We are IntechOpen,
the world’s leading publisher of

Open Access books
Built by scientists, for scientists

6,900 186,000 200M

ailable International authors and editors Downloads

among the

154 TOP 1% 12.2%

Countries deliv most cited s Contributors from top 500 universities

Sa
S

BOOK
CITATION
INDEX

Selection of our books indexed in the Book Citation Index
in Web of Science™ Core Collection (BKCI)

Interested in publishing with us?
Contact book.department@intechopen.com

Numbers displayed above are based on latest data collected.
For more information visit www.intechopen.com

Y



15

Electromagnetic Waves in Plasma
Takayuki Umeda

Solar-Terrestrial Environment Laboratory, Nagoya University
Japan

1. Introduction

No less than 99.9% of the matter in the visible Universe is in the plasma state. The plasma
is a gas in which a certain portion of the particles are ionized, and is considered to be the
“fourth” state of the matter. The Universe is filled with plasma particles ejected from the
upper atmosphere of stars. The stream of plasma is called the stellar wind, which also carries
the intrinsic magnetic field of the stars. Our solar system is filled with solar-wind-plasma
particles. Neutral gases in the upper atmosphere of the Earth are also ionized by a
photoelectric effect due to absorption of energy from sunlight. The number density of plasma
far above the Earth’s ionosphere is very low (~100cm~2 or much less). A typical mean-free
path of solar-wind plasma is about 1AU! (Astronomical Unit: the distance from the Sun to the
Earth). Thus plasma in Geospace can be regarded as collisionless.

Motion of plasma is affected by electromagnetic fields. The change in the motion of plasma
results in an electric current, and the surrounding electromagnetic fields are then modified by
the current. The plasma behaves as a dielectric media. Thus the linear dispersion relation of
electromagnetic waves in plasma is strongly modified from that in vacuum, which is simply
@ = kc where @, k, and ¢ represent angular frequency, wavenumber, and the speed of light,
respectively. This chapter gives an introduction to electromagnetic waves in collisionless
plasma?, because it is important to study electromagnetic waves in plasma for understanding
of electromagnetic environment around the Earth.

Section 2 gives basic equations for electromagnetic waves in collisionless plasma. Then, the
linear dispersion relation of plasma waves is derived. It should be noted that there are many
good textbooks for linear dispersion relation of plasma waves. However, detailed derivation
of the linear dispersion relation is presented only in a few textbooks (e.g., Stix, 1992; Swanson,
2003; 2008). Thus Section 2 aims to revisit the derivation of the linear dispersion relation.
Section 3 discusses excitation of plasma waves, by providing examples on the excitation of
plasma waves based on the linear dispersion analysis.

Section 4 gives summary of this chapter. It is noted that the linear dispersion relation can be
applied for small-amplitude plasma waves only. Large-amplitude plasma waves sometimes
result in nonlinear processes. Nonlinear processes are so complex that it is difficult to provide
their analytical expressions, and computer simulations play important roles in studies of
nonlinear processes, which should be left as a future study.

'1AU~150,000,000km
2 This work was supported by Grant-in-Aid for Scientific Research on Innovative Areas No.21200050
from MEXT of Japan. The author is grateful to Y. Kidani for his careful reading of the manuscript.
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312 Wave Propagation

2. Linear dispersion relation

2.1 Basic equations
The starting point is Maxwell’s equations (1-4)

. oB

VXE = Y (1)
. . 10E

VXxB = g+ 2ot (2)
/L P

V-E = " 3)

V-B = 0 (4)

where E, B, f, and p represent electric field, magnetic field, current density, and charge density,
respectively. Here a useful relation egpg =1/ c? is used where € and o are dielectric constant
and magnetic permeability in vacuum, respectively.

The motion of charged particles is described by the Newton-Lorentz equations (5,6)

dx ~

a = 0 (5)
dd q /= - _ 3

a = a(E—f-UXB), (6)

where X and 7 represent the position and velocity of a charged particle with g and m being its
charge and mass. The motion of charged particles is also expressed in terms of microscopic
distribution functions

%+5-%+%(E+5x§)-g—£:a 7)
where f[X,7,t] represents distribution function of plasma particles in a position-velocity phase
space. Equation (7) is called the Vlasov equation or the collisionless Boltzmann equation
(collision terms of the Boltzmann equation in right hand side is neglected). The zeroth
momentum and the first momentum of the distribution function give the charge density and
the current density

p =
J =

7 s, ®)
g / 3fd37. )

