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1. Introduction

Carbon forms many allotropic forms with different dimensionality: three-dimensional
diamond, quasi-two-dimensional graphite(l; 2), one-dimensional nanotubes(3-10) and
zero-dimensional fullerenes(11). These materials are well known to exhibit remarkable
electronic properties depending on their geometry. There exists another form of carbon
material, graphene, which is a monolayer graphite. Graphene can theoretically be considered
the basic material for the other forms of carbon that can be obtained from it either by stacking
(graphite), wrapping (nanotubes), or creation of topological defects (fullerenes). Furthermore,
there are many derivatives in these graphene related materials. Their electrical properties,
such as carrier type (particle or hole), can be continuously controlled by the application of
external gate voltage(12).

Graphite is made out of stacks of graphene layers that are weakly coupled by van der
Waals forces. A pencil is a typical graphite. When we use it, we are actually producing
graphene stacks on a sheet of paper, which may well contain individual graphene layers.
Nevertheless, it was only in 2004 when graphene was experimentally isolated(12). They
produced high quality, large (up to 100 ym in size) graphene crystallites, which immediately
triggered enormous theoretical and experimental studies. Moreover, the quality of the samples
produced are so good that ballistic transport(12) and quantum Hall effects (QHE) have been
observed(13; 14). For a recent review on graphene, see ref. (15).

Edge states of graphene show a very remarkable feature. There are three type of edges; zigzag
edge, armchair edge and Klein edge(16). Graphene with a zigzag edge has the half-filled flat
band at the zero-energy level and exhibits edge ferromagnetism(17). These edge states can be
observed by STM(18; 19).

Among graphene derivatives, graphene nanoribbons(17; 20; 21) constitute a fascinating object
due to a rich variety of band gaps, from metals to wide-gap semiconductors. In particular, the
half-filled zero-energy states emerge in all zigzag nanoribbons and hence they are metallic.
Such a peculiar band structure, as recognized by the pioneering work(17) in 1996 and
revisited(21) in 2006, has motivated many researchers to investigate their electronic and
magnetic properties. Now there are a profusion of papers on them, among which we cite
some of early works(22-31). Important works on nanoribbons have been summarized into a
map(32) as Essential Science Indicators by Tomson-Reuter in late 2008. Nanoribbons can be
manufactured by patterning based on nanoelectronic lithography methods(26; 27; 33).
Another basic element of graphene derivatives is a graphene nanodisk(35; 36). It is
a nanometer-scale disk-like material which has a closed edge. It is also referred to
as nanoisland(37), nanoflake(38—40), nanofragment(41) or graphene quantum dot(42; 43).
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244 Physics and Applications of Graphene - Theory

Fig. 1. Basic configurations of typical graphene nanodisks. (a) Benzene. (b) Trigonal zigzag
nanodisk (phenalene). (c) Trigonal armchair nanodisk (triphenylene). (d) Hexagonal zigzag
nanodisk (coronene). (e) Hexagonal armchair nanodisk (hexa benzocoronene)(34).

Nanoribbons and nanodisks correspond to quantum wires and quantum dots, respectively.
They are candidates of future carbon-based nanoelectronics and spintronics alternative to
silicon devices. A merit is that a nanoribbon-nanodisk complex can in principle be fabricated,
embodying various functions, only by etching a graphene sheet.

There are many types of nanodisks, as displayed in Fig.1. It is possible to manufacture them by
etching a graphene sheet by Ni nanoparticles(44). Among them, trigonal zigzag nanodisks are
prominent in their electronic property because there exist half-filled zero-energy states in the
non-interacting regime(36). This novel electric property was revealed first by the tight-binding
model(36) in 2007, and then by first-principle calculations by other groups(37; 38; 45). Various
remarkable properties of nanodisks have been investigated extensively in a series of works(36;
46-48).

Although there are yet only a few works on nanodisks, an experimental realization(44) must
accelerate both experimental and theoritical studies on them. In this sense, the study of
graphene nanodisk is very timely.

It has long been known(49-51) that the physics of electrons near the Fermi energy is
described by the massless two-component Dirac equation or the Weyl equation in graphene.
Graphene nanoribbons were successfully analyzed based on the Weyl equation in 2006(22).
It is straightforward to generalize the method to investigate the structure of the zero-energy
states in graphene nanodisks(48). Wave functions are explicitly constructed, which exhibits a
texture of magnetic vortices peculiar to the representation of the trigonal symmetry group Cs,.
We show the emergence of a vortex carrying the winding number 2. Such a vortex is highly
unusual in all branches of physics. An analytic form of wave functions makes it possible to
explore deep physics of graphene nanodisks.

The inclusion of Coulomb interactions provides the ground state with a finite spin
proportional to the edge length according to the following argument. Hund’s rule is well
known in atomic physics, according to which the ground state of atoms has the maximum
spin. Thus, assuming N-fold degenerate zero-energy states, the spin of the ground state is
N /2. On the other hand, there exists Lieb’s theorem applicable to flat-band ferromagnetism,
according to which the sublattice imbalance N = |L 4 — Lg| per unit cell leads to the polarized
ground state with spin N /2. Both theorems are relevant to graphene nanodisks, by assuring
the emergence of the polarized ground state with spin N /2.

The nanodisk-spin system undergoes a quasi-phase transition between the quasiferromagnet
and the parramagnet(47), which is a precursor of an actual phase transition. Graphene
nanodisks can be interpleted as quantum dots made of graphene, as already noticed. In
this point of view, it is natural to expect Coulomb blockades(46) and Kondo effects(47) by
connecting a nanodisk with leads.

On the other hand, the study of spin-dependent transport phenomena has recently attracted
much attention(52; 53). It has opened the way to the field of spintronics(54-57), literally spin
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electronics, where new device functionalities exploit both the charge and spin degrees of
freedom. There are various approaches in this sphere. For instance, the use of a quantum-dot
setup(58; 59) has been proposed, which can be operated either as a spin filter to produce
spin-polarized currents or as a device to detect and manipulate spin states. However, there
are difficulties of spintronics based on conventional materials, since spin directions are quickly
relaxed and coherence is easily lost due to spin-orbit interactions. In graphene, spin relaxation
length is as large as 2um due to small spin-orbit interactions(60), as has been confirmed by
spin precession measurement. Long spin relaxation length has motivated spintronics based
on graphene(60-63) recently. Nevertheless, there exists a key issue how to generate and
manipulate spin currents. Localized spins are necessary for this purpose. It can be solved
by a new type of materials, graphene nanodisks. Some application to spintronics, such as a
spin filter, a spin valve and a spin switch has been proposed(64-66).

This work is organized as follows. In Section 3, we summarize the basic nature of trigonal
zigzag nanodisks. We introduce the size parameter N for trigonal zigzag nanodisks. There
exists N-fold degenerate zero-energy states, implying that the zero-energy sector has the
SU(N) symmetry. We classify them according to the representation of the trigonal symmetry
group Cz,. In Section 4, we analyze these zero-energy states based on the Dirac theory of
graphene. They are shown to be edge modes indexed by the edge momentum and grouped
according to the representation of the trigonal symmetry group Cz,. Wave functions are
explicitly constructed as analytic functions around the K point and as anti-analytic functions
around the K’ point. By evaluating the probability density flow we find a texture of magnetic
vortices perpendicular to the nanodisk plane. It is intriguing that a vortex with the winding
number 2 emerges in the state belonging to the E (doublet) representation. In Section 5,
we make an investigation of electron-electron interaction effects in the zero-energy sector.
We derive explicitly the direct and exchange interactions, which break the SU(N) symmetry
but not so strongly. We show that the spin stiffness is quite large due to large exchange
interactions, which means that a nanodisk is a rigid ferromagnet. The system is well described
by the infinite-range Heisenberg model within the SU(N) approximation, which is exactly
solvable. We explore thermodynamical properties. Constructing the partition function, we
calculate the specific heat, the entropy, the magnetization and the susceptibility. A sharp
peak emerges at a certain temperature (T = T.) in the specific heat, which we interpret as a
quasi-phase transition between the quasiferromagnet and quasiparamagnet states. In Section
6, we argue that our analysis based on the zero-energy sector stands as it is even if the size
of the nanodisk is large. In Section 8.0.0.3, we make an investigation of the spin current, the
spin-filter effects. We first analyze how the spin of a nanodisk filters the spin of the current
by assuming that the nanodisk is a rigid ferromagnet. However, the nanodisk is actually not a
rigid ferromagnet but a quasiferromagnet. Hence an intriguing reaction phenomenon occurs:
Namely, the spin of the nanodisk can be controlled by the spin of the current. We analyze
the reaction to the spin of the nanodisk from the spin of electrons in the current. In Section
8, we propose a rich variety of spintronic devices made of nanodisks and leads, such as spin
memory, spin amplifier, spin valve, spin-field-effect transistor, spin diode and spin switch.
Graphene nanodisks could well be basic components of future nanoelectronic and spintronic
devices.

