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1. Introduction

Surface modeling is a fundamental issue in 3D images, shape synthesis and recognition.
Recently, a surface model called the fibre bundle model is proposed (Chao et al., 2000; Chao &
Kim, 2004; Chao et al., 2004; Chao & Li, 2005; Suzuki & Chao, 2002). The fibre bundle model
becomes powerful in its full generality however still needs much information, the information
of these two curves at all points, which are roughly equivalent to the information of pointwise
representation itself. On the other hand, to apply such a surface model efficiently in shape
generation and representation, one needs to know the geometrical quantities of the model.
Object recognition techniques using 3D image data are expected to play an important
role in recognition-synthesis image coding of 3D moving pictures or animations in virtual
environments and image communications. Currently used 3D free object representations
seem insufficient in the sense that, for models such as generalized cylinders or
super-quadratics, it is usually difficult to find the invariant features, especially to find the
complete set of invariants, which is defined as the smallest number of invariants in order to
uniquely determine and reproduce the shapes (Chao & Ishii, 1999; Chao & Suzuki, 2002; Chao
et al., 1999; Kawano et al., 2002; Sano et al., 2001).

From the view of differential geometry and Riemannian geometry, the authors obtained
the geometric structures about fibre bundle models (Li et al., 2008, 1; 2). Meanwhile, an
algorithm of 3D object recognition using the linear Lie algebra models is presented, including
a convenient recognition method for the objects which are symmetrical about some axis (Li et
al., 2009).

2. Fibre bundle model and its geometry

2.1 Fibre bundle model of surfaces

A surface F = {F(u,v)} is called a fibre bundle on a given base curve b = {b(v),v € R}, if
locally (i.e. at a neighborhood of any point) F is a direct product of b and another curve called
a fibre curve. More specifically, as shown in Fig. 1, there is a projection map 7 : F — b, such
that for a point x € b, there is a curve fy = {fx(u),u € R} on F

fro:=mYx) CF, D
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318 Object Recognition

which is called a fibre at the base point x. For any x € b, there is a neighborhood of x in
b : Uy, € b such that
n_l(ux) = Uy X fx. 2)

7t '(Ux)

Fig. 1. Fibre bundle model of surfaces.

The fibre bundle model can represent any surface F, e.g. generalized cylinders and ruled
surfaces are special cases of this model.

On the other hand, the fibre bundle model is a local direction product, which means the fibre
curves could be very different at each base point. Such a nontrivial fibre bundle thus can
represent arbitrary complicated surface.

2.2 Fibre bundle model of 1-parameter lie groups of linear lie algebra and its geometry
Let the fibre curve of the fibre bundle model be a 1-parameter Lie group

g0 = {go(u) = e""b(v),u € R}, ®)

where A is a 3 x 3 matrix called the representation matrix of the fibre curve. Therefore, the
surface is defined as

F = {x(u,v) = eb(v),u,v € R}. 4)
The points b(v) on the base curve b are initial points of integral flows of 1-parameter Lie
groups go.
The Lie algebra of this fibre bundle (roughly can be regarded as its tangent vector field) is a

linear Lie algebra

d
L:= £ = x, = AeMb(0) = Ax. )

A major advantage of this model is that the Lie algebras of fibre curves are uniquely
determined by a complete set of invariants I under Euclidean transformation

I={01,02,03,¢1,¢2,¢3}, (6)
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Fibre Bundle Models and 3D Object Recognition 319

where {0;} are the singular values of A, assuming the singular value decomposition of AR =
RTAR,R € SO3(R) is AR = UTAV,A = diag{c;}. {¢;} are the Euler angles of VU ¢
SO3(R). Here, a complete set of invariants is the minimal set of invariants which can uniquely
determine the curve. Thus, information to describe the fibre-bundle surface model is the base
curve and the six invariants of the linear Lie algebra, i.e. of the representation matrix A.

Fig. 2. Fibre bundle of 1-parameter groups of linear Lie algebra.

