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1. Introduction

Recently, skillful motions performed by animals are realized by used of actual robots (Hirai
et al., 1998; McGeer, 1990; Nakanishi et al., 2000; Raibert, 1986; Saito & Fukuda, 1997). Most
of these works focused on a single type of locomotion. On the other hand, animals such
as primates move in several types of locomotion form and select suitable locomotion form
depending on their surroundings, situation, and purpose. For example, a gorilla has high
behavior flexibility in a forest by adopting bipedal walking in a narrow space, quadrupedal
walking on rough terrain and brachiation in the forest canopy. Inspired by these high
mobility of an animal, we have developed an anthropoid-like “Multi-locomotion robot” that
can perform several types of locomotion and choose the proper one depending on robot’s
needs (Fig. 1, (Fukuda et al., 2009)). A development of a multi-locomotion robot which has
plural locomotion types for high mobility is one of challenging issues, because a problem
is remaining in addition to research issues on humanoid robot study. That is a control
architecture that synthesizes several locomotion controllers. When we consider a transition
connecting one locomotion to another, two independent controllers corresponding to each
locomotion type are not enough. A control algorithm that covering control properties of
multiple locomotion controllers should be developed because the transition motion cannot
be realized by fusing control outputs from multiple controllers. Based on this notion, we have
proposed a novel control method named Passive Dynamic Autonomous Control (PDAC) (Doi
et al., 2004) that realize not only a bipedal walk (Aoyama et al., 2009) but also a quadrupedal
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walk (Asano et al., 2007) and a brachiation (Fukuda et al., 2007). In this chapter, we focus
on a bipedal walking control. We have already proposed 3-D biped control method based on
PDAC (Aoyama et al., 2009). This chapter introduces another stabilizing method of the robot
dynamics; then the stabilizing method is validated by the numerical simulation.
This chapter continues as follows. In Section 2, we introduce the Gorilla Robot III that has
been developed as a prototype of the multi-locomotion robot. In Section 3, we explain about
PDAC concisely. Section 4 describes the walking model, Section 5 introduces stabilization
method, and Section 6 shows the results of the numerical simulation. Finally, we summarize
this chapter in Section 7.

2. Multi–locomotion robot

This section introduces the “Gorilla Robot III” briefly. Gorilla robot III have been developed as
a prototype of the Multi-locomotion Robot; details are found in (Fukuda et al., 2009). Figure
2 shows the overview of Gorilla Robot III and its link structure. This robot is about 1.0 m
tall, weighs about 24.0 kg, and consists of 25 links and 24 AC motors including two grippers.
The real-time operating system VxWorks (Wind River Systems Inc) runs on a Pentium III PC
for processing sensory data and generating its behaviors. Two kinds of sensors are attached
to each hand. The rate gyroscope, CRS03-04 manufactured by Silicon Sensing Systems Japan
Ltd., measures the angular velocity around the contact bar to calculate the pendulum angle
during the motion. The force sensor, IFS-67M25A made by NITTA CORPORATION, measures
reaction forces from contact bars in order to judge whether the robot successfully grasps the
bar or not.
This robot has been designed to perform biped locomotion, quadruped locomotion and
brachiation. We designed the controller for all locomotion using the same algorithm “PDAC".
The approach of PDAC is to describe the robot dynamics as an autonomous system around a
contact point, using an interlocking so that the robot could keep the robot inherent dynamics.
The PDAC is explained in next section. 3-D dynamic walking is achieved as shown in Fig.3
(Aoyama et al., 2009). We also designed a controller for a quadrupedal walk (Asano et
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(a) (b) (c) (d) (e)

Fig. 3. Snapshots of the Bipedal Walking Experiment. Each figure shows the snapshots at
(a)1st (b)7th (c)13th (d)19th (e)25th step. (Aoyama et al., 2009)

(1) t=0.0[s] (2) t=3.0[s] (3) t=6.0[s] (4) t=9.0[s]

Fig. 4. Snapshots of the quadrupedal walking using PDAC. (Asano et al., 2007)

Fig. 5. Snapshots of the brachiation using PDAC. (Fukuda et al., 2007)

al., 2007), and brachiation (Fukuda et al., 2007) using the same PDAC. The snapshot of the
quadrupedal walk is shown in Fig.4 and the brachiation is shown in Fig.5.

