0 0 0 0 1

 

universal α β,  ( )diag 1 1 1 0 0 1  
⎡ ⎤
⎢ ⎥⎣ ⎦
0 0 0 1 0 0
0 0 0 0 1 0

 

spherical α β γ, ,  ( )diag 1 1 1 0 0 0  
⎡ ⎤
⎢ ⎥
⎢ ⎥
⎣ ⎦

0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1

 

planar γ, ,x y  ( )diag 0 0 1 1 1 0  
⎡ ⎤
⎢ ⎥
⎢ ⎥
⎣ ⎦

1 0 0 0 0 0
0 1 0 0 0 0
0 0 0 0 0 1

 

… … … … 

Table 1.  Mathematical definition of some common joints 

 

Transmission Constraint equation Matrix 1G  Matrix 2G  

Gear pair γ γ+ =1 2ˆ ˆ 0i  [0 0 0 0 0 1]  [0 0 0 0 0 ]i  

Worm gear pair γ γ+ =1 2ˆ ˆ 0i  [0 0 0 0 0 1]  [0 0 0 0 0 ]i  

Rackandpinion γ + =1 2ˆ ˆ 0i z  [0 0 0 0 0 1]  [0 0 0 0 0]i  

Screw pair γ + − =1 1 2ˆ ˆ ˆ 0i z i z  [0 0 0 0 1]i  −[0 0 0 0 0]i  

… … … … 

Table 2. Mathematical definition of some transmission mechanisms 

2.2 Linear transformation of vibration displacements 

Transformation of displacements of two points on a same rigid body is fundamental to the 

dynamics of a multibody system. The transformation can be divided into two steps. Firstly, 

the displacements of spring acting point are formulated by using the displacements of CM 

on the same body, with respect to the same reference frame. And then the resulting 

displacements are transformed from body reference frame to spring reference frame. A 

linear transformation is proposed for vibration displacements based on homogeneous 

transformation. 

Assume that there are two reference frames, -c xyz  and ′ ′ ′-u x y z . The direction cosine matrix 

from -c xyz  to ′ ′ ′-u x y z is determined by α β γ= T[ ]θ as follows 

 
β γ α γ α β γ α γ α β γ

β γ α γ α β γ α γ α β γ

β α β α β

−⎡ ⎤
⎢ ⎥= − −
⎢ ⎥−⎣ ⎦

C C C S +S S C S C S C
C S C C S S S S C +C S S
S S C C C

cu

S
A  (9) 
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where μ μS =sin , μ μ μ α β γ= =C cos ( , , ) . 
The translational and rotational displacements of a same rigid body can be integrated as a 
spatial vector, as shown in Fig. 2. And its transformation between different reference frames 
can be expressed as 

 ⎡ ⎤ ⎡ ⎤ ⎡ ⎤= = =⎢ ⎥ ⎢ ⎥ ⎢ ⎥⎣ ⎦ ⎣ ⎦ ⎣ ⎦
C C

C C
C C

u cu c
u cu c

u cu c

r A 0 r
q R qθ 0 A θ  (10) 

Suppose C and P are two different points on a same rigid body. As shown in Fig. 3, 

= T[ ]CP CP CP CPx y zr  denotes the position of P relative to C. = T T T[ ]C C Cq r θ denotes the vector of 

displacements of point C. Notice that point mentioned in this paper is actually mark that has 

angular displacements. The translational displacements of point P can be expressed as 

 ( )
-1

T

( )
P OP OP

OC C C P OC CP

C CP CP

C CP

′

′ ′

= −
= + + − +
= + −
= + −

r r r

r r r r r

r A r r

r A I r   

(11)

 

The rotational displacements of different points on a same rigid body are equal to each 

other, i.e., =P Cθ θ . It means that the translational and rotational displacements of point P 

can be integrated as 

 

 

Fig. 2. Finite displacements of the same rigid body in two frames 

 

 

Fig. 3. Finite displacements of two points on a same rigid body 
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( )+ −⎡ ⎤⎡ ⎤= = ⎢ ⎥⎢ ⎥⎣ ⎦ ⎣ ⎦

T
P C CP

P
P C

r r A I r
q θ θ  (12) 

Due to small angular displacements for vibration analysis, i.e.,α β γ ≈, , 0 , the direction 

cosine matrix in Eq. (9) can be linearized as (Wittenburg, 2008) 

 
γ β

γ α
β α

−⎡ ⎤
⎢ ⎥≈ −
⎢ ⎥−⎣ ⎦

1
1

1
A   (13) 

Substitute Eq. (13) into Eq.(11), it yields 

 ( )
γ β α

γ α β
β α γ

− −⎡ ⎤ ⎡ ⎤ ⎡ ⎤ ⎡ ⎤
⎢ ⎥ ⎢ ⎥ ⎢ ⎥ ⎢ ⎥− ≈ − = − =
⎢ ⎥ ⎢ ⎥ ⎢ ⎥ ⎢ ⎥− −⎣ ⎦ ⎣ ⎦ ⎣ ⎦ ⎣ ⎦

T

0 0
0 0

0 0

CP CP CP

CP CP CP CP CP C

CP CP CP

x z y
y z x
z y x

A I r U θ  (14) 

Therefore Eq. (12) can be linearized to formulate the relationship between fine 
displacements of two points on a same rigid body as follows 

 ⎡ ⎤≈ =⎢ ⎥⎣ ⎦
CP

P C CP C

I U
q q T q

0 I
 (15) 

According to description in Section 2, the displacements of spring acting point ijsP in 

′ ′ ′-ijsu x y z can be figured out using fine displacements of CM of the body in -c xyz as follows 

 =u cu
ijs ijs ijs iq R T q   (16) 

where cu
ijsR  can be formulated using ijsθ  according to Eqs. (9) and (10), and ijsT can be 

formulated using ijsr according to Eqs. (14) and (15). 

Similarly, displacements of joint acting point Qij in ′′ ′′ ′′-ijv x y z can be expressed as 

 =v cv
ij ij ij iq R T q  (17) 

where cv
ijR can be formulated using ijθ according to Eqs. (9) and (10), and ijT can be formulated 

using ijr according to Eqs. (14) and (15). 

3. Topology-based vibration formulation of multibody systems 

Generally, there might be none or more then one joint in a multibody system. As shown in 

Fig. 4, the topologies of constraints in multibody systems can be classified into five groups: 

(a) free, (b) scattered, (c) chain, (d) tree, and (e) closed-loop. Free multibody system means 

that there is no constraint in the system. Groups (b), (c) and (d) can all be regarded as 

general open-loop multibody system. Since the spring-dampers do not change the topology 

of constraints in a multibody system, spring-dampers between two nonadjacent bodies are 

not displayed in the figure. 