2. Sample

It is possible to manufacture graphene nanoribbon and nanodisk by etching a graphene
sheet. Here we review a method to produce crystallographically oriented cuts in single-layer
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Fig. 2. (a) Key features of etching in SLG are chirality-preserving angles of 60 and 120,
avoided crossing of trenches leaving ~10 nm spacing between adjacent trenches and
producing connected nanostructures, and trenches and nanoparticles with uniform width <
10 nm. (b) AFM phase image of etched SLG with produced geometric nanostructures. The
phase image obscures small details, making adjacent trenches appear to merge together. (c)
AFM height image of equilateral triangle connected to three nanoribbons. (d) artoon of a Ni
particle etching a graphene sheet (not to scale). Ni nanoparticles absorb carbon from
graphene edges which then reacts with H2 to create methane. These figures are taken from
the work of Campos et al. (44)

graphene (SLG) which effectively has all cuts oriented with the same edge-chirality based
on the work of Campos et al. (44). By using this method nanoribbons, equilateral triangles
(trigonal nanodisks), and other graphene nanostructures are fabricated, which could feature
novel electronic behavior resulting from their specific edge orientations.

During the high-temperature etching stage, the Ni nanoparticles etch the graphene through
catalytic hydrogenation of carbon, where carbon atoms from exposed graphene edges
dissociate into the Ni nanoparticle, and then react with H; at the Ni surface. This process
is summarized by the chemical reaction

Ni + Cgraphene + 2Ha — Ni + CHy, 1)

where carbon from the graphene is hydrogenated into methane by the Ni nanoparticle
catalyst. The same reaction can also be understood as the effective reverse of catalytic carbon
nanotube (CNT) growth, and indeed it is found that the growth of CNTs competes with the
desired etching results in graphene. This occurs because at high concentrations of carbon
the Ni nanoparticles become supersaturated with carbon and can begin to expel carbon
nanotubes. It is for this reason that extra precaution is necessary during preparation to avoid
organic contaminants which can act as carbon sources and saturate the Ni nanoparticles.
In addition, methane produced by the etching process itself can supersaturate the Ni
nanoparticles if the amount of Ni on the substrate is too low.

The etching process produces a mosaic of clearly defined cuts across the SLG surface, as
measured by atomic force microscopy [Fig.2(b,c)]. These continuous trenches left behind by
individual nanoparticles run along straight lines, intermittently deflecting from their path
or reflecting away from previously etched trenches. These deflections and reflections show
a surprising regularity, with measured angles between any pair of trenches of either 60° or
120° [Fig. 2(a)]. Trenches forming edges at angles of 60° and 120° preserve the chirality of the
edges, indicating that nearly all the cuts in our samples run along the same crystallographic
orientation.

3. Electronic properties of nanodisks

In this section we summarize the basic nature of trigonal zigzag nanodisks(36). There exists
N-fold degenerate zero-energy states, implying that the zero-energy sector has the SU(N)
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symmetry. All these states are classified into singlets (A representation) and doublets (E
representation) according to the representation of the trigonal symmetry group Cz,. Wave
functions are constructed explicitly by diagonalizing the Hamiltonian.

3.1 Classification of nanodisks

We first explore the electronic and magnetic properties of graphene nanodisks. It is a
nanometer-scale disk-like graphene derivative which has a closed edge. There are many
type of nanodisks, where typical examples are displayed in Fig.1. Graphene nanodisks are
classified by the edge and shape. Typical edges are zigzag edge and armchair edge, while
typical shapes are trigonal shape and hexagonal shape.

3.2 Energy Spectrum of nanodisks

We calculate the energy spectra of graphene derivatives based on the nearest-neighbor
tight-binding model, which has been successfully applied to the studies of carbon nanotubes
and graphene nanoribbons. The Hamiltonian is given by

H = Zeiczgcilg + 2 tz']'CZUC]"U, (2)
i (i.7)

where ¢; is the site energy, ;; is the transfer energy, and c;r’ - 18 the creation operator of the 7t
electron with spin ¢ at site i. The sum is taken over all nearest-neighboring sites (i, j). Owing to
their homogeneous geometrical configuration, we may take constant values for these energies,
¢; = ¢p (Fermi energy) and t;; = t ~ 2.70eV. Then, the diagonal term in (2) yields just a
constant, egNc, where N is the number of carbon atoms in the system. The Hamiltonian (2)
yields the Weyl electrons for graphene(12; 13; 67), as we review in Section 4.1. There exists one
electron per one carbon and thus the band-filling factor is 1/2. It is customarily chosen as the
zero-energy level of the tight-binding Hamiltonian (2) at this point so that the energy spectrum
is symmetric between the positive and negative energy states. Therefore, the system is metallic
provided that there exists zero-energy states in the spectrum. It is understood that carbon
atoms at edges are terminated by hydrogen atoms. We carry out the calculation together with
this condition.

In analyzing a nanodisk containing Nc carbon atoms, the Hamiltonian (2) is reduced to an
Nc x Nc matrix. It is possible to exactly diagonalize the Hamiltonian to determine the energy
spectrum E; together with its degeneracy g; for each nanodisk. The density of state is given by

Nc
D(e) = ;gi‘s (e—Ej). 3)

We have explicitly diagonalized the Hamiltonian (2) for several nanodisks with trigonal
zigzag shape, trigonal armchair shape and hexagonal zigzag shape. It is remarkable that there
exist zero-energy states only in trigonal zigzag nanodisks. We have also checked explicitly
the absence of the zero-energy state in a series of nanodisks with hexagonal armchair type.
Actually there exist general arguments for the number of zero-energy states: See Section 3.4.2
with the use of the electron-hole symmetry and Section 3.4.4 with the use of the graph theory.
We comment on the validity of the tight-binding model. Although the model may be viewed
as too naive, it actually gives quite good results in the graphene system for the following
reasons. First, the graphene is composed of a single kind of atoms, namely, carbons. It is
a "super-clean material", as is the He liquid. Accuracy of the tight-binding model increases
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Fig. 3. (a) Geometric configuration of trigonal zigzag nanodisks. We define its size N by

N = Npen — 1 with Ny, the number of benzenes on one side of the trigon. Here,

N =1,2,3,4,5. The number of carbon atoms are related as Nc = N2 + 6N + 6. (b) Density of
states of the N-trigonal nanodisk for N =0,1,2, - - - ,7. The horizontal axis is the size N and
the vertical axis is the energy ¢(N) in units of t = 2.7eV. Segments in each energy level
indicate the degeneracy of the level. (c) The excitation gap ¢ as a function of the size N. It is
approximately proportional to N~1.

as the number of involved elements becomes lower. For instance, it is hard to determine
the energy spectrum by the simple tight-binding model in transition metal oxides, since
it contains many elements. Second, carbon is a light element, and there are only a few
electrons in the shell. Especially in carbon there are only s and p orbitals. Furthermore, it
is possible to neglect spin-orbit couplings since they are very small. Third, the graphene
consists of the sp? orbital and the 7 orbital, where sp? orbitals contribute to make a rigid
skeleton of the graphene structure, while 7t orbitals spread out in graphene and behave as free
electrons. These two energy levels are well separated. Consequently, the simple tight-binding
Hamiltonian presents a very good description of the graphene system by treating 7t electrons
as free electrons.

3.3 Trigonal zigzag nanodisks

We shall investigate trigonal zigzag nanodisks in more details since they have zero-energy
states. We define the size N of a nanodisk by N = Ny, — 1, where Ny, is the number
of benzenes on one side of the trigon as in Fig.3(a). We show the density of state for N =
1,2,---,51in Fig.3(b).

It can be shown that the determinant associated with the Hamiltonian (2) has such a factor as

det[el — H (Nc)] €V, (4)

implying N-fold degeneracy of the zero-energy states. Since there exist half-filled zero-energy
states for N > 1, these nanodisks are "metallic". The gap energy between the first-excitation
and the ground states decreases as the size becomes larger [Fig.3(c)].

3.4 Zero-energy sector

The size-N nanodisk has N-fold degenerate zero-energy states, where the gap energy is
as large as a few eV. Hence it is a good approximation to investigate the electron-electron
interaction physics only in the zero-energy sector, by projecting the system to the subspace
made of those zero-energy states. The zero-energy sector consists of N orthonormal states
|fa), @ =1,2,-- -, N, together with the SU(N) symmetry. We can expand the wave function of

the state |fy) as
fo(@) = }_wigi(z), (5)
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Fig. 4. Zero-energy states split into several nonzero-energy states by edge modifications. The
horizontal axis is size N and the vertical axis is energy in units of t = 2.7eV. We take
¢; = £+ Ae for all edge carbons with Ae = 0.027eV. States are grouped according to the

representation of the trigonal symmetry C3y. Doublet states (red) obey the E representation.
Singlet states (blue) appear in pairs; the upper (lower) states obey the A; (A;) representation.

where ¢;(x) is the Wannier function localized at the site i. The operator ¢; in the tight-binding
Hamiltonian (2) annihilates an electron in the state described by the Wannier function ¢;(x).