Lemma 2.1 For any n X n matrix A = (a;;) where a;; € R and any u € RR, one has

L £ (eA) = AeM = AU A;

2. det(eAt) = etr(Au) — ptr(A)u where tr(A) is the trace of A;

3. when AB = BA, eATB = ¢ApB — ¢BeA;

4. (eMT = A’

Lemma 2.2 A € s03(R) = {B|BT = —B}, then ¢* € SO3(R) = {B|BTB = I, |B| = 1}, where

u € R.
Proof. If A € so3(IR), we can get that AT = —A and tr(A) = 0. Then from Lemma 2.1, we get

(eAn)TeAu — pATupAu — o(AT+ A — [ and det(eA") = e"(A)% = 1. Therefore, eA* € SO3(RR).
Theorem 2.1 For the fibre bundle surface defined by

F:= {x(u,v) = eMb(v),u,v € R}, (7)

where A € so03(R), and b(v) is a two order differentiable vector, the Gaussian curvature K and
the mean curvature H of the fibre bundle surface are given by

_ det(Ab, b, A%b) det(Ab, V', b") — (det(Ab,b’, Ab'))?
- (|Ab[2[b|> = ((Ab) - 1')2)2

(8)
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and

b/ |2 det(Ab, b/, A2b) — 2((Ab) - b') det(Ab, b', Ab') + | Ab|? det(Ab, b, b'")

H = 3
(|AD2|b'|* — ((AD) - 1')?)>

)

N —

respectively, where (-) denotes the inner product of vectors and det the determinant of an
n X n matrix, respectively.
Proof. Firstly, from the Lemmas we can get

x, = Aeb, x, = eAp

and
Xy = e AZb, X = Xpy = €AY, xyy = e,

Then we can get
E= (xy-x,) =|Ab]%, F = (xy - xp) = ((Ab) - V'),G = (xp - %) = |b'[?,

| 2w X xp 2= (3 - xu) (¥0 - X0) — (xu - x0)* = |AD][V* — ((Ab) - b')?

and
[ — (Xu/xv;xuu> _ det(Ab,b’,Azb))
X x x| \/JABRIY 2 - ((AD) - b)?
M= (Xu, X0, Xup) _ det(Ab,b’, Ab')
euxxol - \/JABPRIYZ — ((Ab) - ')
N — (Xu, X0, Xou) det(Ab, V', b")

[xu X x| \/TABPU]2 — ((Ab) - b')2

Therefore the Gaussian curvature is given by

LN - M?

 EG-F?

_ det(Ab, b, A%b) det(Ab, V', b") — (det(Ab,b’, Ab'))?
a (JAD2[b' |2 — ((AD) - ')?)?

and the mean curvature is given by

_ 1LG-2MF + NE

2  EG-F2
_ 1|V'|*det(Ab, b, A%b) —2((Ab) - 1) det(Ab,b', Ab') + | Ab|* det(Ab, ', b")
2 (JABJ2(b'[2 = ((Ab) - b')?)3 |
0-10
Example 2.1 Taking b(v) = (0,sin(v),cos(v))’, A= [ 1 0 0 |, from Lemma 2.2, we know
000

that e* € SO3(R), then we can get x(u,v) = e”*b(v). Thus, we can get

b’ = (0,cos(v), —sin(v))T,b" = (0, — sin(v), — cos(v))7,

Ab = (—sin(v),0,0)T, Ab' = (— cos(v),0,0)T, A%b = (0, —sin(v),0)’.

www.intechopen.com



Fibre Bundle Models and 3D Object Recognition 321

Then the Gaussian curvature is given by
K=1
and the mean curvature is

Ho 1, sin(v) > 0
| -1, sin(v) <0 °

x(u,v)=(=sin(v)sin(u),sin(v)cos(u),cos(v))

Fig. 3. The figure of x(u,v) in Example 2.1.

1

0—
Example 2.2 Taking b(v) = (1,1,0)T, A= |1 0 , we get x(u,0) = eA"b(v). Therefore
00

o O O

we can get
v = (0,0,1)T,0" = (0,0,0)7,

Ab=(-1,1,0)T, AV’ = (0,0,0)T, A%b = (—1,-1,0)T.

Then the Gaussian curvature is given by

and the mean curvature is
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X(u,v)=(cos(u)-sin(u),sin(u)+cos(u),v)

f//f{/f

[

e

Fig. 4. The figure of x(u,v) in Example 2.2.