Considering a general closed-loop multibody system as shown in Fig. 4(e), body iB , jB , kB  

and rB are connected with joints ijJ , jkJ and rkJ , whereas jB , mB and rB are connected with 

joints jmJ and mrJ . Without loss of generality, assume that ≤ < < < < ≤1 i j k m r n . Firstly, 
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linearized ODEs in terms of absolute displacements are derived by using Lagrangian 

method for free multibody system without considering any constraint, as shown in Fig. 4(a). 

Secondly, an open-loop constraint matrix is derived to formulate linearized ODEs via 

quadric transformation for open-loop multibody system, which is obtained by ignoring all 

cut-joints  (Müller, 2004 ; Pott et al., 2007), e.g., if krJ is chosen as cut-joint and one can obtain 

open-loop multibody system as shown in Fig. 4(d). Finally, a cut-joint constraint matrix 

corresponding to all cut-joints is solved to formulate a minimal set of ODEs via quadric 

transformation for closed-loop multibody system. 

 

 

Fig. 4. Topologies of constraints in multibody system 

3.1 Vibration formulation of free multibody system 

The total kinetic energy of the system as shown in Fig. 4(a) is the summation of translational 
energy and rotational energy of all bodies, i.e., 

 ( )
= =

= + ≈∑ ∑$ $ $ $T T T

1 1

1 1 1
2 2 2

n n

i i i i i i i i i
i i

T mr r ┱ J┱ q Mq   (18) 

The fine deformation of spring ijsK can be formulated as difference of displacements between 

ijsP  and jisP in ′ ′ ′-ijsu x y z  

 Δ = − = −u u u cu cu
ijs jis ijs ijs jis j ijs ijs iq q q R T q R T q  (19) 

Set the potential energy of the system at equilibrium positions to be zero. Then the potential 

energy of spring ijsK can be formulated as 

 ( )= Δ ΔT1
2

u u u
ijs ijs ijs ijsV q K q  (20) 

The potential energy of the entire system is the sum of gravitational potential gV and elastic 

potential kV , i.e., 

 
−

= = = + =
= + = +∑ ∑ ∑ ∑

1
T

0 0 1 0

ijsn n n

g k i i ijs
i i j i s

V V V Vq M g  (21) 
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where [ ]= T
0 0 0 0 0gg is the vector of gravitational acceleration. Since there might be no 

spring-damper between two bodies, a “virtual spring-damper” which has no effect on the 

system is introduced between each two bodies for consistency in formula. For example, 

0ijK is the “virtual spring-damper” between body iB and jB , and =0
u
ijK 0 , =0

u
ijC 0 . 

The Lagrangian equations of the system take the form 

 ⎛ ⎞∂ ∂− = +⎜ ⎟∂ ∂⎝ ⎠$ T T di ei
i i

d T V
dt

f f
q q

 (22) 

where = A1,2, ,i n , dif and eif denote the damping forces and other non-potential forces 

acting on body iB . 

Due to property =T
i iM M , it yields 

 ( )⎛ ⎞∂ = + =⎜ ⎟∂⎝ ⎠
$$ $$$

T
T

d 1
d 2 i i i i i

i

T
t

M M q Mq
q

 (23) 

Substitute Eqs. (19) and (20) into Eq. (21), and derivate V with respect to T
iq , it yields 

 

− −

= ≠ = = = + = = + = + =

−

= = = + =

= =

∂ ∂∂ ∂ ∂∂ = + + + +∑ ∑∑ ∑ ∑ ∑ ∑ ∑∂ ∂ ∂ ∂ ∂ ∂
∂ ∂

= + + + +∑∑ ∑ ∑∂ ∂
∂

= + ∑ ∂

T T 1 1

T T T T T T
0, 0 0 1 0 1 1 0

1

T T
0 0 1 0

T
0 0

ij kjki

ij ij

ij

s ssn i n n nijs kjsk i kis
k i

k k i k s j i s k i j k si i i i i i

s si nijs ijs

i
j s j i si i

s
ijs

i
j s i

V VVV

V V

V

q q
M g M g

q q q q q q

0 M g 0
q q

M g
q

{ }
≠

= ≠ =

= ≠ = = ≠ =

∑

= + −∑ ∑

⎡ ⎤ ⎡ ⎤= + −∑ ∑ ∑ ∑⎢ ⎥ ⎢ ⎥⎣ ⎦ ⎣ ⎦

,

T T

0, 0

T T T T

0, 0 0, 0

( ) ( ) ( )

( ) ( ) ( ) ( )

ij

ij ij

n

j i

sn
cu u cu

i ijs ijs ijs ijs ijs i jis j
j j i s

s sn n
cu u cu cu u cu

i ijs ijs ijs ijs ijs i ijs ijs ijs ijs jis j
j j i s j j i s

M g T R K R T q T q

M g T R K R T q T R K R T q  

(24)

 

Denote 

 
= ≠ =

= ∑ ∑ T T

0, 0
( ) ( )

ijsn
cu u cu

ii ijs ijs ijs ijs ijs
j j i s

E T R E R T  (25) 

 
=

= ∑ T T

0
( ) ( )

ijs
cu u cu

ij ijs ijs ijs ijs jis
s

E T R E R T  (26) 

Let =E K , then Eq. (24) can be rewritten as 

 
= ≠

∂ = − +∑∂ T
0,

n

ii i ij j i
j j ii

V K q K q M g
q

 (27) 

The dissipation power due to damping forces can be formulated as  (Wittbrodt, 2006) 

 ( )
−

= = + =
= − Δ Δ∑ ∑ ∑ $ $

1 T

0 1 0

1
2

ijsn n
u u u
ijs ijs ijs

i j i s
P q C q   (28) 

Similarly, the damping forces acting on iB with respect to -ic xyz can be evaluated as 

 
= ≠

∂= = − + ∑∂
$ $$ T

0,

n

di ii i ij j
j j ii

Pf C q C q
q

 (29) 
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It can be proved that iiC and ijC are also determined by Eqs. (25) and (26) for =E C .  
The linearized ODEs for a free multibody system turn to be 

 + + = −$$ $ e gMq Cq Kq f f  (30) 

where quantities = AT T T T
1 2[( ) ( ) ( ) ]g nf M g M g M g and = AT T T T

1 2[ ]e e e enf f f f  denote gravity 

forces and other non-potential forces. The damping matrixC and stiffness matrix K in Eq. 