2.2 Derivation of linear dispersion equation

Let us “linearize” the Vlasov equation. That is, we divide physical quantities into an
equilibrium part and a small perturbation part (for the distribution function f = n(fy + f1)
with fy and f; being the equilibrium and the small perturbation parts normalized to unity,
respectively). Then the Vlasov equation (7) becomes

ft - 9ft , q(~_ 5\ 91  qd(z ,-_z5\ 90
ﬁ—#v E—i_E(ZJXBO) g——E<E1+’0XBl> % (10)
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Electromagnetic Waves in Plasma 313

Here, the electric field has only the perturbed component (Ey = 0) and the multiplication
of small perturbation parts is neglected ( flﬁl — 0 and f; By — 0). Let us evaluate the term

(5 X EO) : % by taking the spatial coordinate relative to the ambient magnetic field and

writing the velocity in terms of its Cartesian coordinate 7 = [v | cos¢,v | sin<p,v||]. Here, v,
and v, represent velocity components parallel and perpendicular to the ambient magnetic
field, and ¢ = Qct + ¢ represents the phase angle of the gyro-motion where Q¢ = LB is the
cyclotron angular frequency (with sign included). Then, we obtain

[ 9vy 9fo ] [ 0x 9fo ]
0vy 0U v 0V
N I L R ) wBo 1oy ofy
vaO>-ﬁ: —0.By | - — | —oeBy || L2 | =o0.
( 0 0 al)g a?JL 0 viaazu
9fo 9fo
L 9y LI

This means that the distribution function must not be changed during the gyration of plasma
particles around the ambient magnetic field at an equilibrium state. By using the total
derivative, Eq.(10) can be rewritten as

dfi (s -z 9f
a—‘a(’fﬁ”Bl)‘%'

and the solution to which can be obtained as

e N S 'afo[ﬁ/] /
Al =1 [ (B )+ < Bz, ¢]) - Zo (1)
where [¥/,7'] is an unperturbed trajectory of a particle which passes through the point [¥, 7]
when t' =t.
Let us Fourier analyze electromagnetic fields,

Ei(X,t) = Ejexplik-
B1(X,t) = Bjexplik-

where @ = w + i is complex frequency and k is wavenumber vector. Then Maxwell’s
equations yield

kxE, = @By, (12)
— — . - (Z) =
k x Bl = —1]40]1 — C_2E1 (13)
Inserting Eq.(12) into Eq.(13), we obtain
27 227 zpE o @?a
kx (kxEy) = (k-E))k—[k|]"Ey = —idpo)1 — — E1,
2 2
N e o N e S o
0 = (K- [RP'T) S5 +Ey+ipolh, (14)
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314 Wave Propagation

— . -
where [ represents a unit tensor and @b denotes a tensor such that

. axby axby axb; Ay by T
azbxy azby a;b; ay b,

By using Egs.(9), (11) and (12), the last term in the right hand side of Eq.(14) yields

2

I3 ot FxE\ o .
C_ —»__. p = —/ X 1 ) fO . '_,/_.N/ /=13 =
Zwﬂoh =Tl //_Oo (El—HJ X ) 55 explik - X' —iwt'|dt'7d”7, (15)

where [T, = 4/ % represents the plasma angular frequency. It follows that

L, kxE\ ofy
El + Z), X — > . W
i vk, + 0k vk T -
Exl <1y]/~z7~' —i—Eyl Zf)x +Ezlvz~x :))—xaavﬂ
oL
k ! ! 'k Uy 9
= Ex vx~ g + Eyl 1- Uik 7_1— vek: E; Uz~ !/ A ﬂ
w w UJB?UL
vk, vy ks ks + vjky 9fo
Exl JCCTJ + Eyl o + Ezl 1- T | aUH ]
where
hy = ”_;(1—0%1(2) Of | Yskz Ofo \
v, @ )ov| @ avH
v, 'k \ 9 vykz 9
_ Yy ([ vkz\ 9fo | YyRz dfy
hy = v, (1 @ >BUL+ @ 9 (16)
vz (viks +0yky) 9fy vk +oyky \ afp
hz = ~ + 11— =
v | 0v | @ BUH )

Now, let us consider transforming from Lagrangian coordinate along the unperturbed
trajectory [X',7,'] to Eulerian coordinate [¥,7, ] in a stationary frame. We define the velocity
as

v, = v cos[Qc(t—1t")+ ¢o]
o) = oy snlOc(t- )+ ¢n] |,
%= 7

and integrate the velocity in the polar coordinate over time to obtain the position