0 0
Example 2.3 Taking b(v) = (cos®(v),sin®(v),v)T, A= [ 1 0 0 |, we get x(u,v) = eb(v).
0 0

Hence
b’ = (=3cos?(v) sin(v), 3sin?(v) cos(v),1)7,
b" = (=3cos’(v) + 65sin?(v) cos(v), —3sin’ (v) + 6 sin(v) cos?(v),0)7,
Ab = (—sin®(v), cos®(v),0)T, Ab' = (—3sin®(v) cos(v), —3 cos?(v) sin(v),0)T,
A%b = (— cos®(v), —sin®(v),0)7.
Then the Gaussian curvature is given by

48 —965in?(20) + 36sin*(20)
(4 + 6sin?(20) — 9sin*(20))2

and the mean curvature is given by

18sin?(20) — 16

H= :
(4 + 6sin?(20) — 9sin*(20))3/2

We can see that
—12, sin(2v) =1
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x(u,v)=(cos(v)3cos(u)—sin(v)3sin(u),cos(v)Ssin(u)+sin(v)3cos(u),v)

x3
w

Fig. 5. The figure of x(u,v) in Example 2.3.
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) v

A
Gaussian curvature K _— mean curvature H
(a) The Gaussian curvature K. (b) The mean curvature H.

Fig. 6. Curvatures of x(u, v) in Example 2.3.

2.3 Fibre bundle model of 1-parameter lie groups of Hamiltonian lie algebra and its
geometry
Consider a spatial curve on a surface M as

x1(t)
x(t):= | x2(t) | e M C R® (10)

x3(t)

and a state vector as y(t) = (y1(t),y2(t), - ,ye(t))T € R®

y(t) = (zgg) e M®T:M, (11)

www.intechopen.com



324 Object Recognition

where Ty M is the tangent space of M at point x. A Hamiltonian Lie algebra of tangent vector
fields is defined by the infinitesimal generator

or y = Hy, where H := <Ié g ) is called a representation matrix.

For a special fibre bundle model of 1-parameter Lie groups of Hamiltonian Lie algebra defined

by
F:= {y(u,v) = eb(v),u,0 € R},

which is an embedded surface of R®, where e/’ € SOg(R) and b(v) is a two order
differentiable vector, one can get the following
Theorem 2.2 The Gaussian curvature K(u,v) of the model is given by

1
det(g;j)

(Hb - HY')

det’(g;;)
— (Hb- HY')|V'|> — (b - )| Hb|?),

K(u,0) = ((Hb- Hb") + |HV' )

((Hb-b')(Hb - b") + (Hb - b')(H - V') (13)

where (-) denotes the inner product of vectors and det the determinant of an n x n matrix,
respectively.
Proof. Using Lemma 2.1, we can get

x, = Hel™p, x, = ey’

and
Xyu = HzeHub, Xyo = Xou = HeHub/, Xop = EHubN.

Then from g;; = (x; - xj), we can get the Riemannian metric as

_( |Hb]2 (Hb-D)
(gij)_ <(Hb-b/) ‘b/‘z )

The determinant and inverse of (g;;) are respectively given by
det(g;j) = [Hb|*|b'|* — (Hb - b')?

and

( z]) _ 1 |b/|2 _(Hb ’ b/)
$7 det(gy) \ ~(Hb-b') |HBP )
From .
rf; = ngl (a]’gli +0i81j — 3181']') ,
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one can get
1 1
1 _ 1 . / 2 . / 2
Iy = det(gi]-)(Hb b")(Hb-HV'), T1; det(gij)(Hb HUb")|Hb|",
1 1
1 _ 1 _ . N2 2 12 _ 1/ . /
Iy =TIy = det(g;) (Hb- Hb)[b'|%, T3 =TIy det(gij)(Hb b')(Hb - HD'),
1
1 _ 1ol ! n2 _ SN (B B!
Th = oGy (HE' )+ (HE Wb (- 1) ¢ 1"),
1
I3, = - HY V') + (Hb-b"))(Hb-b') — (b - b")|Hb?).
2 det(gij)((( ) + (Hb-b7))( ) — (b7 b")[Hb[7)
Using
Rijer = Riyignj,
where

W h h ] Th ] Th
Rigy = 0kl — oy T + Ty U = T g,

we can get the nonzero component of the curvature tensors
R(u,v,u,v) =(Hb - Hb") + |HV'|?
(Hb - HY)
det(g;)
— (Hb- HO|V'|> — (b - b")|HD|?).