3.4.1 Trigonal symmetry

We are able to calculate the amplitude w; for zero-energy states in the trigonal zigzag
nanodisk. In so doing it is necessary to select the N orthonormal states |f;) according to the
representation theory of group. The symmetry group of the trigonal nanodisk is Cz,, which is
generated by the 271/3 rotation ¢3 and the mirror reflection oy. It has the representation {A{,
Ajp, E}. The Aj representation is invariant under the rotation c¢3 and the mirror reflection .
The A, representation is invariant under ¢3 and antisymmetric under ¢y,. The E representation
acquires +271/3 phase shift under the 271/3 rotation. The A; and A; are 1-dimensional
representations (singlets) and the E is a 2-dimensitional representation (doublet). These
properties are summarized in the following character table:

Caple 2¢3 30y
Al 1 1
A1 1 -1 ©)
E2-10

The N orthonormal states |f,) together with the amplitude w; are constructed as follows.
First, by requiring the mirror symmetry, we can explicitly construct the wave functions,
all of which are found to be real. Next, we make appropriate linear combinations of these
states to satisfy the trigonal symmetry Cs,. For this purpose, we resolve the degeneracy by
applying Cz,-invariant perturbation to the size-N trigonal nanodisk. We note that all their
wave functions are nonvanishing on edge sites and that they penetrate into the bulk with
different penetration depth. Hence, if we apply an identical bias voltage to all edge carbons,
we expect that the energy of the mode increases, as the penetration depth decreases. We
take ¢; = &+ Ae for all edge carbons. We show how the zero-energy states split by taking
Ae = 0.01t = 0.027eV in Fig.4 for N = 1,2,---,20. All zero-energy states are found to
acquire positive energy and they become singlets or doublets. Singlet states obey the A;
or Aj representation, while appropriate linear combinatations of doublet states obey the E
representation. There exists a nondegenerate state which has the highest energy for a nanodisk
with N =odd, which is argued to belong A, representation. There are no such wave functions
for nanodisks with N =even.
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(a) [fa> (b) Ifo> (c) fe>

Fig. 5. (a)~(e) The zero-energy states of the trigonal nanodisk with size N = 5. They are
symmetric under the mirror reflection with respect to the vertical axis. The solid (open) circle
denotes the positive (negative) amplitude w;. The amplitude is proportional to the radius of
circle. Electrons are localized on edges in the state (a). When the site energy ¢; is increased at
edges equally, the degeneracy is partially resolved, as illustrated in Fig.4. The state (a) has the
highest energy and is a singlet in the A, representation of the symmetry group C,3. The states
(b) and (c) are degenerate; the states (d) and (e) are degenerate and have the lowest energy.

Let us explain the above scheme by taking an example of the nanodisk with size N = 5.
First, we present 5 orthonormal states |fy) in Fig.5, where the solid (open) circle denotes
the positive (negative) amplitude w; with |w;| being proportional to the radius of the
circle. Second, the wave function |f,) is entirely localized on edge sites as in Fig.5(a). Since
it is invariant under the 271/3 rotation ¢z and antisymmetric under the mirror reflection
0y, it is a singlet state obeying the A; representation. Third, we find two sets of states
(Ife), |fc)) and (| f4), | fe)) are degenerate under the Cs,-invariant perturbation. Thus, we have
identified 5 states in the spectrum of Fig.4. From the mirror symmetric states we construct
the trigonal symmetric states by making a linear combination within each doublet, |g+) =
% (Ifp) £ilfe)), |hx) = \/%5. (Ifa) £ilfe))- Each sets of complex wave functions, (|g+),[g-))
and (|h4), |h—)), transform properly under the E representation. We shall present an analytic
approach to investigate these states based on the Dirac theory in Section 4.3. In the instance
of N=5,(|g+),|g-)) and (|h+),|h—)) correspond to (| + k5 ),| — k3 )) and (| +k; ), | — k5 ),
respectively, with ki being defined in (38).

3.4.2 Electron-hole symmetry

We have shown that the zero-energy sector of the trigonal zigzag nanodisk has the N-fold
degeneracy by diagonalizing the Hamiltonian (2) explicitly. We wish to derive this fact from
a general point of view. First, we appeal to the electron-hole symmetry of the tight-binding
Hamiltonian (2). The Hamiltonian is invariant under the electron-hole transformation, c, 4 —
c:;’ 4r Co,B = —c:;, g As a result, the band structure is symmetric between the positive-energy
states and the negative-energy states, as is explicitly seen in Fig.3(b). The number of the
positive-energy state v; and the negative-energy state v_ are equal v = v_. On the other
hand, the number of the total states is equal to the number of carbon atoms, Nc = N2+ 6N +
6. Hence, the number of the zero-enegy state 77 is givenby 7 = N¢c — v4 — v_. Now, the number
of the positive or negative-energy state is less than 2 min [N4, Ng|, v+ < 2min [N4, Ng], where
Ny and Np are the numbers of sites in sublattices A and B, respectively [see Fig.6]. We obtain
7 > |Ngy — Np|. Itis easy to see Ny = (N+1)(N +6)/2, Ng = (N +2)(N + 3)/2 for the
trigonal zigzag nanodisk, and hence 7 > N for the size-N nanodisk.

3.4.3 Bipartite lattice

We have derived the lower limit for the dimension of the zero-energy sector, # > N. Itis a
characteristic feature of the tight-binding Hamiltonian on the bipartite lattice that it can be
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A-site

Fig. 6. (a) The two-dimensional honeycomb lattice is made of two trigonal sublattices
generated by the two basis vectors a; and a, from the two base points A and B in primitive
cell (dotted rectangle). (b,c) The A-sites and B-sites of a trigonal nanodisk. Electrons exist
only in A sites.

represented in the form of

0 Tap

IERTY .
The wave function is decomposed into two parts describing the A sites and B sites, |f) =
(fa, fB)t. The rank of the matrix (7) is 2Njp at the highest, but it is 2Np for connected lattices.
As a result the number of the zero-energy eigenvalues of the (N4 + Np)-dimensional matrix
(7) is given by # = Ny — Np = N, where the last equality holds for the zigzag trigonal
nanodisk with (??).
Furthermore, we are able to show that the wave function takes a nonzero value only on the
A-site. The matrix Tp4 is Ng X N4 dimensional. Let us choose N 4-dimensional eigenvectors
satisfying Tg4 |f4) = 0. The number of such eigenvectorsis N = Ny — Np > 0, as we have
just shown. We now consider the (N, + Np)-dimensional vector, [f4) = (f4,0)". It is trivial
to see that it is the eigenvector of H, H [f4) = (0, Tgafa)' = 0. We have proved that there are
N zero-energy eigenvalues whose wave functions vanish on all B sites. See Fig.5 and Fig.6.

3.4.4 Graph theory

There is another way to see the dimension of the zero-energy sector. The spectrum of the
tight binding Hamiltonian of a honeycomb system can also be analyzed on the basis of a
mathematically rigorous approach of the benzenoid graph theory(68). According to this graph
theory, the number of zero-energy states is equal to the graph’s nullity, # = 2a — Nc, where
N is the total number of sites and « is the maximum number of non-adjacent sites. Here, we
have 7 = N, since & = N4 for the trigonal zigzag nanodisk [Fig.6].

3.5 Robustness against randomness and lattice defects
In actual application, however, it is important to discuss how stable the previous results are
against lattice defects and randomness in transfer energy. We study three types of randomness:
randomness in transfer energy, randomness in site energy and lattice defects. The modified
Hamiltonian is

Hy = 2 (e; + J¢;) CIUCI',U + Z (ti]' + 5t1‘j> CZUC]‘/U, (8)

J (i)

where we take random values for d¢; and 6t;;.
First of all the total spin of the ground state is determined by Lieb’s theorem although transfer
randomness and lattice defects are included. (See Section 5.5 for Lieb’s theorem.) The total
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lattice defects

clean
site randommness
transfer randomness

Fig. 7. Energy level with randomness. (a) Clean nanodisks. (b) Site energy randomness,
d¢;/t ~ £0.1. (c) Transfer energy randomness, dt;;/t ~ £0.1. (d) Lattice defects with thre site
at a corner. See Fig.8(a).

Fig. 8. Wave function with lattice defects. (a) Three atoms are absent at one corner. (b) One
atom is absent at one edge. For both case the probability density drastically reduces near the
lattice defects. The number of the zero-energy states reduces from N to N — 1 for both cases.

spin is given by the difference of the A site and the Bsite, S =  |[N4 — Ng — 4 + 5/, with the
number of lattice defects at A (B) site 6 4 (6g), where N4 and N are number of A site and B site
without lattice defects. The total spin does not change by introducing randomness in transfer
energies. On the other hand, the number of the zero-energy states changes by the number
of lattice defects. When site randomness is included, we can not resort to Lieb’s theorem in
the strict sense because the lattice is no longer bipertite. However, when the split due to the
site randomness is smaller than that due to the Coulomb interaction, the total spin does not
change.

We show the energy spectrum with the randomness in Fig.7, where we have taken rather
large random values for J¢; and 6t;;: We have generated uniform random numbers in the
region [de;|/t < +£0.1 and |dt;;|/t < +0.1. The zero energy remains as it is even when we
introduce lattice defects. However the zero-energy states split by the randomness in transfer
energy. The wave functions also change by the lattice defect and the randomness in site and
transfer energies. The changes are proportional to the site (transfer) modification de; (6t;;), but
slight in site and transfer randomness.

On the other hand, the wave functions drastically change by introducing lattice defects, as
shown in Fig.8. We find the density reduces drastically near the lattice defects.

4. Dirac electrons in graphene

In this section we analyze the zero-energy states based on the Dirac theory of graphene(48).
We explicitly construct wave functions as analytic functions around the K point and as
anti-analytic functions around the K" point. They are indexed by the edge momentum and
grouped according to the representation of the trigonal symmetry group Cs,. By evaluating
the probability density flow we reveal a novel texture of magnetic vortices perpendicular to
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the nanodisk plane. It is intriguing that a vortex with the winding number 2 emerges in the
state belonging to the E (doublet) representation.