<
|

=y {cos[Oclt — 1)+ go] — cosgo}

¥ = x— H{sin[Qc(t — #) + o] — singo}
7 = z—o(t-t) }
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Further taking the wavenumber vector ky =k | cos0,ky, =k | sin0,k, = k| ,we obtain

explik- ¥ —iwt'] = explik- ¥ — it expli(@ — v k) (t —t'
P p Pl ™11

X exp T

{Schf—t)+4’0—9]—5m4’0—9]}]
_ exp Z ]l ?JLkL:|]n ULkL:|
ln——oo

Qe
xexpli(l — n) (¢ — 0)] expli(@ — vjk —nQ)(E— )] (17)

where [, [x] is the Bessel function of the first kind of order n with

expliasiny] = Z Jn|a] explinip].

n=-—oo

Eq.(16) also becomes

k k |
= e (1200 20 2 00
k k
hy = sin[Qc(t—fl>+¢0]{<1_v|(|D|)an2 vt?gz{o
vk p d k 0
b = TG eosu =)+ o =010 4 (1 S ottt o)+ o)) S

For the time integral in Eq.(15), we use the following relationship,

COS[Q (£—1") + o]
sin[Qc(t N t') + ol

/ Y JulAl

X pn=—co

exp[—incpo] exp[i(d) - U||k|| - nQC)(t — f/)]dt/

iexpli(n—1)gn] | _iexplitn+ 1)gu)
-7 k|| (1’1 — 1)QC —?J‘ k|| — (n + 1)Qc
o | et D explbnt Do
_n:Z—oo 2 —U||k|| (1’1—1)05 w—kaH (Tl—l—l)ﬂc
2iexp[—ingy)
I @ = k)| = Qe |

nQe A iexp|—ingy]
UJ_kJ_ " (IJ—U”k”—HQC
S sy e"%[ klf’fbfgc 1)
S iexp|—ingo)
BT

Here,
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vk

A o

explip] + exp[—i¢]
2 7

expli¢] — exp[—i¢]
2i ’

cos¢p =

sing =

and the following Bessel identities are used,

oA 4 Tua N = 20

]i’l‘i’l[)\]_ll’l*l[/\] = _2];1[/\

—_—

with

[ee]

Y Al (Al -1 A1) = Y uia[A] % Jaa[A]) A1)

n=—0oo n—=—oo

By using Eq.(18), Eq.(15) is rewritten as

2
_in

Eyhy + Eyhy + Ezhy) explik - ¥ — iot'|dt' 5435
. y'ty P

e ok afo | vikyofo | ]
Z—ULkL]n[/\]{(l_ @ )aUL @ aU”}
HZ

Ty

e ok 9fo |, viky afo

Lo g[ﬂ{(l @ >8m+ @ av}
n cv)| dfo nQc\ 9fo
Bl in) (1- 250 ) 2R

OJ’U dv (288 aUH
e Ulllk[ ]— nQ expli(l —n)(¢o — 0)|E19d°5
T
v | cos ¢y UnQC oMU |
/ 2 v singy LZ]LL[A] E
I,n=—oco || ]n [A]W
]l[/\] 3
X@_v”ku oy exp[i(l —n)(¢o — 0)]d°7, (19)
where
_ dfo of,
vo= Z’ikllavH (@ =Ky g,
= (@ ofo , ") 3fy
WS T T
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and

Ux(Exhx + Eyhy ‘I‘ Ezhz) Uxhx ’Uxhy ’Uxhz Ex

Uz(Exhx + Eyhy + Ezhz) Uzhx Uzhy Uzhz

Uy Hy T'rE X

|
|

Let us assume that distribution functions are gyrotropic, i.e., fo(%) = fo(v)|, v ) (%{’) =0) and

that the wavenumber vector k is taken in the x — z plane, i.e., 0 = 0. Then, we have