3. Passive dynamic autonomous control (PDAC)

3.1 Converged dynamics

This section gives explanation of PDAC that was proposed previously by Doi et.al. based
on two concepts, i.e. the point-contact and the virtual constraint (Doi et al., 2004). The
point-contact means that a robot contacts a ground at a point, that is, the first joint is passive.
The virtual constraint has been proposed by Grizzle and Westervelt et al. (Grizzle et al.,
2001; Westervelt et al., 2004) as a set of holonomic constraints on the robot’s actuated DOF
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Fig. 6. Mechanical model of the serial n-link rigid robot. θi and τi are the angle and the torque
of ith joint respectively. mi and Ji are the mass and the moment of inertia of ith link
respectively.

parameterized by the robot’s unactuated DOF. Assuming that PDAC is applied to a serial
n-link rigid robot as shown in Fig. 6, these two concepts are expressed as follows:

τ1 = 0, (1)

Θ = [θ1, θ2, · · · , θn]
T = [ f1(θ), f2(θ), · · · , fn(θ)]

T

:= f (θ), (2)

where θ is the angle around the contact point with respect to the absolute coordinate system,
that is, θ1 = f1(θ) = θ.
The dynamic equations of this model are given by

d

dt

(

M (Θ)Θ̇
)

− 1

2

∂

∂Θ

(

Θ̇
T
M (Θ)Θ̇

)

− G(Θ) = τ , (3)

where
M (Θ) := [m1(Θ)T ,m2(Θ)T, · · · ,mn(Θ)T ]T, G(Θ) := [G1(Θ), G2(Θ), · · · , Gn(Θ)]T, Θ :=

[θ1, θ2, · · · , θn]
T, τ := [τ1, τ2, · · · , τn]

T, and ∂
∂Θ

= [ ∂
∂θ1

, ∂
∂θ2

, · · · , ∂
∂θn

]T.

Since the dynamic equation around the contact point has no term of the Coriolis force in this
model, it is given as

d

dt

(

m1(Θ)TΘ̇

)

− G1(Θ) = τ1. (4)

By differentiating Eq. (2) with respect to time, the following equation is acquired,

Θ̇ =
∂f (θ)

∂θ
θ̇ =

[

∂ f1(θ)

∂θ
,

∂ f2(θ)

∂θ
, · · · ,

∂ fn(θ)

∂θ

]T

θ̇. (5)

Substituting Eqs. (1), (2) and (5) into Eq. (3) yields the following dynamic equation,

d

dt

(

M(θ)θ̇
)

= G(θ), (6)
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where

M(θ) :=m1

(

f (θ)
)T df (θ)

dθ
, (7)

G(θ) :=G1

(

f (θ)
)

. (8)

By multiplying both sides of Eq. (6) by M(θ)θ̇ and by integrating with respect to time, the
dynamics around the contact point is obtained as follows:

∫

(

M(θ)θ̇
) d

dt

(

M(θ)θ̇
)

dt =
∫

M(θ)G(θ)θ̇ dt (9)

⇐⇒1

2

(

M(θ)θ̇
)2

=
∫

M(θ)G(θ) dθ. (10)

Therefore, the whole robot dynamics is expressed as the following one-dimensional
autonomous system,

θ̇ =
1

M(θ)

√

2
∫

M(θ)G(θ) dθ (11)

:=
1

M(θ)

√

2
(

D(θ) + C
)

(12)

:=F(θ). (13)

In this chapter, we term Eqs. (12) and (13) as the Converged dynamics.

4. Dynamics and walking model

In this section, we describe biped walking model by means of 3-D inverted pendulum that
is same as our previous work (Aoyama et al., 2009). At first, the dynamics of the model
representing the robot dynamics in single-support phase is obtained. Next, by describing the
pendulum length as a function of its angle, we express the whole robot dynamics as the 2-D
autonomous system under the constraint that the trunk inclination is kept in the gravitational
direction during the walk.

4.1 3-D inverted pendulum model

In this chapter, a robot is modeled as a 3-D inverted pendulum shown in Fig. 7(a). Since
walking motion is symmetrical, the left-handed system is used in the left-leg supporting phase
and vice versa as shown in Fig. 7(b) so that it is possible to describe the robot dynamics
in both supporting phases as single dynamics. We apply the assumption of point-contact
to this pendulum later in accordance with PDAC, hence it is possible to choose the axes of
pendulum angle around contact point to express its dynamics. In this chapter, we utilize the
polar coordinate system. The state variables and parameters are shown in Fig. 8(b). By use of
the six variables q1 to q5 and l, it is possible to express any state of the robot.
Let mass of the robot be m and let tensor of inertia be