4.1 Weyl equations

Electrons obey the massless two-component Dirac equation, or the Weyl equation, in
graphene(49-51). We start with a review how Dirac electrons arise from the one-particle
electronic states in the honeycomb lattice [Fig.9]. We take the basis vectors a; and a, as
a1 = (1,0)a, ap = (1 /2,3/3/ 2) a, with a the lattice constant (2 ~ 2.46A). The honeycomb

lattice has two different atoms per primitive cell, which we call the A and B sites. There
are three B sites adjacent to an A site, which are specified by the three vectors r; with

T = (O, —1/\/§> a,ry = (1/2, 1/ (2\/§>> a,ry = <—1/2, 1/ <2\/§>> a. The basis vectors b;
of the reciprocal lattice are given by solving the relations b; - a; = 276;;. The Brillouin zone is
a hexagon in the reciprocal lattice with opposite sides identified.

We rewrite the tight-binding Hamiltonian (2) as

H=1t) |ch (@) s @+ i) +cb (@ +ri)ca ()], ©)

where cg and cg are the annihilation and creation operators for electrons localized at the S site
(S =A,B). It describes a transfer of an electron between neighboring A and B sites without
changing its spin. We introduce the Fourier transform of the electron annihilation operator
cs (), 5

cs () = Z{elk"”cs (k). (10)
The Hamiltonian (9) reads

H= t/dzk (chch) <f,fzk) fg")> (Eg) (11)

in the momentum space, where

f(k)= e~ ikya/ V3 + 26k41/2V3 cog kxza. (12)

Fig. 9. (a) The two-dimensional honeycomb lattice is made of two triangular sublattices
generated by the two basis vectors a; and a, from the base points A and B in a primitive cell
(a dotted rectangle in yellow). (b) The reciplocal lattice is also a honeycomb lattice with the
basis vectors by and by. We take the Brillouin zone as indicated by a dotted rectangle in
yellow. As two inequivalent points we take K and K’ as indicated.
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(b)

N '/
S/l

Fig. 10. (a) The overall valley structure of the dispersion relation (13) is illustrated. (b) A
schematic diagram of the low-energy dispersion relation (13) near the Dirac points (K and K’
points) in the Brillouin zone. Only two Dirac cones are inequivalent to one another.

(a) ky (b) eV 9evi~_ (c)
K O\K 6eV GeV
K'K © N 3V | K | K N
O 05 5 2530
- -3eV
<j<_> -6eV -GeV
-9eV -9eV

Fig. 11. Linear dispersion near the Brillouin zone corner. The linear region of the band is
found to be dependent on the direction in the k space. In one of the direction (c) the linearity
is good more than 3 eV.

The eigenvalues are found to be +E (k) with

3k
E(k):t\/l+4cos \/_Zyﬂ cosk;a—i-élcoszkxza. (13)

The dispersion relation (13) implies that the Fermi level at E (k) = 0 is reached by six corners
of the first Brillouin zone, among which there are only two inequivalent points due to the
periodicity of the reciprocal lattice. We take them as

K+t = (2n/3,27r/\/§) Ja, K~ = (—27t/3,27r/\/§> /a, (14)

and call them the K and K’ points [Fig.9(b) and Fig.10]. They endow graphene with a
two-component structure, corresponding to two independent Fermi points. It is notable that
the dispersion relation (13) has a valley structure around the K and K’ points.

The band dispersion (13) is linear in these Dirac valleys [Fig.10],

Ec (k) = hoplk — K7|  for k~ KT, (15)

where T = = is the valley index and v = +/3ta/ (2h) is the Fermi velocity. We show two
sections of the band in Fig.11, where the linear region of the band is found to be dependent
on the direction in the k space. In one of the section the linearity prevails more than 3 eV, as
in Fig.11(c). This linear behavior has been confirmed experimentally(69) up to 3eV.

We may expand f(x) as

_1\—1/3
flay = V3 [, - k) i (ky — ) 6
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for k ~ KT.Itis convenient to introduce the reduced wave number & by
k=K"+k, (17)

and rewrite the dispersion relation as
E(kx ky) = hop\/ I3 + 12 (18)
near the K and K’ points.

It is clear from the dispersion relation illustrated in Fig.10 that the contribution to low-energy
physics comes only from the regions around the two Fermi points, £ ~ KT*. We make the
change of variable as in (17), and express the wave function ¢ (x) near the Fermi point k ~
KT as ‘

yi(e) = ™ "9l (), (19)
where ¢§(x) is called the envelope function.
The dispersion relation (18) is that of ‘relativistic’ Dirac fermions. Indeed, we rewrite the
Hamiltonian (11) as

_ 27 (Kt Kt 0 hy—iky (c§
H—h”F/d"(cA'CB><zzx+ﬂzy o ) &

27 Kt K+ 0 —IAcx — Zi%y Clgr
+th/d k(CA ,CB ) <_]2x+1f(y 0 > <C§/ 7 (20)

where ¢ is the annihilation operator for an electron at site S in the Dirac valley 7 (= K, K').
The quantum-mechanical Hamiltonian consists of two parts, H = HX + HX', where

H" = vp(T0xpx + 0ypy) = vpo - D, (21)

with p* = (Tpx, py) = —ih(T9x, dy). The Hamiltonian acts on the two-component envelope
function,
" (@) = (¢A(2). 95(x))". (22)

The Weyl equations read

ihd; @ (x) = vpo - p" @ (x). (23)
Each Hamiltonian describes the two-component massless Dirac fermion, or the Weyl fermion.
The symmetries of the system are as follows. First, we note that HK = O'yHKO'y, where o,
is the generator of the mirror symmetry. It transforms the K point into the K’ point. Next,
0.HXo, = —HK, and 0-HX0, = —HX, where 0 is the generator of the electron-hole
symmetry. It transforms the positive-energy state into the negative-energy state.
Eigenfunctions of the Hamiltonian (21) are readily obtained,

D (x) = e ®ul (k) (24)

for the positive-energy state @7 («) and the negative-energy state ®* (), where

-5 02%) (). w0 (a5E) () e
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with & = (—ky, k). They transform as

~

oyu (k) = iuf (k), oyt (k) = —iuf(k), cuf(k)=uf(k), ouf(k)=—uZ (k)

under the mirror transformation and the electron-hole transformation.

The energy spectrum is symmetric between positive- and negative-energy states. There exists
one electron per one carbon and the band-filling factor is 1/2 in graphene. Namely, all
negative-energy states are filled up, as is a reminiscence of the Dirac sea.

4.2 Dirac electrons on zigzag edge
We analyze massless Dirac electrons on the zigzag edge based on the method due to Brey and
Fertig(22). The Weyl equation holds for envelope functions satsifying

o (op i, 0 ) (52)) = (0. @7

where py —ipy = —2ihd;, px +ipy = —2ihd;» with z = x +iy and z* = x — iy. The Weyl
equation is rewritten as

. E . E
0= A (@) = iy 95 (=), 995 (@) = i A (@), (282)
' . E ' % . E ,
993 (@) = ~ig—¢5 (@), 9z ¢p (@) = ~ig;—¢X (@) (28b)

It is clear that, for the zero-energy state (E = 0), the envelope functions ¢ (x) and ¢ (z) are
analytic, while ¢ (x) and ¢ (z) are anti-analytic.

We place a graphene sheet in the upper half plane (y > 0) with the edge at y = 0.
Translational invariance in the x direction dictates the envelope functions are of the form

PS(x,y) = eikxx f$ (y). Analyticity requirement allows us to write
P(@) = CKe, g(@) = B, oK (a) = e, g () = Ko, (290)

with C¢ being integration constant.
According to the tight-binding-model result, there are no electrons in the B site on edges with
zero energy, and hence we require

95 (y=0) =¢5 (y=0)=0. (30)

By avoiding divergence at y — oo, the resultant envelope functions are found to be
PN (x) =/ k/Lex =1/ k/Le™ R for k>0, (31a)
oK (z) =/ k/Le =1/ k/Lemy for k<o, (31b)

with all other components being zero, where 2L is the size of the edge.
The wave number is a continuous parameter for an infinitely long graphene edge. According
to the tight-binding-model result, as illustrated in Fig.13, the flat band emerges for

2 2
—7r§ak<—?n and §<ak§7r, (32)
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-10 -5 08 [E] 1

Fig. 12. The electron density is found to be localized along the edges of a trigonal nanodisk.
in terms of the original wave number k, or

—%gak<0amio<akg (33)

W[~

in terms of the reduced wave number %, around the K’ and K points, respectively. The
boundary point ak = — of the K" point is simultaneously the boundary point ak = 7 of
the K point in another Brillian zone, as illustrated in Fig.13: They are physically the same
point and to be identified.

4.3 Dirac electrons in triangular Graphene

Our main purpose is to apply the above result to the analysis of the zero-energy sector of
the trigonal zigzag nanodisk [Fig.12]. The envelope function of the trigonal zigzag nanodisk
can be constructed by making a linear combination of envelope functions for three trigonal
corners. We consider the trigonal region whose corners are located atz; = (L,0),z, = (—L,0),

z3 = (O, \/§L> As the boundary conditions we impose ¢ (z1) = ¢ (z2) = ¢ (z3) = 0. The

resultant envelope function is obtained around the K point (k > 0) as
) (Z) _ eifcz _ eil%LeilAc(z—L)exp[—Zni/fi] _ e—ich&fc(z—l—L) exp[27i/3] (34)

up to a normalization constant. The envelope function around the K’ point (k < 0) is given by
¢ (z*). We display the density of the wave function |¢ (z)|* in Fig.12.