27T oo 00 0o 00
/d3*:/0 /O/Oodev,dedgbO:Zn/o lvadede

and

27 ) 2 2
| HiNcosgoexplitt —migoldgo = S Ua-1lA + Jusa M) = T halAL
27 ' 2 2m
/0 Ji[A]singoexpli(l —n)poldgy = 77;(]”-1[7\] — Jnt1[A]) = Tn]n[ft]/
27
| nAexpli—mgoldgo = 2)ulAl
Thus Eq.(14) can be rewritten as
2
0= (E%— k2T ) % + % (@,5), (20)
where
< AW ad el CZ 7
e (wk)Ey = Eﬁ”aﬂohf
A YRS 2 e 1 ——
@k = I +;w§ n_z_oo/@—knm—"ﬂcnd%’ (21)
with
i 7’120% 2 Q) / nQ)c 2 1
kivj_ n[)‘]u 1 kJ_ ]n[)‘]ln[)‘]u kJ_ n[/\]w
?n): Qc
i AU ol P =i Ju[A R [AIW
nQCUH 5 . , 5
i ko, n[A]u ZU||]n[A]]n[)‘]u v||]n[/\]w ]

www.intechopen.com




318 Wave Propagation

Here Eq.(20) is called the linear dispersion relation and Eq.(21) is called the plasma dielectric
equation. Note that ) _ is added in Eq.(21) for treating multi-species (e.g., ions and electrons)

S
plasma (I1ps, Qcs, fos)-
There also exists another expression for the plasma dielectric equation,

afo nQC afo
||av v, 0v
I 1L 0Vl 4> 3., <2
;d) —Zw/ @ — kyjo — nQe MTINE )
where
- 202 10, , QC ]
T B TG
< Qc ,
S = i”kL IA]JLIA] 2 J12[A] _1U||UJ_IH[ AL
QC . !/
TN e A viJi Al

2.3 Linear dispersion relation for waves in Maxwellian plasma

The Maxwellian (or Maxwell-Boltzmann) distribution is usually regarded as a distribution
of particle velocity at an equilibrium state. Plasma or charged particles easily move
along an ambient magnetic field, while they do not move across the ambient magnetic
field. Distributions of particle velocity often show anisotropy in the direction parallel
and perpendicular to the ambient magnetic field. That is, the average drift velocity and
the temperature in the direction parallel to the ambient magnetic field differ from those
in the direction perpendicular to the ambient magnetic field. Thus the following shifted
bi-Maxwellian distribution is used as a velocity distribution at an initial state or an equilibrium
state,

flovr) = filo)fLlvL) )
/ 1 (0 — Va)?
f||(vH) - \/z_nth exp | — ZVtzH ) (23)
1 v?
fi(vy) = mexp _2‘/2 )

where V; is the drift velocity in the direction parallel to the ambient magnetic field, and
Vi =4/ /m and V;| = /T, /m are the thermal velocities in the direction parallel and

perpendicular to the ambient magnetic field, respectively, with T being temperature of plasma
particles.

When plasma has the Maxwellian velocity distribution (23), we can explicitly perform the
velocity-space integral by using the following properties,
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vy,

/—oo w —kHZ)H — I’ZQC
/°° o) fdoy
—c0 W —kHUH — nQC

/oo Ulzlf”dUH
—00 W — kHUH - ch

of|
—00 W — kH’UH — nQC

9|
/oo Y| 50, 47
—o0 (0 — kHvH_nQC

and

_ —\/E%Vﬂzo[gn]
- _\/Eklwzl[g"]:_klu{l \f_kT‘ijn [M}
) —\/Zklvﬂzz[én]
) ) 2
1

- \/_kuV:s {Z1[Cn] — VaZo[Cn)}

dl

- L erRVa e
kH t| \/QkHVtII o
= \/_kH tH{Zz [Cn] — VaZy [Zu] }

(IJ—kHVd —I’ZQC

V2K vy,

B w —nQ)
BV o
t

Zy [gn]}

00 ’ 5
0 Ja[M fi2mo do, = exp [_az} I, [az}

* fJ_ B 1 2 2

R e, = —yrew|-5]u[3]

IS 2 ] ) )
[t~ S op[ ][] [2])
oo !/ a k 2 , 2 2

e, - feo[-5]{1[3]-+ 2]

| nin
JaAan

where

LZﬂULdUJ_

fL ZmJLde
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w — kHVd — TZQC
gn = 7
V2K vy,
a = 7\/2&‘/& = \/E)\ﬂ
QR v

Here I,[x] is the modified Bessel function of the first kind of order n with the following
properties,

/oo xJ2 [tx] —x?dx = ! —ﬁ I ﬁ

| Multx]exp | —x7] = sop|—75 I35

/Ooxzj [tx] J), [tx] ex —2]ax = lex s I a —1 £

o T mEHInEHERTEIET = g oI U 2] T 2
® 32 [ 2] _ R T L B
/0 x ], [tx]exp_ x_dx = exp[ 2]{21‘21"{2 41 5 +4In 51

and Zy[x] is the plasma dispersion function (Fried & Conte, 1961)