((Hb-b")(Hb-b") + (Hb-b")(HY' - V')

Then from the definition of the Gaussian curvature

R(u,v,u,v)

K(w,2) = et (&if)

one can the the conclusion directly.

010 010
In all of the following examples, A = [ =100 |,B=[101),C= —Band D = —AT,

000 010
A B
thenH-(CD>.

Example 2.4 Taking b(v) = (v,1,1,2,3,4)7, therefore, b'(v) = (1,0,0,0,0,0)T,0"(v) =
(0,0,0,0,0,0). We can get
109
K = 0.
(202 — 6v + 59)2 ~
Example 2.5 Taking b(v) = (cosv,sinv,0,1,1,0)7,  then /() =
(—sinv,c0sv,0,0,0,0)T,b"(v) = (- cosv, —sinv,0,0,0,0)T. We can get

2v/2+1
144

K=- < 0.
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0.04 T T T T T T T T T

0035+

003+

0025+

w002 F

0osE

0ok

0.005 +

Fig. 7. Gaussian curvature of the surface in Example 2.4.

Example 2.6 Taking b(v) = (v,0,a,—a,0,a)T, since V'(v) = (1,0,0,0,0,0)T,0"(v) =
(0,0,0,0,0,0). We can get
K=0.
3. 3D object recognition based on fibre bundle models
Recall the fibre bundle model in (4) as

F = {x(u,0v) = e™b(v),u,v € R}, (14)

where A is the representation matrix of the fibre curve. The base curve b(v) can also be
described by a voluntariness initial point xp € R and its representation matrix B given by

b(v) = eBx. (15)
And its tangent vector field is also a tangent vector field shown as

o0x B

—— := Be"%xy = Bb(v). 16
g 0 (v) (16)
Therefore, the information to describe the fibre bundle model is the base curve and the
invariants of the linear Lie algebra, i.e., the representation matrix A or representation matrix

A, B and the initial point xj.

3.1 Simulations with known representation matrixes and the initial points

Next simulation results of shape synthesis using the proposed models are shown together
with the invariants of representation matrix A or representation matrixes A, B and the initial
point xg.

www.intechopen.com



Fibre Bundle Models and 3D Object Recognition 327

o0& o E

3

(a) Base curve (sinv,sinv,cosv)’. (b) Base curve (cos® v, sinvcos® v,1)7.

Fig. 8. Simulations with representation matrixes A and base curves b(v). The representation

010 00 -1
matrixes Aare | —100 | and [ 00 0 | in (a) and (b), respectively.
0 00 10 0

o i 2 3 i g 5
(a) With initial point (1,1,0)7. (b) With initial point (0,1,0)".
Fig. 9. Simulations with representation matrixes A, B and initial points xj. In (a), the
2 15 2 0 0-2
representation matrixesare A = | =2 —=1.5 -2 |,and B= | =20 2 |. Andin (b),
-3 -15-1 200
0-10 0—-1-1
A=1100]|,B=(21 -2
000 2 2 —1

3.2 Algorithm of 3D object recognition

Here we introduce an algorithm to obtain the invariants of a linear Lie algebra model from

local image data of 3D objects as follows.

1. Take more than N > 9 position vectors {x;} ; on the object. Calculate the normal vectors
at all positions {ni}fi ; from geometric relation, and normalize them.

2. From the position and normal vectors to build the following equations in entries of the
representation matrix A under a rotation, where A stems from normalization

0x
L:= 3, = = AeMb(v) = Ax.
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According to that the tan%ent vector field perpendicular to the normal vectors, we can get

that n; perpendiculars to § |y, = Ax|y,, then we can get

T
n; Ax;,

namely,
abc
nl | def|x
1 1
ghi
3. From linear system, we get the components of fibre representation matrix A.

4. Just liking the fibre representation matrix extraction, we can take more than nine position
vectors y; and the corresponding normal vectors to build this equation to solve the
coefficient of the base curve representation matrix B.

5. Given a discretional initialization point xy and using the obtained representation matrix A
and B to restore the primary 3D objects.