(30) take the same form 

 
−

−

− −⎡ ⎤
⎢ ⎥−= =⎢ ⎥−⎢ ⎥
− −⎣ ⎦

A
A B

B B D
A

11 12 1

21 22

1,

1 , 1

( , )

n

n n

n n n nn

E E E
E E

E E C K
E

E E E

  (31) 

The block matrices iiK  and iiC  contain parameters of all springs and dampers that 

connected with iB . ijK  and ijC contain parameters of all springs and dampers that connected 

between iB and jB . MatricesC and K contain explicitly damping coefficients and stiffness 

coefficients, and reveal clearly the topology of spring-dampers. 

By using the system matrices M , C and K , Eqs (18), (21) and (28) can be reformed as 

 = $ $T1
2

T q Mq  (32) 

 = +T T1
2 gV q Kq q f  (33) 

 = $ $T1
2

P q Cq   (34) 

3.2 Vibration formulation of open-loop multibody system 

Select rkJ  in Fig. 4(e) as cut-joint and one can obtain open-loop multibody system as shown 

in Fig. 4(d). The constraint equations for joint ijJ can be written as 

 = =v cv v
ij ij ij ij ij i ij jiH q H R T q H q  (35) 

where v
ijq  and v

jiq  denote the displacements of joint acting points ijQ  and jiQ  with respect 

to ′′ ′′ ′′-ijv x y z , respectively. cv
ijR is determined by ijθ according to Eqs. (9) and (10). ijT  is 

determined by ijr  according to Eqs. (14) and (15).  

Due to properties − = −T( )ij ij ij ijI H D D I H  and − =1( )cv vcR R , Eq. (35) can be reformed as 

 

− −

− −

= + −
= + −

1 1

1 1 T

( ) ( ) ( )

( ) ( ) ( )

vc cv vc v
j ji ij ij ij ij i ji ij ij ji

vc cv vc v
ji ij ij ij ij i ji ij ij ij ij ji

q T R H R T q T R I H q

T R H R T q T R I H D D q   (36) 

Define 

 −= 1( ) vc cv
ij ji ij ij ij ijP T R H R T  (37) 

 −= −1 T( ) ( )vc
ij ji ij ij ijQ T R I H D  (38) 
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Considering that =′ v
j ij jiq D q , Eq. (36) can be written as 

 = + ′j ij i ij jq P q Q q  (39) 

Similarly, the constraint equations for joint J jk are 

 = + +′ ′k jk ij i jk ij j jk kq P P q P Q q Q q  (40) 

The constraint equations for all the rest joints can be formulated similar to Eq. (40). The 

constraint equations for the entire open-loop system can thus be integrated as 

 ′ ′=q B q  (41) 

The open-loop constraint matrix ′B  corresponding to system shown in Fig. 4(d) takes the form 

 

⎡ ⎤
⎢ ⎥
⎢ ⎥
⎢
⎢
⎢
⎢=′
⎢
⎢
⎢
⎢
⎢
⎢
⎣ ⎦

6

a

b

ij ij

c

jk ij jk ij jk

d

jm ij jm ij jm

e

mr jm ij mr jm ij mr jm mr

h

I 0 0 0 0 0 0 0 0 0 0
0 I 0 0 0 0 0 0 0 0 0
0 0 I 0 0 0 0 0 0 0 0
0 P 0 Q 0 0 0 0 0 0 0
0 0 0 0 I 0 0 0 0 0 0
0 P P 0 P Q 0 Q 0 0 0 0 0B
0 0 0 0 0 0 I 0 0 0 0
0 P P 0 P Q 0 0 0 Q 0 0 0
0 0 0 0 0 0 0 0 I 0 0
0 P P P 0 P P Q 0 0 0 P Q 0 Q 0
0 0 0 0 0 0 0 0 0 0 I

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥

 (42) 

where = −6 6a i , = − −6( 1)b j i , = − −6( 1)c k j , = − −6( 1)d m k , = − −6( 1)e r m , and = −6( )h n r . 

The subscript of each identity matrix I denotes its dimension. Obviously, matrix ′B contains 

information about all joints and reveals constraint topology of open-loop multibody system. 

In Eq. (41), ′q are the general displacements of open-loop multibody system, which are the 

combination of absolute displacements of CM of unconstrained bodies and absolute joint 

displacements of constrained bodies, i.e., 

 =′ ′ ′ ′AT T T T
1 2[( ) ( ) ( ) ]nq q q q  (43) 

where =′ v
j ij jiq D q , =′ v

k jk kjq D q , =′ v
m jm mjq D q , =′ v

r mr rmq D q , ε ε=′q q ( ε = A1,2, ,n  and ε ≠ , , ,j k m r ). 

Substitute Eq. (41) and its time derivation, i.e., ′ ′=$ $q B q , into Eqs. (32)-(34), it yields 

 ⎛ ⎞∂ = =′ ′ ′ ′ ′⎜ ⎟∂ ′⎝ ⎠
$$ $$$

T
T

d
d

T
t

B MB q M q
q

 (44) 

 ∂ = + = +′ ′ ′ ′ ′ ′ ′∂ ′
T T T

T g g
V B KB q B f K q B f
q

  (45) 

 ∂= = =′ ′ ′ ′ ′ ′∂ ′
$ $$

T
Td

Pf B CB q C q
q

  (46) 

It then follows a minimal set of linearized ODEs for an open-loop multibody system 
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 ( )+ + −′ ′ ′ ′ ′ ′ ′=$$ $ T
e gMq C q K q B f f  (47) 

where ′M , ′C  and ′K  are determined via the same quadric transformation 

 = =′ ′ ′T ( , , )E B EB E M K C  (48) 

 

Eq. (47) can be regarded as obtained by multiplying Eq. (30) with ′TB and replacing q  by 

′ ′B q . It indicates that the solution of constraint equations for open-loop multibody system 

can be directly obtained via quadric transformation upon system matrices for free 

multibody system, by using the corresponding open-loop constraint matrix ′B . 

3.3 Vibration formulation of closed-loop multibody system 

Considering closed-loop multibody system as shown in Fig. 4(e), similar to Eq. (35), the 

constraint equations for joint krJ can be expressed as 

 =
v v

kr kr kr rkH q H q  (49) 

where v
krq and v

rkq denote the displacements of points krQ  and rkQ  with respect to ′′ ′′ ′′-krv x y z , 

respectively. 

Rewrite matrix ′B with each six rows as a block, i.e., =′ ′ ′ ′AT T T T
1 2[ ]nB B B B . According to 

Eqs. (41) and (17) one can obtain ′=
v cv
kr kr kr kq R T B  and ′=

v cv
rk kr rkq R T B . Then Eq. (49) can be 

rewritten as 

 ( )−′ ′ ′ =cv
kr kr kr k rk rH R T B T B q 0   (50) 

 

If the number of cut-joints in a general spatial closed-loop multibody system is c , the 

constraint equations for all cut-joints can be integrated as 

 ′ = 0Bq  (51) 

where = AT T T T
1 2[ ]cB B B B , and iB  is the coefficient matrix of constraint equations for the 

thi  cut-joint. 