1 e
K| [ (o) — Va)?
Z = —— —
p[Cn] N —oocD—kHvH oy ex thzH doy|,

i — s ).
1 ” \fkn A

U kV—i’lQC D — Q 2
Zoltn] = 2v2d YN ©onle) iz Y
e t{ vy vy, ) 2

We also use the following identity of the modified Bessel function,

(o) oo oo

Y oan = Y (ealA+ L) = ¥ nlilA]=0

NnN—=——oo NnN——oo n=—oo

IRUICEA S VR (A B T P AR

n=—oo n=—oo

Then we obtain

(25)

. Kii  Kip Ky

1 . H ’ ’ 7
) / — T, d% = K = —Kip  Kpp Kys |,
n=—co’ @ K|

o) — nQ)
I ¢ Kiz —Kyz Kss

where
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® 2p? a2 a2 V2 V2
Kip = ). =5 exp {—} Iy {} {(u — - EnZ0[0n]
= |2 )
oo 2 2 2
o = 1 5 v [ 2) (0 [£]n[%]) Y e
n=—co Vil
V2
0 7 nQC 1__f2H ~
2nV; | { az] [az < Vi @ —nQ
Kis | 5 R R + z ,
B oS P Ay Ry
00 2 M .2 2 VZ
B 5 a a a
2 = k- 3 fer -5 {n|7] ]3]}y v fnfalinl
£ e[ {n 5] -1 (5]}
K = L =] =1
23 l}’l:z_:oo Vi SPIT2 2 \fk||Vt||Cn Zoltl
1%
~2 202 1__tH 2
& a? 27t C( Vtﬂ) @ —n
K3,3 = 2 Z exp |:__:| Ii’l |:_:| 2172 + ‘:YZ O[Cﬂ] s
=N 272 2K4VE \kaVtH

with

& —kVy—nO, (1- Y
I V2
V2K Vy '

The linear dispersion relation is obtained by solving the following equation,

Cn

2 o oo
0 = Det % (e — [P 1) Z e (26)
Y IKy 1 + @* — Czk|2| Y TT5K1 Yo I Ky 3+ ¢ (ky kL)
= — Y I3Kq o Y 1Ko p + @2 — ¢ (k|2| +Kk2) Y IT5Ko 3
Yo I15Ky 3+ c2(kjk 1) — Y I15Ky 3 Y T12K3 5+ @? — k%

3. Excitation of electromagnetic waves

Eq.(26) tells us what kind of plasma waves grows and damps in arbitrary Maxwellian plasma.
This section gives examples on the excitation of plasma waves based on the linear dispersion
analysis.
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For simplicity, let us assume propagation of plasma waves in the direction parallel to the
ambient magnetic field, i.e., k| = 0. Then, we have Iy[0] =1 and I,,( [0] = 0. These also gives

I' /1 [0] = 0.5. Thus we obtain Ky ; = Ky, K13 = 03, K23 = 0 and Eq.(26) becomes

2
(ZH%M+@L”%ﬂ +Y 15K, {Znﬁ$+w%=n (27)
S S S

The first factor is for transverse waves where k L E. That is, a wave propagates in the z
direction while its electromagnetic fields polarize in the x — y plane. The second factor is
for longitudinal waves where k || E. That is, a wave propagates in the z direction and only
its electric fields polarize in the z direction. The longitudinal waves are also referred to as
compressional waves or sound waves. Especially in the case of k || E, waves are called
“electrostatic” waves because these waves arise from electric charge and are expressed by
the Poisson equation (3).

3.1 Transverse electromagnetic waves
The first factor of Eq.(27) becomes the following equation,

- Vi

V2 V2 “’_ka—QC( _v_i) @ —kVy— Qe
YU | 1)+ i ) I

2

Vil V2K, vy,

:&ﬁ—wza&
The plasma dispersion function Zy[x] (Fried & Conte, 1961) is approximated for |x| > 1 as
1 1 3
' 2
Zo[x] ~io nexp[—x]—;(l-i-ﬁ-l—m—i----) (29)
with
0, Im[x] > 1/|Re[x]

|
c=1{ 1, |Imfx]|< 1/|Relx]|
2, Imfx] < —1/[Re[x]]

Here the argument of the dispersion function x is a complex value.