1
, then we can use Taylor series

o O O

0 —
When we give the fibre representation matrix A = [ 1 0
00

to calculate its linear Lie algebra

cosu —sinu 0
exp(Au) = | sinu cosu 0 |. (17)
0 0 1

So if we know the initialization point xy and the base curve representation matrix B, we can
use this representation matrix A to express a form symmetry about an axis without solve the
representation matrix A. That can help us easy to express a large number of shapes of 3D
objects. (Fig. 8 and Fig. 9)

3.3 Practicality recognition

Next we consider the recognition of two objects, the sphere and vase. Our target sphere is
shown in Fig. 10.

Firstly we give a base curve data (easy to confirm) and take more than nine position vectors
from the sphere to recognize the object. Here we take data number as 30. From the algorithm,
we can get the representation matrix as

—0.01 1 —0.0043
A= | —09825 —0.0032 0.0204 |. (18)
0.0202 0.0013 —0.0001

For the target vase shown in Fig. 12, we have to consider it as three parts, capsule, middle

part and bottom, and do the simulations, respectively.

The target vase is a form symmetry about an axis, as presented we can use matrix A =
0-10
1 0 0 | as the fibre representation matrix, then we only need to extract the base curve
000

representation matrix B.
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Fig. 10. Recognize target sphere.

(a) Recognition result (date number 30). (b) Recognition result (view from the top).

Fig. 11. Recognition for a sphere.

For all the simulations in Fig. 13, the initial points are the same as xg = (1,—1,0)T.

Meanwhile, from the algorithm, we obtain the base curve representation matrixes
-6.0859 1  —0.0689 —6.5247 1 0.2672

B in (a), (b) and (c) as 0.7695 —0.0865 0.0066 |, | —3.9099 0.6090 0.1608 | and
—1.8276 0.3112 —0.0212 —0.6605 0.1122 0.0277

13.1096 —5.3890 0.8316
By the way, all the recognition results are exactly calculated and restored under strong noisy
environments.

-0.3293 1 —0.0442
—3.8194 3.0828 —0.3170 |, respectively.
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Fig. 12. Recognize target vase.

4. Conclusion

As we know, differential geometry and Riemannian geometry are powerful in applications
in kinds of fields, and many methods and subjects are proposed, e.g. geometric mechanics,
human face recognition using the method of manifold and geometry in statistics. In this
chapter, we show the beauty of the geometry of the fibre bundle models of 1-parameter Lie
groups of linear Lie algebra and Hamiltonian Lie algebra.

Fibre bundle model is effective in its representation for objects. Any object can represent as
the form of a fibre bundle model, theoretically. Nevertheless, in practice, it’s a challenging
task for one to get the parameters of a special object. When the representation matrixes and
the initial points are given, one can obtain beautiful photos for 3D objects. However, once
one have the object, how to recognize it, namely, how to realize it in one’s computer is the
special challenging but the most important work. We propose an algorithm for 3D object
recognition mainly based on the geometric relationship of the positions and normal vectors.
The recognition results of sphere and vase demonstrate the algorithm perfectly.
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(a) Capsule recognition result. (b) Middle part of the vase’s recognition
result.

(c) Bottom of the vase’s recognition
result.

Fig. 13. Recognition for a vase.

6. References

Chao, J. & Ishii, S. (1999). Invariant Recognition and Segmentation of 3D Object Using Lie
Algebra Models, Proceedings of International Conference on Image Processing, Vol.1:
550-554.

Chao, J., Karasudani, A. & Minowa, K. (2000). Invariant Representation and Recognition of
Objects Using Linear Lie Algebra of Tangent or Normal Vector Fields, IEICE Japan
Trans.(D-II), ]83-D-I1(9): 1870-1878.

Chao, J. & Kim, J. (2004). A Fibre Bundle Model of Surfaces and its Generalization, Proceedings
of the 17th International Conference on Pattern Recognition, Vol.1: 560-563.

Chao, J., Kim, J. & Nagakura, A. (2004). A New Surface Model Based on a Fibre-bundle
of 1-Parameter Groups, IEEE International Conference on Multimedia and Expo, Vol.1:
129-132.

Chao, J. & Li, E (2005). A Surface Model Based on a Fibre Bundle of 1-Parameter Groups
of Hamiltonian Lie Algebra, IEEE International Conference on Image Processing, Vol.1:
1021-1024.