The wave number is quantized for a finite edge such as in the trigonal nanodisk. We can
determine it as follows. We focus on the wave function i} («) at one of the A sites on an
edge. There are N links along one edge of the size-N trigonal nanodisk. We can show that
the correction terms are exactly cancelled out for these N links, and we obtain precisely
®%(a/2,N) = Nak. On the other hand, the phase shift is 7t at the corner. The total phase
shift is 3Nak + 371, when we encircle the nanodisk once. For the single-valueness of the wave
function it is necessary that 3Nak + 371 = 2n, or

2n+1)m N-1

0<n<——

fn =+ =3, 2

(35)

with an integer n. The allowed region of the wave number is given by (32). The wave number
is quantized as

— | — <n< .
sN T3 0shs (36)

When N is even, there are N /2 states for k;; > 0 and N /2 states for k; < 0. When N is odd,
there are (N — 1) /2 states for k;, > 0 and (N — 1) /2 states for k;, < 0. Additionally, there seem

kn:i[2n+l 2}71 N-—-1
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(a) Energy Level
kx

Fig. 13. (a) The energy spectrum in an infinitely long graphene edge. The flat band appears in
the region indicated in red. (b) We take the Brillouin zone as indicated in yellow. The flat
band appears in the region indicated in red. The boundary points at 7 are identified.

to appear two states with k, = £71/a at n = (N — 1)/2. However, they are identified with
one another, since they are located at the boundary of the Brillouin zone [13].

As we have reviewed in Section 3.4, the symmetry group of the trigonal nanodisk is Cs,,
whose properties are summarized in the table (6). The mirror symmetry is equivalent to the
exchange of the K and K’ points. With respect to the rotation there are three elements cg, 3,
c%, which correspond to 1, g27ti/3 AT/, Accordingly, the phase shift of one edge is 0, 27t/3,
47t /3. They are determined by the conditions

2 4
Nak, +m =2nmn, Nak, + 7 =2nm+ ?ﬂ, Nak, +m =2nm+ ?71/ (37a)
with an integer n, respectively. It follows that the state, indexed by the edge momentum k;

as in (36), are grouped according to the representation of the trigonal symmetry group Cs, as
follows,

Aq (singlet) : [KO) + | — k%), 0 6n+3
: . [0 0 kn = T,
Ay (singlet) : |ky) — | — k), 3Na (38)

on+1
E (doublet) : |kF), |—kb), ki = TR
where the momentum k%, is subject to the condition (32). It follows that
1
[N%J <n< gJ (39)

where |a| denotes the maximum integer equal to or smaller than a, and [a] denotes the
minimum integer equal to or larger than a. The numbers of doublets (E-mode) and singlets
(A1-mode or Ay-mode) are given by

52 a2,

respectively.
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Fig. 14. Probability density flow for the state |k,(10’i)> in the nanodisk with N = 7. The
representation is indicated in the parenthesis. A vortex appears at the center of mass for the
state belonging to the E (doublet) representation. It is interesting that the winding number is
2 in the state |k;|). A circulating current along the closed edge confines flux and generates a
vortex texture respecting the trigonal symmetry.

4.3.1 Probability density flow (Berry connection)
To see the meaning of the wave number kj more in detail, we have calculated the probability
density flow

Ai(x,y) = —ig™ (x, )i (x,y) (41)
for various states, which we show for the case of N = 7 in Fig.14. We observe clearly a texture
of vortices: The number of vortices are 6,7,7,9 for |k3), |k ), k3 ), [k3), respectively. The vortex
at the center of mass must have the winding number 2 in [k] ). In general, the total winding
number Nyortex is calculated by

Nyortex = 2;7; dxl- 4) (x,y)aigb(x, y) ~N4+m—1, (42)

¢ (x, )|

with m = 0,1,2,---,|(N —1)/2| in the size-N nanodisk, where the integration is made
along the closed edge of a nanodisk. Nyortex = 37 for k9, Nyortex = 31 + 1 for k,., and
Nyortex = 31 + 2 for k;{ . The wave functions are classified in terms of modulo of the total
winding number: the wave function belongs to the E-representation and has chiral edge mode
for Nyortex = 1,2 (mod 3), and belongs to the A-representation and has non-chiral edge mode
for Nyortex = 0 (mod 3). There are n vortices along the y-axis in the state |k%). The state |kf),
being the E-mode, has a vortex at the center of mass, where the winding number is 2 in the
state |k;}). On the other hand, the state |k))) does not have a vortex at the center of mass, and
the combinations |k9) + | — k%) belong to the A; and A, representations, respectively.

To demonstrate the above statement, we search for zero points of the wave function, where
vortices appear. The probability density along the y-axis is given by

\V/3k (y + \/§Na/2>

2 4

I (y)’2 = | -4 zek(y*\/?Na/z)/z cos

(43)

()

which is found to have n zeros for k = k;; . In particular we examine the emergence of a
vortex at the center of mass, where we may expand ¢ (z) as

Na Na \?
z)=C +Ck<z—i—_>+Ck2<z—i—_> S 44
P(z) =Co+Cq 23 2 e (44)
The coefficient Cj vanishes at
6n+1
k= N 7T, (45)
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namely, for the state |k;5 ). Furthermore, C; vanishes at

k:6n+1

NG 7T (46)

Hence we confirm that a vortex with the winding number 2 appears in the state |k;}). We
can check that C; does not vanish where Cy vanishes. Namely, there are no vortices with the
winding number 3.

These vortices are present inside the nanodisk where the electron density is almost zero. The
situation is similar to a flux confined within a solenoid or within a superconducting ring,
where no electrons are present in the domain where the magnetic flux exists. The electric
current confining the flux generates the Aharonov-Bohm phase (42) associated with vortices.
Vortices make a texture respecting the trigonal symmetry Cz, within a nanodisk.

4.3.2 Magnetic vortices

Charged particles propagating along a closed edge generates magnetic field. The
electromagnetic interaction is described in terms of the electromagnetic potential A, which
is introduced to the system by way of the Peierls substitution d; — 9d; + ieA;/h. Here we
consider the lowest order approximation, where ¢IA<(:B) is not modified from (34) in the
presence of the electromagnetic interaction. Then, from the Weyl equation (28), we derive

08 @)igR (@) . Ai(x)
9K () 9K () [?

The potential A;(x) exhibits the same texture of vortices as in Fig.14. The magnetic field is
given by

eAi(a:) =

(47)

B(x,y) = V x A(x) = Zlevné(z—zn), (48)
n
where v, stands for winding number of the vortex at z = z,,. Hence a texture of vortices in the
Berry connection leads to a texture of magnetic vortices. This -function type magnetic field
would be smoothed out in a rigorous analysis of the coupled system of the Maxwell equation
and the Weyl equation.
We have shown that the winding number of the vortex at the center of the nanodisk is 0,1, 2
in the state |k2), |k;; ), |k;l), respectively. By tuning the chemical potential any of them is made
the ground state. As far as we are aware of, the vortex with the winding number 2 has never
been found in all branches of physics. This is because two vortices with the winding number 1
have lower energy than one vortex with the winding number 2 in general. In the present case
the disintegration of a vortex into two is prohibited by the trigonal symmetry.
As is well known, a single flux quantum has experimentally been observed in superconductor
by using an electron-holographic interferometry(70). Then, in principle it is possible to observe
a vortex texture in nanodisk as well. Furthermore, by attaching a superconductor film one may
observe a disintegration of a vortex into two when the flux enters into the superconductor
from the nanodisk. This would verify the winding number 2 of a vortex.

5. Electron-electron interactions

In this section we make an investigation of electron-electron interaction effects in the
zero-energy sector. The spin stiffness is quite large due to large exchange interactions,
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which means that a nanodisk is a rigid ferromagnet. The system is well described by
the infinite-range Heisenberg model, which is exactly solvable. Constructing the partition
function, we explore thermodynamical properties(47; 65). A sharp peak emerges at a certain
temperature in the specific heat, which we interpret as a quasi-phase transition between
quasiferromagnetic and paramagnetic states.

5.1 Exchange interactions
Let us include the Coulomb interaction between electrons in the zero-energy sector. We take
two states |fy) and |fg), & # B, each of which can accommodate two electrons with up and
down spins at most. The two-state system is decomposed into the spin singlet x5 and the spin
triplet xT with the normalized wave functions,

fop(@ @) = \% (fa(w)fﬁ(w') + fa(w')fﬁ(w)) Xs, (49a)

/ 1 / /
fif @) = — (fol@)fp(e) = la) fp(a) ) a1 (49b)

The Coulomb energies are summarized as

FSSIHCIFSS) = U+ Japr (FSEIHCIFSE) = Ung — Jup, (50)

where U, g and ], g are the direct and exchange energies. In the many-state system the effective
Hamiltonian is derived as

Hp= Y Uy ()1 (B) — 5 ¥ Jasl4S(@)- S(B) + 1 (a)n (B)], 61)

x>p x>p

where 1 (¢) = d («)ds(a) is the number operator and S(a) = 1df(a)7yd, (a) is the spin

operator, with d,(«) the annihilation operator of electron with spin ¢ =1, | in the zero-energy
state | fa): T is the Pauli matrix. Note the existence of the on-state Coulomb term Uy, («) 1 ()
in the effective Hamiltonian (51).