Let us consider that a phase speed of waves is much faster than velocities of plasma particles.
Then, the argument of the plasma dispersion function becomes a larger number. Here, the
drift velocity of plasma Vj is also neglected. Equation (28) is thus rewritten by using Eq.(29)

as
b %]

a a—02

a2

3Ki3=0if n=0, and li
1,3 un an ali% 5

zlhnfl;{

=0if 0.
z -0 a—02 :| ifn 7
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2 I o=ck
MR R-mode
4 o — 1
oy, L-mode .-
107} L
- mode R-modé ©=Vak
% 5 (Ion Cyclotron) Qu @ io°} (Electron Gyclotron) : Qg
R-mode |Cce i L-mode
-2 (Electron Cyclotron) 0" (Ion Cyclotron)
4 R-mode 107
- 1o° .
% 1 2 3 4 5 10 10" 10° 0" 0’
ck ck
(a) Linear scale. (b) Logarithmic scale.

Fig. 1. Linear dispersion relation (frequency w versus wavenumber k) for electromagnetic
waves in plasma. The quantities w and ck are normalized by ITy,.

V2
0—Qc(1— L 2172
an ﬁ_ _Vtsz C( Vﬁ) 14 k||Vf|| T (30)
R BN Vi @ —Q (@ —Q)?
’ “"”C( ‘V'> (@ - 0)
Vv, w—0
+io/ Y 112 —LL = — PR+ @ =0
" PVE Vv v ”

The solutions to above equation are simplified when we assume that the temperature of
plasma approaches to zero, i.e., V| — 0 and V; | — 0. Note that this approach is known as the

“cold plasma approximation.” Equation (30) is rewritten by the cold plasma approximation
as

m, v

@ p @
PC D — Qe +ILiz

212 ~2
W—Qci+c k” w =0 (31)

Here an electron-ion pair plasma is assumed (€);; > 0 and Q¢ < 0). The solutions to the
above equation are shown in Figure 1. Note that the imaginary part of the complex frequency
(growth/damping rate) becomes zero in the present case. There exist four dispersion curves.
The dispersion curves for w > 0 are called “L-mode” (left-handed circularly polarized)
waves, while the dispersion curves for w < 0 are called “R-mode” (right-handed circularly
polarized) waves. In the present case, a positive frequency corresponds to the direction of ion
gyro-motion, which is left-handed (counter-clockwise) circularly polarized against magnetic
field lines.

The dispersion curves for the high-frequency R-mode and L-mode waves approach to the
following frequencies as k)| — 0,
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V Qee + Q)2 + 4T, + 112, — Q) — (Qee + Q)

wWR = > (32)
\/(QCE + Qci)2 + 4<H%e + Hii - chQci) + (ch + Qci)
wp = 5 (33)

which are known as the R-mode and L-mode cut-off frequencies, respectively. The two
high-frequency waves approach to w = ck||, i.e., electromagnetic light mode waves as k|| — co.
On the other hand, the low-frequency wave approaches to k|| V4 as k| — 0, and approaches to
Q¢ as k|| — o0. Note that V4 = c();/11,; is called the Alfven velocity. The R-mode and L-mode
low-frequency waves are called electromagnetic electron and ion cyclotron wave, respectively,
or (electron and ion) whistler mode wave.

The temperature of plasma affects the growth/damping rate in the dispersion relation.
Assuming w > || (Where @ = w + i7), the imaginary part of Eq.(30) gives the growth rate -y
as

(34)

V2

— Qi (11—

e T < Vﬁi) o | — (w — Q)
PVEL V2RV F

Here the higher-order terms are neglected for simplicity. One can find that the growth rate
becomes always negative v < 0 for light mode waves (Jw| > wg ). On the other hand, 7y
becomes positive for electromagnetic electron cyclotron waves (¢, < w < 0) with

w Vil w 1T,
o > (1 Vél ) Zch < (@ = 0w)? (35)
Here ion terms are neglected by assuming |w| > Q); and |w| > T1,,;. This condition is achieved
when Vi, | > V|, which is known as electron temperature anisotropy instability.