Transmission mechanism can be treated as cut-joint. Suppose the constraints between body 

kB  and rB  in Fig. 4(e) is not a joint krJ as mentioned before but a transmission mechanism 

krT . The details of krT can be seen in section 1. Similar to Eq. (50), constraint equations 

specified as Eq. (8) can be rewritten as 

 ( )+ =′ ′ ′R T R T
ck cr

k jk kj k r mr rm rG B G B q 0   (52) 

If the number of transmission mechanisms in a general multibody system is t , the 

constraint equations for all transmission mechanisms can be integrated as 

 ′ = 0Zq  (53) 

where = AT T T T
1 2[ ]tZ Z Z Z , and jZ is the coefficient matrix of constraint equations for the 

thj  transmission mechanism. 
Equation (51) and (53) can be integrated as constraint equations for cut-joints as follows 
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 ⎡ ⎤ ′⎢ ⎥⎣ ⎦
= 0

B
q

Z
 (54) 

Since there might be redundant constraints in closed-loop system, Eq. (54) can be solved to 
form independent constraint equations 

 =′ ′ ′′##q B q  (55) 

where ′′q is a vector of all independent variables in ′q , and ′#q is that of dependent ones. 

Considering that the elements in ′′q or ′#q are not necessarily consecutive variables in ′q , they 

are reordered by introducing a matrix S as 

 =′ ′′ ′#T T T[ ]q S q q  (56) 

Substituting Eq. (55) into Eq. (56), and let =′′ ′# T T[ ( ) ]B S I B , it yields 

 =′ ′′ ′′q B q  (57) 

Here we call matrix ′′B the cut-joint constraint matrix. Considering Eq. (41), one can obtain 

 =′ ′ ′ ′′ ′′=q B q B B q  (58) 

Similar to formulation of open-loop multibody system, substitute Eq. (58) and its time 

derivation, i.e., ′ ′′ ′′=$ $q B B q , into Eqs. (32)-(34), a minimal set of linearized ODEs for closed-

loop multibody system can be expressed as 

 ( )+ + = −′′ ′′ ′′ ′′ ′′ ′′ ′′ ′$$ $ T T
e gM q C q K q B B f f  (59) 

where ′′M , ′′C  and ′′K  are determined via the same quadric transformation 

 = = =′′ ′′ ′ ′′ ′′ ′ ′ ′′T T T ( , , )E B E B B B EB B E M K C  (60) 

Equation (59) can be regarded as obtained by multiplying Eq. (47) with the transposed cut-

joint constraint matrix ′′TB and replacing ′q by ′′ ′′B q . It indicates that the solution of constraint 

equations for cut-joints can be directly obtained via quadric transformation upon system 

matrices for open-loop system, by using the corresponding cut-joint constraint matrix ′′B . 
Complicated solving for constraints and linearization are unnecessary in this method, and 

the resulting equations contain explicitly the design parameters. The suggested method can 

be used to greatly simplify the procedure of vibration calculation. Furthermore, the 

suggested method is particularly suitable for sensitivity analysis and optimization for large-

scale multibody system. 

The proposed algorithm has been implemented in MATLAB, and is named as AMVA 

(Automatic Modeling for Vibration Analysis). The eigenvalue problem is solved using 

standard LAPACK routines. The flowchart of the proposed algorithm is illustrated in Fig. 5. 

3.4 Comparison with the traditional methods 

The procedure of most of the conventional methods for vibration calculation can be 
concluded as follows. Firstly, the general-purpose nonlinear equations of motion, in most 
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Fig. 5.  Flowchart of the proposed formulation 

cases DAEs, are formulated in terms of coordinates of all bodies. Secondly, the Jacobian of 

constraint equations is calculated to transform DAEs into ODEs by eliminating the 

Lagrange’s Multipliers. Thirdly, a minimal set of nonlinear ODEs in terms of independent 

generalized coordinates are obtained. Finally, the resulting equations are linearized at small 

vicinity near the equilibrium position. A large amount of computational efforts are required 

for computation of trigonometric functions, derivation and linearization. Many kinds of 

software such as ADAMS employ this kind of method for obtaining a minimal set of linear 

ODEs for vibration analysis. 

As shown in Fig. 5, there are three steps in the proposed method to generate a minimal set 
of second-order linear ODEs for vibration calculation. Firstly, system matrices for linear 
ODEs of free system are directly generated by using linear transformation. Secondly, an 
open-loop constraint matrix is formulated to obtain linear ODEs for open-loop system. 
Finally, a cut-joint constraint matrix is solved to formulate a minimal set of second-order 
linear ODEs for closed-loop system. 
Considering the definitions for vibration calculation, the major difference between the 
proposed method and previous studies lies in the definition and formulation of constraint 
equations. Conventionally, the constraint equations are defined in terms of coordinates of 
bodies or joints. The constraint equations and the Jacobian of constraint matrix are usually 
nonlinear ones. It is difficult, particularly for large-scale multibody system, to obtain the 
transformation matrix from the generalized coordinates to the independent coordinates. In 
this paper, however, the constraint equations are defined in terms of fine displacements of 
two acting points of the joint. The resulting linear constraint equations can be easily resolved 
to obtain the transformation matrix, i.e., the open-loop constraint matrix and the cut-joint 
constraint matrix. 
There are two major differences between the proposed method and most of the traditional 
methods. One is that the linearization is carried out before generating ODEs with small 
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motion assumption which is satisfied for vibration. The other is that the formulation of a 
minimal set of second-order linear ODEs for constrained system is achieved by directly 
generating five matrices, i.e., mass matrix, stiffness matrix and damping matrix for free 

system, an open-loop constraint matrix ′B  for open-loop system, and a cut-joint constraint 

matrix ′′B  for closed-loop system. 
Notice that Kang et al. have also proposed a similar method in which the linearization is 
carried out before generating ODEs with small motion assumption (Kang, 2003). The results 
of system matrices for free system are actually the same as those derived by our method. 
The difference between Kang’s method and ours lies in the formulation of a minimal set of 
ODEs for constrained system. They employ the partition of the Jacobian of constraint matrix, 
which is time-consuming to be obtained for multibody system with a large amount of 
constraints, to derive the relationship between generalized coordinates and the independent 
coordinates. We use the linear transformation matrix to directly formulate linearized 
constraint equations and then derive the relationship between generalized coordinates and 
the independent coordinates. Most of all, since the final system matrices can be directly 
obtained by only a few steps of matrices generation and multiplication, the computational 
efficiency can be significantly improved for large-scale multibody system with a large 
amount of constraints. 