We expand U,p and J,p in terms of the Wannier functions with the use of (5),

Unp =Y wiwfwjw] / Pxd’y ¢} (x)g;(2)V(x — y) o (v)ei(y), (52a)
S

Jop = L wtwtwfof [@xdy }(@)9i(n)V (@ - v)gi W) oi(@). (520)

The dominant contributions come from the on-site Coulomb terms with i = j = k = I both for
the direct and exchange energies. We thus obtain

Upp = Jup = U Z(w;"wiﬁ)z, (53)
1

with
U= [dxdy o Lo 54

= 4—m_:/ xXda’y ¢ (m)(l)i(w)m% () gi(y). (54)
The Coulomb energy U is of the order of 1eV because the lattice spacing of the carbon atoms is
~ 1A in graphene. The nearest neighbor Coulomb interaction vanishes since no electrons exist
in B sites: See Fig.6. It is straightforward to take into account higher order corrections but the
effects are only to enhance the ferromagnetic order. The essential properties of the Coulomb
interactions are well described only by taking the on-site terms.
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Fig. 15. The nanodisk spin as a function of the chemical potential. The vertical axis is the spin,
where the highest value is N /2. The horizontal axis is the chemical potential y. The nanodisk
spin is controlled by changing .

5.2 Zero-energy splitting due to coulomb interactions

We have shown that the N-fold degeneracy in the zero-energy sector is resolved by Coulomb
interactions. The Coulomb Hamiltonian has the trigonal symmetry C3,, and the energy
spectrum splits into different levels according to its representation. The energy split is
approximately scaled by Upy,.

There exists additionally the spin-degeneracy in the noninteracting Hamiltonian: The total
degeneracy is 2N. The spin degeneracy is broken spontaneously with the introduction of
Coulomb interactions. The splitting is symmetric with respect to the zero-energy level. At
half-filling, electrons with the identical spin fill all energy levels under the Fermi energy. Then,
the spin of the ground state is N/2, and it is a ferromagnet. We show the energy spectrum for
N =5, 6in Fig.15.

It is interesting that we can control the total spin by changing the chemical potential u. Let
us assume that all spins are up polarized in the ground state. As y increases from zero and
reaches the next energy level, down-spin electrons fill the level. As a result, the ground-state
spin is reduced by 1/2 or 1 when the energy level is singlet or doublet, respectively. When u
increases higher than the highest energy level, the total spin becomes 0 and the ferromagnet
disappears. The same results apply to the case when y decreases. We show the total spin as a
function of the chemical potential u in Fig.15.

In our analysis the interaction effects are treated only within the subspace of zero-energy
states. It is desirable to derive an effective low-energy Hamiltonian by integrating out the
higher excitation levels in a renormalization procedure rather than just neglecting these
levels. This has actually been done by functional-renormalization-group analysis recently(71).
Our treatment neglecting the renormalizations by the higher levels are shown to be valid
by functional-renormalization-group analysis. Furthermore, first-principle calculations of
electronic structure of graphene nanodisk have been carried out, which are found to be
consistent with our results(37; 38; 42). Result are shown in Fig.16.

5.3 SU(IN) Approximation

As we have shown numerically, all J,g are of the same order of magnitude for any pair of «
and B, implying that the SU(N) symmetry is broken but not so strongly in the Hamiltonian
(51). It is a good approximation to start with the exact SU(N) symmetry, where we set J,5 =
Uyp = J. (We set the average of ],5 as | in the size-N nanodisk.) Then, the zero-energy sector
is described by the Hamiltonian Hp = Hg + Hy, with

Ho=—] ¥ 8@ S(@), Hy=1 Y n(@n(B)+]Ln(w. (55)
aFp a#pB o
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Fig. 16. The first-principle calculation of graphene nanodisdks. Fig. (a) is taken from the work
of Fernandez-Rossier et. al (37), Fig. (b) is taken from the work of Wang et. al (38) and Fig. (c)
is taken form the work of Giiglii et al.(42).

The term Hg is known as the infinite-range Heisenberg model. We rewrite them as

Hs = —[Shit Sma,  Hy=(idt1), (56)
where 1ot = Y, 11 () is the total electron number.
The ground states of nanodisks are half filled. We restrict the Hilbert space to the half-filling
sector, where 1 («) = n4 (a) +n, («) = 1. The Hamiltonian (56) is reduced to the Heisenberg
model,
Hg = —]S}ot * Stot, (57)

where we have neglected an irrelevant constant term, (3/4)]N. This is exactly diagonalizable,
Hg|Y) = Es|¥), with Es = —Js(s + 1), where s takes values from N/2 down to 1/2 or 0,

depending on whether N is odd or even, s = %, % -1, % -2, s > 0. The Hilbert

space is diagonalized, H = QN H,/,, = ®8N (5)H,, where H; denotes the (2s 4+ 1) dimensional
Hilbert space associate with an irreducible representation of SU(2). The multiplicities gn (s)
satisfies the recursion relation coming from the spin synthesizing rule, ¢ (s) = gn-1(s —
3) + gn—1(s + 3). We solve this as gn (3N — q) =nCy —NCy—1- The total degeneracy of the
energy level Es is (25 + 1) gn/(s). At half filling, the eigenstate of the Hamiltonian Hp, is labeled
as |¥) = |ntot, s, m), where s is the total spin and m is its z-component.

5.4 Thermodynamical properties

We have a complete set of the eigenenergies together with their degeneracies. The partition
function of the nanodisk with size N is exactly calculable(47). According to the standard
procedure we can evaluate the specific heat C(T), the entropy S(T), the magnetization

(SZ,) and the susceptibility x = <<S§/tot> — (Sz,t0t>2> / (kgT)from this partition function.

The ground-state value of the total spin is S¢ = /(N/2) (N/2+1). The entropy is given
by S(0) = kglog(N + 1) at zero temperature. We display them in Fig.17 for size N =
1,2,2%,...210

There appear singularities in thermodynamical quantities as N — oo, which represent a phase
transition at T. between the ferromagnet and paramagnet states, T = [N/ (2kg). For finite
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Fig. 17. Thermodynamical properties of the nanodisk-spin system. (a) The specific heat C in
unit of kgN. (b) The entropy S in unit of kg N log 2. (c) The magnetization <St20t> in unit of sz.

(d) The susceptibility x in unit of S¢. The sizeis N =1, 2, 22 ...210 The horizontal axis
stands for the temperature T in unit of [N /kg. The arrow represents the phase transition
point T¢ in the limit N — oo.

N, there are steep changes around T, though they are not singularities. It is not a phase
transition. However, it would be reasonable to call it a quasi-phase transition between the
quasiferromagnet and paramagnet states. Such a quasi-phase transition is manifest even in
finite systems with N = 100 ~ 1000.

The specific heat and the magnetization take nonzero-values for T > T, [Fig.17(a),(c)], which
is zero in the limit N — oo. The entropy for T > T is lower than that of the paramagnet
[Fig.17(b)]. These results indicate the existence of some correlations in the paramagnet state.
As shown in Fig.17(d), the susceptibility x always shows the Curie-Weiss low x « 1/T near
T = 0, and exhibits also a behavior showing a quasi-phase transition at T = T.. In the
finite system, the expectation value of S; ot is always zero because there is no spontaneous
symmetry breakdown in the finite system, and the behavior is that of paramagnet.

5.5 Lieb’s theorem

We make some remarkable observations on the spin of a nanodisk. Due to the exchange
interaction in the Hamiltonian (51), all spins are spontaneously polarized into a single
direction. Since the exchange energy is as large as the direct energy, which is the order of a
few hundred meV, the spin stiffness J,p is quite large, implying that nanodisks are almost
rigid ferromagnets. We refer to the total spin of a nanodisk, Siot = Y, S (@), as the nanodisk
spin. The size-N nanodisk spin is %N in the ground state.

This is consistent with Lieb’s theorem(72) valid for the Hubbard model. As far as only
the on-site Coulomb interactions are taken into account, the electron-electron interaction is
approximated by the Hubbard model,

1

where U is given by (54): It is estimated(73) that U = t. Lieb’s theorem states that, in the case
of repulsive electron-electron interactions (U > 0), a bipartite system at half-filling has the
ground state whose total spin is Stot = % INs — Ng|, where Ny and Np are the numbers of
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sites in sublattices A and B, respectively [Fig.6]. They are given by (??), and hence Siot = %N
for the size-N nanodisk.

6. Large size triangular graphene

In this appendix we argue that our analysis based on the zero-energy sector is essentially
correct, even if the size N of the nanodisk is large and the band gap becomes very narrow.
In this case, the DOS of the nanodisk is decomposed into the DOS due to the edge, which is
o-function like, and the DOS due to the bulk, which is almost continuous. The correction to
the magnetization from the bulk part is shown to be of the order of 1/N with respect to the
one from the edge part in the zero-temperature limit.

6.1 Density of states
It is possible to derive an analytical expression for the density of states of graphene per unit
cell(74), which has the form

4 le| 1 Zi
=" - K =, 59
p(S) 7'(2 tz VZO ( Z()) ( )
with
2 2 2

7o = 4 L+ 1E]) —((e/e? =1)" /4 —t<est (60a)
4|e/t|; B <e< —tVE<e<3t

4le/t|; —t<e<t

“ { (1+]5)% - ((s/t)2—1)2/4; Sf<e< _tvi<e<3t| (60b)

where K (x) is the complete elliptic integral of the first kind. Thus, near the Dirac point we

find

_ 2A
p(e) -
where A, is the unit cell area, A, = 3v/3a%/2.

For large N nanodisks, the band gap decreases inversely proportional to the size. One may
wonder if our analysis based on only the zero-energy sector is relevant. Indeed, the size of
experimentally available nanodisks is as large as N = 100 ~ 1000. We would like to argue
that our analysis of the zigzag trigonal nanodisk captures the basic nature of nanodisks even
for such a large size system.