As a special case, electromagnetic electron cyclotron waves are also excited if the ion
contribution (the third line in Eq.(34)) becomes larger than the electron contribution (the
second line in Eq.(34)) around |w| ~ Q;. The growth rare becomes positive when

2 2
w >|1- VtiH _ H}%g < QCiHPi (36)
Qi ' Oce (w - ch’)2
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ck
ITpe

(a) Electron temperature anisotropy instability
with VteL = 4Vte||/ TEH = TIH = Til/ Hpg =

o)
g5
e
% ] 2 3 4 5
0.1
T
Cei
4y 3 2 3 2 5
ck
Ipi

(b) Ion temperature anisotropy instability with
Vie =4V, Ty = Ty = Ter, pe = 10|Qce, c =

10|ch|, c= 200Vte||' ZOOVteH'
& -
5
lol
Q
cl 2
IG(J 1 2 3
0.02
i)
0.01}
€
IDO 3
ck
npi

(c) Firehose instability with Vi = 16V,
TiL = TeH = TeL/ Hpe = 10|ch|, c= ZOOVteH-

Fig. 2. Linear dispersion relation for electromagnetic instabilities.

Here |w| < [Qce| and |w| < TIp, are assumed. This condition is achieved when Vj;| > V};,
which is known as firehose instability.

For electromagnetic ion cyclotron waves (0 < w < ();), the growth rare becomes positive
when

2 2
w (V) T Qally )
(i Vi) Qe (w—Qp)?

Here w < |Q,| and w < Iy, are used. This condition is achieved when V};; > V4|, which is
known as ion temperature anisotropy instability.

Examples of these electromagnetic linear instabilities are shown in Figure 2, which are
obtained by numerically solving Eq.(28).
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3.2 Longitudinal electrostatic waves
The second factor of Eq.(27) becomes

1 H2 1 o — kllVdZ (I)—kHVd 0 (38)
+2"|2|Vt2 V2R Vi | V2RV

By using the similar approach, the above equation is rewritten by using Eq.(29) as

Z 2 1+M+...

S

H w—kHVd (cD—kHVd)z
+ioy\/ 7T —— 39
VL KVl V2RV p[ 2Vii v
For a simple case with V; = 0 and w ~ I1y., Eq.(39) gives
\/H + 1203k V2,

which is known as the dlspers1on relation of Langmuir (electron plasma) waves. The
imaginary part in Eq.(39) gives the damping rate as

2

vy oym w® w

=~ exp[
3173 2 2172
w 2 VGV (@ 6K V) 2k, Vi

(41)

This means that the damping of the Langmuir waves becomes largest at k|| ~ I1p¢/ V|, which
is known as the Landau damping. Note that the second line in Eq.(39) comes from the gradient
in the velocity distribution function, i.e., dfp/dv||. Thus electrostatic waves are known to be
most unstable where the velocity distribution function has the maximum positive gradient.
As an example for the growth of electrostatic waves, let us assume a two-species plasma, and
one species drift against the other species at rest. Then, Eq.(39) becomes

2 2772
NPT RN U LA T s 1+3"||Vtzn @)
(@ — k) \Var)? (@ — k) Var)? @?
@ —kV, @—kV, 12 - o2
L a\/_{ b1 o [_( | Va)? 2@ Xp[ }
K Vi V2K Ve 2KV, Vidy| V2K Vg 2KV

By neglecting higher-order terms, the growth rate is obtained as

w3(w —k||Vd1)3

- 2 2

(w — k||Vd1)3Hp2 + (U3Hp1

H%Z w [ w? }

Vai VI Ve 25VE

(43)

LoV { 1w —k Vi exp [_ (w =k Var)?

2
2k VA V2KV, 2K% V)
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(a) Electron beam-plasma instability with V,, =
thH = VtZH/ le = 4:Ttg, sz = 91—‘[}71

o BN Gb:‘aub 04 05

)=

(b) Electron beam-plasma instability with Vi, =
‘/ﬂH - VtZH’ le = 4Tt€/ le = 9Hp2

Fig. 3. Linear dispersion relation for electrostatic instabilities. The frequency is normalized
by H%,e = H‘;;l + H%Z. Note that these two cases have the same growth rate, but the maximum

growth rate is given at w ~ IT,.

One can find that the growth rate becomes positive when w — k)| V; <0, (w— ki Vi )31—122 +

w3H%1 < 0, and the second line in Eq.(43) is negative. If V1 > Vj; + Vpp, the growth rate

becomes maximum at w/ kH ~ Vz1 — Vi. It is again noted that the second line in Eq.(43)
comes from derivative of the velocity distribution function with respect to velocity with v =
w/ky|. Electrostatic waves are excited when the velocity distribution function has positive
gradient. This condition is also called the Landau resonance. Since the positive gradient in
the velocity distribution function is due to drifting plasma (or beam), the instability is known
as the beam-plasma instability.