4. Topology-based sensitivity formulation of multibody systems 

Besides the promise in improving the computational efficiency, the proposed method can be 

applied in sensitivity analysis because the resulting equations depend on the design 

parameters explicitly. As is known to all, the eigen-sensitivity is based on the derivatives of 

the system matrices, which are denoted as ′′M , ′′C  and ′′K  in this paper, with respect to the 

design parameters  (Lee et al., 1999a; 1999b). Conventionally, the system matrices are solved 

numerically and they depend on the design parameters implicitly. Therefore the derivatives 

of the system matrices with respect to a certain parameter p  are usually obtained by using 

finite difference method. However, it can be seen that each kind of design parameters can be 

easily traced in different system matrices obtained by using the proposed method. For 

example, the stiffness coefficients of spatial spring ijsK  only exist in matrix u
ijsK in Eqs. (25) 

and (26) ( u
ijsE refers to u

ijsK  for spring ). The position parameters of ijsK  exist in ijsT  and jisT , 

and its orientation parameters exist in cu
ijsR . Similarly, the position and orientation 

parameters of joint exist in ′B  and ′′B . Therefore the derivatives ′′d dpM , ′′d dpC  and 

′′d dpK  can be further derived analytically. 

4.1 Conventional sensitivity formulation 

The eigenvalue sensitivity can be expressed as 

 λ λ λ∂ ∂ ∂ ∂′′ ′′ ′′= − − −∂ ∂ ∂ ∂
2 T T Tr

r r r r r r r rp p p p
M C K┰ ┰ ┰ ┰ ┰ ┰   (61) 

where λr  is the thr  eigenvalue, ϕ ϕ ϕ= A T
1 1[ ]r r r Nr┰  ( = ′′rank( )N M ) is the thr unitary 

eigenvector, and p  represents the considered parameter. Denote ′′ijm , ′′ijc and ′′ijk the elements 

at row i and column j in matrices ′′M , ′′C and ′′K , respectively, eigenvalue sensitivity can be 

formulated as 
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{ λ ϕ ϕλ
λ ϕ

− ≠∂ = =∂ ′′

2

2 2

2 ( )
( )

r ir jrr

r irij

i j
i jm

 

{ λϕ ϕλ
λϕ

− ≠∂ = =∂ ′′ 2

2 ( )
( )

r ir jrr

r irij

i j
i jc

 

{ ϕ ϕλ
ϕ

− ≠∂ = =∂ ′′ 2

2 ( )
( )

ir jrr

irij

i j
i jk

 

The formulation is very simple. However, matrices ′′M , ′′C and ′′K generated by using 

conventional methods are implicit functions of design parameters, such as mass and inertia 

of bodies, stiffness coefficients and damping coefficients of spring-dampers, position and 

orientation of spring-dampers and joints, and etc. That is to say, ′′ijm , ′′ijc and ′′ijk  are 

intermediate quantities instead of original design parameters. Therefore, the existing 

sensitivity formula can not be directly used for optimization. 

4.2 Proposed sensitivity formulation about physical design parameters 

Since matrices ′′M , ′′C and ′′K generated by using the proposed method are explicit functions 

of design parameters, sensitivity analysis about design parameters can be easily carried out. 

Considering that = =′′ ′′ ′ ′ ′′T T ( , , )E B B EB B E M K C , eigenvalue sensitivity about design 

parameter p in Eq. (61) can be expressed as follows 

 ( ) ( )

λ λ λ

λ λ λ λ

∂ ∂ ∂ ∂′′ ′′ ′′= − − −∂ ∂ ∂ ∂
∂ ′ ′′⎛ ⎞∂ ∂ ∂= − + + − + +′′ ′ ′ ′′ ′′ ′⎜ ⎟∂ ∂ ∂ ∂⎝ ⎠

2 T T T

T T T 2 T T T 22

r
r r r r r r r r

r r r r r r r r

p p p p

p p p p

M C K┰ ┰ ┰ ┰ ┰ ┰

B BM C K┰ B B B B ┰ ┰ B B M C K ┰   (62) 

As pointed out in previous derivation, the mass matrixM of free system contains only mass 

and inertia parameters of each body. The damping matrixC of free system contains only 

damping coefficients and position and orientation of dampers. The stiffness matrixK of free 

system contains only stiffness coefficients and position and orientation of springs. Matrices 

′B  and ′′B  contain information such as position and orientation of all joints. Therefore 

eigenvalue sensitivity about specific design parameter can be obtained. 
a. Eigenvalue sensitivity about mass or inertia parameter 

If p is the mass or inertia parameter of body Bi , one can obtain that 

 
= =

∂∂ = =∂ ∂A A
1, 0

diag( )=
rest

i
spp pp p

MM 0 0 0 0 M M                      (63) 

where restp  stands for all parameters except p  in the system. It means that sensitivity of 

mass matrix M  about mass or inertia parameter p can be directly obtained by reevaluating 

M under condition that all parameters being equal to zero except = 1p . There is no need for 

calculating derivatives. Accordingly, eigenvalue sensitivity can be formulated as 

 λ λ∂ = − ′ ′′ ′ ′′∂
2 T( )r
r r sp rp
B B ┰ M BB ┰  (64) 
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Considering that spM is a sparse matrix because most elements in M are irrelative to 

parameter p , eigenvalue sensitivity can be significantly simplified by reducing dimension 

in matrix multiplication. Denote = ′ ′′r rφ B B ┰ , and rewrite it by integrating each six rows as a 

block, i.e., = ′ ′′,i r i rφ BB ┰ , it yields 

 [ ]= A T
T T T
1, 2, ,r r r n rφ φ φ φ  (65) 

where n is the number of bodies in the system. 

Eigenvalue sensitivity specified by Eq. (62) can be simplified as 

 λ λ λ∂ ∂∂= − = −∂ ∂ ∂
T 2 2 T

, ,
r i

r r r r i r i rp p p
MMφ φ φ φ  (66) 

It can be seen that computational cost in Eq. (66) has been reduced by 2n times in compare 

with that in Eq. (64). 