It is important to remark that each energy level is at most two-fold degenerate except for the
states at ¢ = 0 and & = t irrespective to its size N, as illustrated in Fig.18. The degeneracy is
governed by the representation (6) of the trigonal symmetry group Cs,. Hence, in the limit
N — oo, the density of state (DOS) of the zigzag trigonal nanodisk reflects the following two
aspects; one is that there appear van-Hove singularities at ¢ = 0 and ¢ = t. The other is
that the DOS shows a continuous and dense structure, which has the same structure of the
bulk graphene [Fig.18] except for the contributions from these singularities. Namely, near the
Fermi energy, the DOS consists of that of the bulk graphene and an additional peak at the
zero-energy states due to the edge states for N > 1, as illustrated in Fig.18. Hence, together
with spin degrees of freedom, it behaves as

D (&) = 2cN¢ |e| +2N6 (¢), (62)

€], (61)

www.intechopen.com



266 Physics and Applications of Graphene - Theory

D(¢) D(¢) D(¢)
(a) (b) (c)

-3 0 3 -3 0 3 ¢ -3 0 s ¢
Fig. 18. The density of state of a (a) graphene, (b) graphene nanoribbon and (c) graphene
nanodisk. The horizontal axis is the energy e.

with ¢ = 2A./ m)l%. The linear term is due to the bulk states as given by (61), and the Dirac
delta function term is due to the edge states. The important point is that the edge-state peak
is clearly distinguished from the DOS due to the bulk part. It is enough to take into account
only the zero-energy sector to analyze physics near the Fermi energy, since the contribution
from the edge states is dominant.

6.2 Magnetism
For definiteness we explicitly calculate the magnetization of a nanodisk when its size is large.
We start with the Hubbard Hamiltonian,

H= Ztl]cwcw + UchTczTclicw Yoe(k)clyoe +U Y cf Ck+chk’ gk Ckpe (63)
ijo ko kk'q

In the Hartree-Fock approximation the Hamiltonian is transformed into

u
HMF = Z <€k + W < > —I—O’A) CI-Ic-ngcT — Ncu<1’lT> <1’l¢>,

where N¢c = N2 4+ 6N +6,
u h

with the external magnetic field i and (ng> ((n) + o (m)), or (n) = (ny) + (ny), (m) =
)

1
2
(ny) — (n). The statistical mean values (1) and (m) are determined self-consistently as

(n) = [dep () [f e = &)+ f (e + A)], (65)
(m) = [ dep (&) [f (e~ &) = f (e &), (66)
with the Fermi distribution function f (x) = 1/ (exp [(x — u) /kgT| + 1). We can rewrite (66)
into
/ dep (e {tanh BEtd) _ ponn M} : (67)
Substituting the formula (62) of the DOS into the Storner equation (66), we obtain
2
(m) = N tanh 22> 5 +cNe [Az + % {— +4Li (—e—ﬁA) H , (68)

with the dilogarithm function Lip (x). It is difficult to solve this equation for (m)
self-consistently at general temperature T. We examine two limits, T — 0 and T — oo.
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Fig. 19. (a) Clar goblet or bow-tie shaped graphene nanodisk. (b) Fractal sturucture of star of
David graphene nanodisk. Fig (a) is taken from the work of Wang et. al (39), and Fig. (b) is
taken from the work of Wang et al (38).

For the zero temperature (I — 0) we obtain

u? » cUh )

(m) = N+cm (m)” + — (m) +O(h”). (69)
The magnetization (m) is determined by solving (69). Because |(m)| < N, it follows that
(m) = N + O(1). The contribution from the bulk gives a negligible correction to the total
magnetization. Hence the magnetization is (m) = N, and the ground state is fully poralized
whenever U # 0. Ferromagnetism occurs irrespective of the strength of the Coulomb
interaction.
The magnetization is propotional not to N. but N. In this sence the ground state of nanodisk
is not bulk ferromagnet but surface ferromagnet, which is consistent with the previous result.
We next investigate the high temperatuer limit (T — o). Using the Taylor expansion of the
dilogarithm function,

2 272 343
b (e B = T _BAT  BA L
le( e ) =+ pAlog2 — — + o (70)
we find i
(m)thanh’BTA—chc {%10g2+%+-~ . (71)

The leading term is the second term, and hence the main contribution comes from the bulk.
The solution is only (m) = 0 for which A = 0. There is no magnetization at high temperature.

7. Complex structure of nanodisk

7.1 Bowtie-shaped graphene nanodisk

A bowtie-shaped graphene nanodisk is proposed by Wang et. al(39). A bowties-shaped
graphene nanodisk is composed of two trigonal graphene nanodisks sharing one hexagon:
See Fig.19. Lieb’s theorem predicts the ground state with S = 0. On the other hand, there are
degenerate zero-energy states predicted from the graph theory(68). To satisfy the spin-singlet
ground state, the ground electronic configuration exhibits antiferromagnetic ordering.
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(b)—— —

Fig. 20. (a) llustration of nanodisk array. (b) Band structure.

7.2 “Star of David” graphene nanodisk

A “Star of David” shape graphene nanodisk is proposed by Wang et. al(38). The structure
is fractal and generated by repeatedly overlapping two triangles in opposite directions and
removing the overlap portion: See Fig.19. The structure has a fractal dimension,

logl/6
log1/3

1.62. (72)

The total spin increases exponentially with the fractal level g as S; = 5927, where S is the
spin of the initial graphene triangle(38). The increase of the total spin is due to the increase of
the boundary length, a hallmark of fractal structures.

7.3 Nanodisk array

We investigate nanodisk arrays, which are materials that nanodisks are connected in
one-dimention. We show an example of trigonal zigzag nanodisk array in Fig.20(a). We show
the corresponding band structure in Fig.20(b). It is intriguing that there are N-fold degenerate
perfect flat band in the nanodisk with size N. This fact is also confirmed by the Leib theorem.
Each nanodisk has spin N /2 and make ferromagnetic coupling between two nanodisks. In the
same way we can make two-dimensional nanodisk arrays.

7.4 Nanomechanical switching

We can construct a nanomechanical switching contacting two graphene trigonal corners. We
assume the angle between two corners is 6. The conductance is determined by the overlap
integral of pi electrons between two corners, which is given by

| (pzcos6 + pysind |p.)| = cos? 6. (73)
When the two planes are parallel (8 = 0), the overlap takes the maximum value and
pi-electrons can go through the contact. This is the on state. When the two planes are
orthogonal (¢ = m/2), the overlap takes the minimum value and pi-electrons can not go

through the contact. This is the off state. The angle is changed by nanomechanically. In this
sence this system acts as a nanomechanical switch. This system could detect the angle very
sensitively and be useful for detect nanomechanical oscillations.

8. Spintronic devices

We anticipate graphene derivatives to be the key elements of future nanoelectronics and
spintronics. First of all, graphene is common material and ecological. In graphene, spin
relaxation length is as large as 2um due to small spin-orbit interactions. Long spin relaxation
length has motivated spintronics based on graphene recently. Nevertheless, there exists a key
issue yet to be resolved, that is, how to generate and manipulate spin currents. Graphene
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Fig. 21. Nanomechanical switching. (a) On state. (b) Off state.

nanodisks with size N = 10 ~ 100 would be ideal for this purpose, where localized spins are
stored. In the rest of this section we shall propose a rich variety of spintronic devices made of
nanodisks and leads, such as spin memory, spin valve, spin-field-effect transistor, spin diode
and spin switch.

8.0.0.1 Basic properties

We summarize the relation between the spin properties of a nanodisk and an incoming electric
current. First of all, being a quasiferromagnet, the nanodisk has a definite polarization. With
respect to the incoming electric current there are three cases. (1) The polarized current, where
all electrons have a definite polarization, rotates the nanodisk spin to that of the incoming
current. (2) The unpolarized current, where the polarization of each electron is completely
random, does not induce any effective magnetic field. Hence it is filtered so that the outgoing
current is polarized to that of the nanodisk. (3) The partially polarized current, where the
polarization of each electron is at random but the averaged polarization has a definite
direction, induces a net effective magnetic field. Hence it rotates the nanodisk spin to that of
the incoming current, and then is filtered so that the outgoing current is completely polarized
to the averaged polarization of the incoming current. Furthermore, it is possible to control the
nanodisk spin externally by applying magnetic field. Then the outgoing current has the same
polarization as that of the nanodisk, irrespective of the type of incoming current. Using these
properties we propose some applications of graphene nanodisks for spintronic devices.

8.0.0.2 Spin memory

The first example is a spin memory(58). For a good memory device three conditions are
necessary: (i) It keeps a long life time information; (ii) Information stored in the memory can be
read out without changing the information stored; (iii) It is possible to change the information
arbitrarily.

First, since the life time of the nanodisk quasiferromagnet is very long compared to its size,
we may use the nanodisk spin as an information. Next, we can read-out this information by
applying a spin-unpolarized current. The outgoing current from a nanodisk is spin-polarized
to the direction of the nanodisk spin. Thus we can obtain the information of the nanodisk
spin by observing the outgoing current. Finally, the direction of the nanodisk spin can be
controlled by applying a spin-polarized current into the nanodisk. Thus, the nanodisk spin
satisfies the conditions as a memory device. The important point is that the size is of the order
of nanometer, and it is suitable as a nanodevice.
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spin filter

v | @R w
Fig. 22. (a) An electron tunnels from the left lead to the nanodisk and then to the right lead.
Only electrons with the same spin direction as the nanodisk spin can pass through the
nanodisk freely. As a result, when we apply a spin-unpolarized current to the nanodisk, the
outgoing current is spin polarized to the direction of the nanodisk spin. Consequently, this

system acts as a spin filter. (b) The system is a reminiscence of a metal-ferromagnet-metal
junction.