Examples of the beam-plasma instability are shown in Figure 3, which are obtained by
numerically solving Eq.(38).
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3.3 Cyclotron resonance

Since the Newton-Lorentz equation (6) and the Vlasov equation (7) cannot treat the relativism
(such that ¢ > V}), plasma particles cannot interact with electromagnetic light mode waves.
On the other hand, drifting plasma can interact with electromagnetic cyclotron waves when
a velocity of particles is faster than the Alfven speed V4 but is slow enough such that
electrostatic instabilities do not take place.

For isotropic but drifting plasma, Eq.(27) is rewritten as

Ozwz—czkﬂ—ﬂz @ — k) Ve 2 Ok Va

—IT1%. 44
pe(I)—kHVde—ch pl(I)—kHVdi—QCi ( )

~ ~ 2
—i—iO’\/E 2 w_kHVdee p _(w_k||vde_ﬂce)
P V2K Ve 2K5 V)
@ — k\ Vs @ — k Vi — O)?
+H2i¢eXp _( ||2¢7lz2 cz)
PV 2k Vy 2k V|

Here higher-order terms are neglected. The imaginary part of the above equation gives the
growth rate as

1
Y~ - (45)
2 chH%e Qcinéi
w — —
(w_k||vde _ch>2 (w_k||vdi_Qci>2
XON\ TT H2 ﬁe — ||
\F{ PV Ve ' 2K,V

5, W=k Vyi [ (w—k||Vdi—Qci)2]}
exp | —

P2k vy 268 V7

In the case of V;, # 0 and Vj; = 0, ion cyclotron waves have positive growth rate at w ~ Q;
when

2 TT12
Hpe > QClnpi

w
— —V;, <0, —
e Qee ~ (w0 — Q)2

(46)
K

Here w < |Q¢| and w < [Ty, are assumed. The maximum growth rate is obtained at w ~

kj|(Vae — Va)-

In the case of V;, = 0 and Vj, # 0, electron cyclotron waves have positive growth rate at

w ~ —QO.; when

12 Q112
@ _yosg ke Qally

e (w - k||Vdi - Qci)z

(47)
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(a) Ion beam-cyclotron instability with V; = (b) Electron beam-cyclotron instability with
2VA = 0.005¢, TEH = TEL = TtiH = TiH’ Hpe = Vde = 2VA = 0.005¢, TEH = TeL = TtiH = TiH’
10 |- ITpe = 10]Qe|.

Fig. 4. Linear dispersion relation for beam-cyclotron instabilities.

Here |w| < |Qce| and |w| < ITy, are assumed. The maximum growth rate is obtained at
w ~ k||(Vdi +Va).

These conditions are called the cyclotron resonance. Note that electron cyclotron waves are
excited by drifting ions while ion cyclotron waves are excited by drifting electrons. These
instabilities are known as the beam-cyclotron instability.

Examples of the beam-cyclotron instability are shown in Figure 4, which are obtained by
numerically solving Eq.(28).

4. Summary

In this chapter, electromagnetic waves in plasma are discussed. The basic equations for
electromagnetic waves and charged particle motions are given, and linear dispersion relations
of waves in plasma are derived. Then excitation of electromagnetic waves in plasma is
discussed by using simplified linear dispersion relations. It is shown that electromagnetic
cyclotron waves are excited when the plasma temperature in the direction perpendicular
to an ambient magnetic field is not equal to the parallel temperature. Electrostatic waves
are excited when a velocity distribution function in the direction parallel to an ambient
magnetic field has positive gradient. Note that the former condition is called the temperature
anisotropy instability. The latter condition is achieved when a high-speed charged-particle
beam propagates along the ambient magnetic field, and is called the beam-plasma instability.
Charged-particle beams can also interact with electromagnetic cyclotron waves, which is
called the beam-cyclotron instability. These linear instabilities take place by free energy
sources existing in velocity space.

It is noted that plasma is highly nonlinear media, and the linear dispersion relation can be
applied for small-amplitude plasma waves only. Large-amplitude plasma waves sometimes
result in nonlinear processes, which are so complex that it is difficult to provide their analytical
expressions. Therefore computer simulations play essential roles in studies of nonlinear
processes. One can refer to textbooks on kinetic plasma simulations (e.g., Birdsall & Langdon,
2004; Hockney & Eastwood, 1988; Omura & Matsumoto, 1994; Buneman, 1994) for further
reading.
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