Generally, there might be several components with identical structure used in a multibody 

system. That is to say, p is used as mass or inertia parameter for a set of bodies numbered as 

[ ]= ∈A1 2
n

ke e e Re . Eigenvalue sensitivity is difficult to be resolved by using traditional 

method because many elements in ′′M are determined by p and therefore they are correlative 

with each other. However, it can be directly formulated similar to Eq. (62) 

 λ λ λ
=

∂∂ ∂= − = − ∑∂ ∂ ∂
T 2 2 T

, ,
1

s

s s

k
er

r r r r e r e r
sp p p

MMφ φ φ φ  (67) 

b. Eigenvalue sensitivity about stiffness parameter 

Eigenvalue sensitivity about stiffness and damping coefficient can be calculated in the same 

way. If p is the stiffness coefficient of spring-dampers interconnected between Bi and B j , one 

can obtain that 

 λ∂ ∂ ∂= − = −′′ ′ ′ ′′∂ ∂ ∂
T T T Tr

r r r rp p p
K K┰ B B B B ┰ φ φ  (68) 

The variation of p affects only iiK , jjK , ijK and jiK , it can be obtained that 

 

( )
= ≠ =

= == ≠ =

= =

∂∂ = ∑ ∑∂ ∂

= ∑ ∑

=

K

K

T T

0, 0

T T

1, 00, 0

1, 0

( ) ( )

( ) ( )

ij

ij

rest

rest

usn ijscu cuii
ijs ijs ijs ijs

j j i s

sn
cu u cu

ijs ijs ijs ijs ijsp pj j i s

ii p p

p p
K T R R T

T R R T

K   (69) 

 

( )
=

= ==

= =

∂ ∂
= ∑∂ ∂

= ∑

=

K

K

T T

0

T T

1, 00

1, 0

( ) ( )

( ) ( )

ij

ij

rest

rest

us
ij ijscu cu

ijs ijs ijs jis
s

s
cu u cu

ijs ijs ijs ijs jisp ps

ij p p

p p
K

T R R T

T R R T

K  (70) 

 = =
=⎧∂ = ⎨∂ ≠⎩

1, 0
( , )

( , )
rest

aa p paa
a i j

p a i j

KK
0

 (71) 
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 = =
= = = =⎧∂ = ⎨∂ ≠ ≠⎩

1, 0
( & , or & )

( or )
rest

ab p pab
a i b j a j b i

p a i b j

KK
0

 (72) 

 

Combine Eq. (71) with Eq. (72) and it yields 

 
= =

∂ = =∂ 1, 0rest
spp pp

K K K  (73) 

Considering that spK is usually a sparse matrix, eigenvalue sensitivity about stiffness 

parameter used in springs between Bi and B j can be formulated as 

 [ ]λ
∂⎡ ∂ ⎤−⎢ ⎥∂ ∂∂ ⎡ ⎤∂= − = − ⎢ ⎥ ⎢ ⎥∂ ∂∂ ∂ ⎣ ⎦⎢ ⎥− ∂ ∂⎣ ⎦

,T T T
, ,

,

ijii

i rr
r r i r j r

j rji jj

p p
p p

p p

KK
φKφ φ φ φ φK K

 (74) 

 

Generally, there might be several spring-dampers sharing the same stiffness or damping 

coefficient p in a multibody system. If p is the stiffness coefficient of spring-dampers 

interconnected between Bi and B j , and B j and Bk , it can be obtained that 

 [ ]λ

∂⎡ ∂ ⎤−⎢ ⎥∂ ∂
⎡ ⎤⎢ ⎥∂ ∂ ∂∂ ⎢ ⎥⎢ ⎥= − − −∂ ∂ ∂ ∂ ⎢ ⎥⎢ ⎥ ⎣ ⎦⎢ ⎥∂ ∂−⎢ ⎥∂ ∂⎣ ⎦

,

T T T
, , , ,

,

ijii

i r
ji jj jkr

i r j r k r j r

k r
kj kk

p p

p p p p

p p

KK 0
φ

K K Kφ φ φ φ
φ

K K0

 (75) 

 

If p is the stiffness coefficient of spring-dampers interconnected between Bi and B j , and Bk  

and Bl , it can be obtained that 

 [ ] [ ]λ
∂⎡ ∂ ⎤ ∂ ∂⎡ ⎤− −⎢ ⎥ ⎢ ⎥∂ ∂ ∂ ∂∂ ⎡ ⎤ ⎡ ⎤= − −⎢ ⎥ ⎢ ⎥⎢ ⎥ ⎢ ⎥∂ ∂ ∂ ∂∂ ⎣ ⎦ ⎣ ⎦−⎢ ⎥− ⎢ ⎥∂ ∂∂ ∂ ⎣ ⎦⎣ ⎦

, ,T T T T
, , , ,

, ,

ijii kk kl

i r k rr
i r j r k r l r

j r l rji jj lk ll

p p p p
p

p pp p

KK K K
φ φφ φ φ φφ φK K K K

 (76) 

 

c. Eigenvalue sensitivity about damping parameter 

Similarly, if p is the damping coefficient of spring-dampers interconnected between Bi  and 

B j , eigenvalue sensitivity about p can be formulated as 

 [ ]λ λ λ

∂⎡ ∂ ⎤−⎢ ⎥∂ ∂∂ ⎡ ⎤∂= − = − ⎢ ⎥ ⎢ ⎥∂ ∂∂ ∂ ⎣ ⎦⎢ ⎥− ∂ ∂⎣ ⎦

,T T T
, ,

,

ijii

i rr
r r r r i r j r

j rji jj

p p
p p

p p

CC
φCφ φ φ φ φC C

 (77) 

 

If p is the damping coefficient of spring-dampers interconnected between Bi and B j , and B j  

and Bk , it can be obtained that 
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 [ ]λ λ

∂⎡ ∂ ⎤−⎢ ⎥∂ ∂
⎡ ⎤⎢ ⎥∂ ∂∂ ∂ ⎢ ⎥⎢ ⎥= − − −∂ ∂ ∂ ∂ ⎢ ⎥⎢ ⎥ ⎣ ⎦⎢ ⎥∂ ∂−⎢ ⎥∂ ∂⎣ ⎦

,

T T T
, , , ,

,

ijii

i r
ji jjr ik

r i r j r k r j r

k r
kj kk

p p

p p p p

p p

CC 0
φ

C C Cφ φ φ φ
φ

C C0

 (78) 

If p is the damping coefficient of spring-dampers interconnected between Bi and B j , and Bk  

and Bl , it can be obtained that 
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4.3 Proposed sensitivity formulation about geometrical design parameters 

The position and orientation of connection such as spring-damper and joint affect the 
dynamics of multibody system too. Eigenvalue sensitivity about these geometrical design 
parameters will be derived in this section. 