Chao, J. & Suzuki, M. (2002). Invariant Extraction and Segmentation of 3D Objects Using
Linear Lie Algebre Model, Proceedings of International Conference on Image Processing,
Vol.1: 205-208.

www.intechopen.com



332 Object Recognition

Chao, J., Ura, K. & Honma, G. (1999). Generation of 3D Objects Using Lie Algebra Models
Based on Curvature Analysis and Comparison with B-spline Fitting, Proceedings of
International Conference on Image Processing, Vol.4: 366-370.

Chern, S.S., Chen, W. & Lam, K.S. (1999). Lectures on Differential Geometry, Series on University
Mathematics, Vol.1, World Scientific Publishing Company.

Hall, B.C. (2003). Lie Groups, Lie Algebras, and Representations: An Elementary Introduction,
Springer-Verlag, New York.

Kawano, S., Makino, M., Ishii, S. & Chao, J. (2002). Meshing Technology with Quality
Assurance for Curved Surfaces Defined by Linear Lie Algebra, Systems and Computers
in Japan, Vol.33(No.10): 64-73.

Li, F, Peng, L. & Sun, H. (2008). On Fibre Bundle Surfaces and Their Curvatures, Journal of
Beijing Institute of Technology, Vol.17(No.4): 451-454.

Li, F, Wu, P, Peng, L. & Sun, H. (2008). Surface Model Based on a Fibre Bundle of Hamiltonian
Lie Algebra and Gaussian Curvature, Science & Technology Review, Vol.26(No.8):
37-39.

Li, E, Wu, P, Sun, H. & Peng, L. (2009). 3D Object Recognition Based on Linear Lie Algebra
Model, Journal of Beijing Institute of Technology, Vol.18(No.1): 46-50.

Olver, PJ. (1986). Applications of Lie Groups to Differential Equations, Springer-Verlag.

Petersen, P. (2006). Riemannian Geometry (Second Edition), Springer.

Sano, H., Makino, M. & Chao, J. (2001). An Adaptive High Quality Mesh Generation for
Surface Defined by Linear Lie Algebra, Japan Society for Simulation Technology, Vol.20:
251-258.

Suzuki, M. & Chao, J. (2002). Invariant Extraction and Segmentation of 3D Objects with Linear
Lie Albegra Model, IEICE Japan Trans. on Information Systems(D), E85-D(8): 1306-1313.

www.intechopen.com



Object Recognition
Edited by Dr. Tam Phuong Cao

OBJECT RECOGNITION

e try T Phusng €so

ISBN 978-953-307-222-7

Hard cover, 350 pages

Publisher InTech

Published online 01, April, 2011
Published in print edition April, 2011

Vision-based object recognition tasks are very familiar in our everyday activities, such as driving our car in the
correct lane. We do these tasks effortlessly in real-time. In the last decades, with the advancement of
computer technology, researchers and application developers are trying to mimic the humana€™s capability of
visually recognising. Such capability will allow machine to free human from boring or dangerous jobs.

How to reference
In order to correctly reference this scholarly work, feel free to copy and paste the following:

Fangxing Li, Linyu Peng and Huafei Sun (2011). Fibre Bundle Models and 3D Object Recognition, Object
Recognition, Dr. Tam Phuong Cao (Ed.), ISBN: 978-953-307-222-7, InTech, Available from:
http://www.intechopen.com/books/object-recognition/fibre-bundle-models-and-3d-object-recognition

INTECH

open science | open minds

InTech Europe InTech China

University Campus STeP Ri Unit 405, Office Block, Hotel Equatorial Shanghai

Slavka Krautzeka 83/A No.65, Yan An Road (West), Shanghai, 200040, China

51000 Rijeka, Croatia FE BHIERARKESS _HiBEFR R ARG I AE4058TT
Phone: +385 (51) 770 447 Phone: +86-21-62489820

Fax: +385 (51) 686 166 Fax: +86-21-62489821

www.intechopen.com



© 2011 The Author(s). Licensee IntechOpen. This chapter is distributed
under the terms of the Creative Commons Attribution-NonCommercial-
ShareAlike-3.0 License, which permits use, distribution and reproduction for
non-commercial purposes, provided the original is properly cited and

derivative works building on this content are distributed under the same
license.