8.0.0.3 Spin filter

We make an investigation of the spin-filter effects(64). We first analyze how spin of a nanodisk
filters spin of the current by assuming that the nanodisk is a rigid ferromagnet. However, since
the nanodisk is not a rigid ferromagnet but a quasiferromagnet, its spin can be controlled by
the spin of the current. We analyze the reaction to the spin of the nanodisk from the spin of
electrons in the current.

We go on to investigate applications of nanodisks to spintronics. The basic one is a spin
filter(75). We consider a lead-nanodisk-lead system, where an electron makes a tunnelling
from the left lead to the nanodisk and then to the right lead. This system is a reminiscence of a
metal-ferromagnet-metal junction (Fig.22). If electrons in the lead has the same spin direction
as the nanodisk spin, they can pass through the nanodisk freely. However, those with the
opposite direction feel a large Coulomb barrier and are blocked (Pauli blockade)(64). As a
result, when we apply a spin-unpolarized current to the nanodisk, the outgoing current is
spin polarized to the direction of the nanodisk spin. Consequently, this system acts as a spin
filter.

8.0.0.4 Spin valve

A nanodisk can be used as a spin valve, inducing the giant magnetoresistance effect(76-78).
We set up a system composed of two nanodisks sequentially connected with leads [Fig.23].
We apply external magnetic field, and control the spin direction of the first nanodisk to be
) = cos§|1) +sin§||), and that of the second nanodisk to be [0) = |1). We inject an
unpolarized-spin current to the first nanodisk. The spin of the lead between the two nanodisks
is polarized into the direction of |6). Subsequently the current is filtered to the up-spin one by
the second nanodisk. The outgoing current from the second nanodisk is

0
2" = Icos -. 74
1 COS > ( )

We can control the magnitude of the up-polarized current from 0 to I by rotating the external
magnetic field. The system act as a spin valve.

8.0.0.5 Spin switch
We consider a chain of nanodisks and leads connected sequentially (Fig.22). Without external
magnetic field, nanodisk spins are oriented randomly due to thermal fluctuations, and a
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Fig. 23. Illustration of spin valve. (a) The spin valve is made of two nanodisks with the same
size, which are connected with leads. (b) The system is analogous to the one made of metals
and ferromagnets. (c) Applying external magnetic field, we control the spin direction of the
first nanodisk to be |0), and that of the second nanodisk to be |0) = |1). The incomming
current is unpolarized, but the outgoing current is polarized, L‘F‘“ = I cos g, Ii’ut =0.1Its

magnitude can be controlled continuously. This acts as a spin valve.
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Fig. 24. A chain of nonodisks and leads acts as a spin switch. Without external magnetic field,
nanodisk spins are oriented randomly due to thermal fluctuations, and a current cannot go
through the chain. However, as soon as a uniform magnetic field is applied to all nanodisks,
the direction of all nanodisk spins become identical and a current can go through.

current cannot go through the chain. However, when and only when a uniform magnetic field
is applied to all nanodisks, the direction of all nanodisk spins become identical and a current
can go through. Thus the system acts as a spin switch, showing a giant magnetoresistance
effect. The advantage of this system is that a detailed control of magnetic field is not necessary
in each nanodisk.

8.0.0.6 Spin-field-effect transistor

We again set up a system composed of two nanodisks sequentially connected with leads
[Fig.25]. We now apply the same external magnetic field to both these nanodisks, and fix
their spin direction to be up, |0) = |1). As an additional setting, we use a lead acting as a
spin rotator with the spin-rotation angle 6. The outgoing current from the second nanodisk
is I%u" = Icos %. It is possible to tune the angle 6 by applying an electric field. Hence we
can control the magnitude of the up-polarized current. The system acts as a spin-field-effect
transistor(79).
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Fig. 25. (Left) Illustration of spin-field-effect transistor made of two nanodisks with the same
size. Two nanodisks are connected with a rotator. We set the spin direction of the two
nanodisks to be up by magnetic field. The incomming current is unpolarized, but the
outgoing current is polarized and given by I?Ut = I cos %, Ii"” = 0. The up-spin current is
rotated by the angle 0 within the central lead ascting as a rotator. Illustration of spin diode
made of two nanodisks with different size. By controlling the bias voltage Ay, the current
flows from the left lead to the right lead (Ay > 0), or in the opposite way (Au < 0). The
incoming current is unpolarized, which is made polarized by the first nanodisk. The electron
spin in the central lead is rotated by the Rashba-type interaction. (Right) Illustration of spin
diode made of two nanodisks with different size. By controlling the bias voltage Ay, the
current flows from the left lead to the right lead (A > 0), or in the opposite way (Au < 0).
The incoming current is unpolarized, which is made polarized by the first nanodisk. The
electron spin in the central lead is rotated by the Rashba-type interaction.

=
- |- —

8.0.0.7 Spin diode

The third example is a spin diode [Fig.25]. We set up a system composed of two nanodisks
sequentially connected with leads, where two nanodisks have different sizes. The left
nanodisk is assumed to be larger than the right nanodisk. Then the relaxation time of the left
nanodisk 1 (= TfLﬂter) is larger than that of the right nanodisk g (= Tflf'lter)' T > TR. Second,
the applied magnetic field is assumed to be so small that the nanodisk spin can be controlled
by a polarized current. For definiteness we take the direction of the magnetic field to be up.
Third, the lead is assumed to have the Rashba-type interaction(80),

A
Hr =3 (pxo¥ — pyo™) . (75)

Spins make precession while they pass through the lead. The spin-rotation angle is given(55)
by

_ 2Am*L
===
where m* is the electron effective mass in the lead and L is the length of the lead. We can
control Af by changing the coupling strength A externally by applying electric field(81).
When no currents enter the nanodisk, the direction of two nanodisk spins is identical due to
the tiny external magnetic field, which is up. When we inject the current in this state, the net
outgoing current is very small,

A0

(76)

I = cosAB ~0  for Af = . (77)
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This is the "off" state of the spin diode.
Let us inject an unpolarized pulse square current to the system, starting at t = t; and finishing
att =t fr

Ip (t) = I™0(t — t;)6(tf — 1), (78)

where o denotes the spin. The system become the "on" state by the pulse. When the bias
voltage is such that Ay > 0, the current flows into the left nanodisk and then into the right
nanodisk. The left nanodisk acts as a spin filter. The current in the central lead is initially
up-polarized but is rotated by the angle Af due to the Rashba-type coupling effect. Then it
enters the right nanodisk. This rotation angle acts as the initial phase for the second nanodisk.
On the other hand, when Ay < 0, the current enters the right nanodisk and goes out from the
left nanodisk. Since the relaxation time is 17, the total spin-dependent charge is given by the
above formulas but with the replacement of Tg by 7. Because the sizes of two nanodisks are
different, these two currents behave in a different way.

The important result is that the system acts as a rectifier so that the up-spin current flows from
the left to the right, or the large nanodisk to the small nanodisk. We may call it "spin diode".

9. Discussions

The physics of graphene related materials is currently one of the most active and attractive
research areas in condensed matter physics. Among these graphene derivatives nanoribbons
and nanodisks are mainly focused. They correspond to wires and quantum dots, respectively.
There are a profusion of papers on nanoribbons, but there are yet only a few works on
nanodisks. This may be because nanodisks are difficult to manufacture. However, nanodisks
are experimentally isolated recently by the Ni etching techniques. An experimental realization
must accelerate both experimental and theoritical studies on nanodisks.

In this paper we have reported the results on the electronic and magnetic properties of
nanodisks. The trigonal zigzag nanodisk has N-fold degenerate zero-energy states when
its size is N. The low-energy physics near the Fermi energy is well described by this
zero-energy sector. Wave functions are explicitly constructed and classified according to the
symmetry group Cz,. The emergence of a quasi-phase transition has been found between the
quasi-ferromagnet and the paramagnet as a function of temperature even for samples with
N =~ 100. We have also studied nanodisk-lead systems. In the intermediate coupling regime,
as the chemical potential increases, a salient series of Coulomb blockade peaks develops in the
conductance, reflecting the energy spectrum of nanodisk with a broken SU(N) symmetry. An
appropriate size to observe Coulomb blockades is N = 2 ~ 10. In the strong coupling regime,
by investigating the spin-spin correlation, we present some indications of many-spin Kondo
effects. An appropriate size to observe Kondo effectsis N = 2 ~ 4.
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The Stone Age, the Bronze Age, the Iron Age... Every global epoch in the history of the mankind is
characterized by materials used in it. In 2004 a new era in material science was opened: the era of graphene
or, more generally, of two-dimensional materials. Graphene is the strongest and the most stretchable known
material, it has the record thermal conductivity and the very high mobility of charge carriers. It demonstrates
many interesting fundamental physical effects and promises a lot of applications, among which are conductive
ink, terahertz transistors, ultrafast photodetectors and bendable touch screens. In 2010 Andre Geim and
Konstantin Novoselov were awarded the Nobel Prize in Physics "for groundbreaking experiments regarding the
two-dimensional material graphene". The two volumes Physics and Applications of Graphene - Experiments
and Physics and Applications of Graphene - Theory contain a collection of research articles reporting on
different aspects of experimental and theoretical studies of this new material.
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