If p is the position and orientation of spring-dampers, eigenvalue sensitivity can be 

formulated as 

 λ λ∂ ⎛ ⎞∂ ∂= − +⎜ ⎟∂ ∂ ∂⎝ ⎠
Tr
r r rp p p

C Kφ φ  (80) 

If p is the position and orientation of spring-dampers interconnected between Bi and B j , 

similar to Eq. (74), it can be obtained that 
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In addition, if p is the position of spring-dampers interconnected between Bi and B j , it can be 

obtained that 
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If p is the orientation of spring-dampers interconnected between Bi and B j , it can be 

obtained that 
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Generally, p  may be used as position and orientation of spring-dampers among a set of 

bodies in a multibody system. For example, if p is the position and orientation of spring-

dampers interconnected between Bi and B j , and B j and Bk , it can be obtained that 
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If p is the position and orientation of spring-dampers interconnected between Bi and B j , and 

Bk  and Bl , it can be obtained that 
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The above-mentioned sensitivity formulations are based on the topology of the multibody 
systems. Particularly, eigen-sensitivity with respect to design parameters of mass and 
inertia, coefficients of stiffness and damping, position and orientation of connections are all 
derived analytically in detail. These results can be directly applied for sensitivity analysis of 
general mechanical systems and complex structures which are modelled as multibody 
systems. 

5. Numerical examples and applications 

5.1 Numerical verification 

The computational efficiency for vibration calculation can be significantly improved by 

using the proposed method, in comparison with most of the traditional approaches. A 

multibody system with n  rigid bodies and m  DOFs is taken as an example to demonstrate 

it. Suppose there are p  constraints for the open-loop system and q  ( ≤ − ≤6p n m q ) 

constraints for the entire system. There are mainly four factors that can help to improve the 

computational efficiency. 

1. Relative small scale of matrix computation. Traditionally, a matrix with size 

− × −(12 ) (12 )n m n m  must be generated and solved to obtain system matrices with size 

×m m . In addition, in order to express the −6n m  dependent coordinates in terms of m  

independent coordinates, it is necessary to get the inverse of a matrix with size −6n m , 

according to the Kang’s method (Kang et al., 2003). However, there are only matrices 
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M , C , K  with size ×6 6n n  and an open-loop constraint matrix ′B  with size 

× −6 (6 )n n p  need to be easily generated for the proposed method. And then a cut-joint 

constraint matrix ′′B  with size − ×(6 )n p m  needs to be resolved to perform simple 

matrix multiplication for obtaining the final system matrices. In addition, there are only 

− −6n p m  dependent coordinates in terms of m  independent coordinates, the size of 

matrix to be inversed is − −6n p m . It can be easily concluded that less computational 

efforts are required for the proposed method. 
2. Reduction of trigonometric functions computing. Conventionally, the variations of 

coordinates and postures between two acting points of a connection, such as spring-
damper or joint, are computed based on homogeneous transformation. Instead, the 
linear transformation in the proposed method can significantly reduce computational 
efforts due to calculation of trigonometric functions. Obviously, the more connections 
there are, the more computational efforts can be reduced. 

3. Avoidance of complex calculation of Jacobian of constraint equation which usually 

contains many trigonometric functions. It is time-consuming for the calculation of 

Jacobian of a matrix with size − × −(6 ) (6 )n m n m . Instead, the constraint matrices ′B  and 

′′B  can be easily obtained by using the presented definition of constraints for the 

proposed method. 
4. Avoidance of linearization of nonlinear equations of motion. The ODEs generated by 

conventional methods are nonlinear ones that need to be linearized before perform 
vibration calculation (Cruz et al., 2007;  Minaker & Frise, 2005; Negrut & Ortiz, 2006; 
Pott et al., 2007; Roy & Kumar, 2005). Instead, the ODEs obtained by using the proposed 
method are a minimal set of second-order linear ODEs which can be directly used for 
vibration calculation. 

In this section, numerical experiments were carried out to verify the correctness and 
efficiency of the proposed method. It is unsuitable to compare straightforwardly the results 
of system matrices with theoretical solutions for they are usually very large in size. Normal 
mode analysis (NMA) and transfer function analysis (TFA) for the same model were 
performed in AMVA and commercial software ADAMS. The results of natural frequencies, 
the damping ratios, and the transfer function were compared to verify the correctness of the 
proposed method. Solution time was compared to testify the efficiency of the proposed 
method. The experiments were performed on a PC with CPU Pentium IV of 2.0 GHz and 
memory of 2.0 GB. Models with chain, tree, and closed-loop topology were taken as case 
studies, as shown in Fig. 6. 
 

 

Fig. 6. Topologies of models used for numerical test 
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A. Chain topology MBS. As shown in Fig. 6(a), n moving bodies and the ground 0B are 

connected by joints and spatial spring-dampers in a chain. The position and orientation 

of CM of body Bi are −[0 0 0.2 0.1 0 0 0]i . The position and orientation of 

joint −1,J i i are −[0 0 0.2 0.2 0 0 0]i . 

B. Tree topology MBS. As shown in Fig. 6(b), the bodies are connected by joints and 

spatial spring-dampers in form of binary tree with N layers. There are −= 12 i
in bodies in 

the thi layer, among which the thj one is denoted as Bij . The position and orientation of 

CM of body Bij are [ 0 0 0 0]j i . The position and orientation of joint between body 

+ −1,2 1Bi j  and Bij are − + −[(3 1) 2 0.5 0 0 0 arccot( 1)]j i j , and that between body +1,2Bi j  

and Bij are +[ 3 2 0.5 0 0 0 arccot( )]j i j . 

C. Closed-loop topology MBS. As shown in Fig. 6(c), the bodies are connected by joints 

and spatial spring-dampers in form of ladder with N layers. There are three bodies in 

the thi layer, among which the thj one is denoted as Bij . The position and orientation of 

CM of Bij are − −[0.2 0.3 0.2 0.1 0 0 0 0]j i  (for = 1,2j ) or π[0 0.2 0 0 0 2 ]i  

(for = 3j ). The position and orientation of joint between ,3Bi and ,Bi u  ( = 1,2u ) are 

− −[0.2 0.3 0.2 0.1 0 0 0 0 ]u i . The position and orientation of joint 

between ,3Bi and +1,Bi u  ( = 1,2u ) are − +[0.2 0.3 0.2 0.1 0 0 0 0]u i . 
The rule of name for each kind of models is specified as follows. The first letter, i.e., ‘C’, ‘T’, 
and ‘L’, means model with chain, tree, and closed-loop topology, respectively. It then 
follows the number of bodies (for models with chain topology) or layers (for models with 
tree or closed-loop topology). The letter before ‘F’ means the type of joint in the model, e.g., 
‘R’ , ‘P’, ‘C’ and ‘S’ means revolute, prismatic, cylindrical and spherical joint. The figure at 
the end means the number of spring-dampers between two bodies connected by joint. 

For simplicity without loss of generality, the mass and inertia tensor of all bodies, the 

stiffness and damping coefficients of all spring-dampers, as well as the position and 

orientation of joint and spring-dampers between each two bodies were set to be equal to 

each other, as specified in Table 2, where s is the number of spring-dampers between the 

two bodies considered.. The results of NMA and TFA (force input at CM of body 6,1B  in X-

direction, displacement output at CM of body 6,32B in Y-direction) for model TL7SF1 are 

shown in Fig.7 and Fig.8, respectively. 
 

Parameter Symbol Value 

Mass (kg) m  1.0 

Inertia ( ⋅ 2kg m ) [ ]xx yy zz xy xz yzI I I I I I [1.0 1.0 1.0 0 0 0]  

Stiffness ( −⋅ 1N m ) [ ]k k k
x y zk k k  × 4[1.0 1.0 1.0 ] 10 s  

Torsion stiffness ( −⋅ ⋅ 1N m deg ) α β γ[ ]k k kk k k  × 4[1.0 1.0 1.0 ] 10 s  

Damping ( −⋅ ⋅ 1N s m ) [ ]k k k
x y zc c c  × 1[1.0 1.0 1.0 ] 10 s  

Torsion damping ( −⋅ ⋅ ⋅ 1N m s deg ) α β γ[ ]k k kc c c  × 1[1.0 1.0 1.0 ] 10 s  

Table 3.  Parameters of bodies and spring-dampers in all case studies 

Solutions in Fig.7 indicate that the results of eigenvalue calculated using AMVA are 
identical to those in ADAMS. The mean and maximal errors of natural frequencies between 
the two groups of results are 1.02×10−6 Hz and 5.00×10−5 Hz. The mean and maximal errors 
of damping ratios of the two groups of results are 1.73×10−10 and 5.00×10−8. Comparisons in 
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Fig.8 indicate that solutions of transfer function calculated using AMVA coincide well with 
those in ADAMS. 
 

 

Fig. 7. Comparison of NMA results for model TL7RF1 
 

 

Fig. 8. Comparison of TFA solutions for model TL7RF1 

5.2 Applications in engineering 

A quadruped robot and a Stewart platform were taken as case studies to verify the 
effectiveness of the proposed method for both open-loop and closed-loop spatial mechanism 
systems, respectively. Simulations and experiments were further carried out on a wafer 
stage to justify the presented method. 
a. Quadruped robot 
The proposed method has been applied in linear vibration analysis of a quadruped robot, 
which is an open-loop spatial mechanism system. As shown in Fig. 9, the body is connected 
with four legs via revolute joints along z direction. Each leg consists of three parts which are 
connected by two turbine worm gears. The leg mechanism can be modeled as three rigid 
bodies connected by two revolute joints and torsion springs along x direction. Each flexible 
foot is modeled as a three dimensional linear spring-damper, then the quadruped robot 
becomes an open-loop spatial mechanism system with 13 bodies and 18 DOFs.  
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Fig. 9. Quadruped robot 
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Fig. 10. Comparison of NMA results for quadruped robot 

Normal mode analysis and transfer function analysis were both performed in ADAMS and 

AMVA for such a quadruped robot. As shown in Fig. 10, natural frequencies and damping 

ratio solved in two tools are equal to each other. Fig. 11 shows that results of transfer 

function computed in two packages are identical. It indicates that dynamic analysis of open-

loop spatial mechanism system can also be solved using the proposed method. 
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Fig. 11. Comparison of TFA results for quadruped robot 
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b. Stewart platform 
The proposed method has also been applied in linear vibration analysis of a Stewart isolation 
platform, which is a closed-loop spatial mechanism system with six parallel linear actuators, as 
shown in Fig. 12. The isolated platform on the top layer is connected with linear actuators via 
flexible joints. The lower end of each actuator is also connected with the base via flexible joint. 
Based on previous finite element analysis, each flexible joint is modeled as spherical joint 
together with three-dimensional torsion spring-damper. And each linear actuator is modeled 
as two rigid bodies connected with a translational joint together with a linear spring-damper 
along the relative moving direction. Therefore the system can be modeled as a closed-loop 
spatial mechanism system with 14 rigid bodies and 12 DOFs.  
 

 

Fig. 12. Stewart platform 
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Fig. 13. Comparison of NMA results for Stewart platform 
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Fig. 14. Comparison of TFA results for Stewart platform 
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Normal mode analysis and transfer function analysis were both performed in ADAMS and 
AMVA to acquire vibration isolation performance of such a Stewart platform. As shown in 
Fig. 13, natural frequencies and damping ratio solved in two tools are equal to each other. 
Fig. 14 shows that results of transfer function of displacement computed in two packages 
are identical. Fig. 15 shows that results of time response of displacement computed in two 
packages are identical. It indicates that dynamic analysis of closed-loop spatial mechanism 
system can also be solved using the proposed method. 
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Fig. 15. Comparison of TRA solutions for the Stewart platform 

7. Conclusion 

A new formulation based on constraint-topology transformation is proposed to generate 
oscillatory differential equations for a general multibody system. Vibration displacements of 
bodies are selected as generalized coordinates. The translational and rotational 
displacements are integrated in spatial notation. Linear transformation of vibration 
displacements between different points on the same rigid body is derived. Absolute joint 
displacement is introduced to give mathematical definition for ideal joint in a new form. 
Constraint equations written in this way can be solved easily via the proposed linear 
transformation. The oscillatory differential equations for a general multibody system are 
derived by matrix generation and quadric transformation in three steps: 
1. Linearized ODEs in terms of absolute displacements are firstly derived by using 

Lagrangian method for free multibody system without considering any constraint. 
2. An open-loop constraint matrix is derived to formulate linearized ODEs via quadric 

transformation for open-loop multibody system, which is obtained from closed-loop 
multibody system by using cut-joint method. 

3. A cut-joint constraint matrix corresponding to all cut-joints is finally derived to 
formulate a minimal set of ODEs via quadric transformation for closed-loop multibody 
system. 

Sensitivity of the mass, stiffness and damping matrix about each kind of design parameters 
are derived based on the proposed algorithm for vibration calculation. The results show that 
they can be directly obtained by matrix generation and multiplication without derivatives. 
Eigen-sensitivity about design parameters are then carried out. 
Several kinds of mechanical systems are taken as case studies to illustrate the presented 
method. The correctness of the proposed method has been verified via numerical 
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experiments on multibody system with chain, tree, and closed-loop topology. Results show 
that the vibration calculation and sensitivity analysis have been greatly simplified because 
complicatedly solving for constraints, linearization and derivatives are unnecessary. 
Therefore the proposed method can be used to greatly improve the computational efficiency 
for vibration calculation and sensitivity analysis of large-scale multibody system. Sensitivity 
of the dynamic response with respect to the design parameters, and the computational 
efficiency of the proposed method will be investigated in the future. 
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