I :=

⎛

⎝

Ixx Ixy Ixz
Iyx Iyy Iyz
Izx Izy Izz

⎞

⎠ . (14)
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Fig. 7. (a) 3-D inverted pendulum model. (b) Definition of coordinate system. The
left-handed system is used in the left-leg supporting phase and vice versa in order to
facilitate the dynamics description of walking motion. Note that this figure shows just a
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body posture. l is the variable of the pendulum length. L is the virtual value for convenience
of description and equals zero. (b) Polar coordinate system around contact point

The configuration of humanoid robots is basically symmetrical, hence generality is not lost by
assuming that all products of inertia are zero, i.e. Ixy = Iyx = Iyz = Izy = Izx = Ixz = 0,

I = diag(Ixx, Iyy, Izz)

:= diag(Ix, Iy, Iz). (15)

Note that this tensor of inertia is parameter in the local coordinate system that is attached to
the robot body, not in the global one.
In this chapter, the trunk inclination is kept in the gravitational direction and the upper body
does not rotate around yaw-axis, that is,

q3 = −q2 (16)

q4 = −q1 (17)

q5 = 0. (18)
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Then, the dynamic equations with respect to q1, q2, and l are obtained respectively as follows:

d

dt

(

ml2 sin2 q2q̇1

)

= τ1, (19)

d

dt

(

ml2q̇2

)

−ml2q̇1
2 sin q2 cos q2 −mgl sin q2 = τ2, (20)

d

dt

(

ml̇
)

−ml(q̇1
2 sin2 q2 + q̇2

2)−mg cos q2 = f , (21)

where (τ1, τ2, f ) are the torques and force corresponding to the variables (q1, q2, l).

4.2 Converged dynamics

In order to control the 3-D inverted pendulum by means of PDAC, the assumption of
point-contact is applied, i.e.

τ1 = τ2 = 0. (22)

For simplicity of description, we describe q1 and q2 as φ and θ respectively in the below. From
Eq. (16)-(22), Eq. (19) and (20) are expressed as follows:

d

dt

(

ml2 sin2 θφ̇
)

= 0, (23)

d

dt

(

ml2θ̇
)

= ml2φ̇2 sin θ cos θ +mgl sin θ. (24)

By multiplying both sides of Eq. (23) by ml2 sin2 θφ̇, and integrating with respect to time, the
following constraint equation is obtained,

φ̇ =

√
2C1

ml2 sin2 θ
(25)

:= F1(θ), (26)

where C1 is the integral constant which is decided by initial status just after foot-contact.
Substituting Eq. (25) into Eq. (24) results in

θ̇ =
1

ml2

√

2
∫

(

2C1 cos θ

sin3 θ
+m2gl3 sin θdθ

)

(27)

:=
1

M(θ)

√

2
(

D(θ) + C2

)

(28)

:= F2(θ). (29)

Next, in accordance with PDAC, the pendulum length is described as the function of θ,

l := λ(θ). (30)

In this chapter, λ is defined as the following function of θ,

λ(θ) =: 3

√

p1θ3 + p2θ2 + p3θ+p4 (31)

=: 3

√

f (θ). (32)
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By substituting this equation into Eq. (28), converged dynamics is derived,

M(θ) = m f (θ)2/3, (33)

D(θ) = − C1

sin2 θ
−m2g

(

(

f (θ)− f ′′(θ)
)

cos θ −
(

f ′(θ)− f ′′′(θ)
)

sin θ
)

. (34)

4.3 Design of walking cycle

In this subsection, the actual motion of the robot is designed. Figure 9 shows the schematics of
the pendulum motion and the COG trajectory. The continuous line shows a trajectory of the
COG in the right-leg support phase and the dotted line shows in the left-leg support phase.
The dot on the edge of both the continuous line and the dotted one means a foot-contact.
Figure 10 shows the parameters and variables of the pendulum motion. S0 and S2 denote
moments just before and after a foot-contact, and S1 is a moment at θ̇ = 0. θi, φi, and li
denote the roll angle, yaw angle, and pendulum length at Si (i = 0, 1, 2) respectively. During
a cycle of walking motion, φ is monotonically increasing. Meanwhile, θ decreases at first, and
then increases, after posing for a moment at θ1. Thus, we compartmentalize a walking cycle
from a foot-contact to the next foot-contact into two phases—Phase (A): from S0 to S1 (θ̇ < 0),
Phase (B): from S1 to S2 (θ̇ > 0). In the phase (A), the pendulum length is constant, thus the

Fig. 9. Motion of the inverted pendulum. The continuous line shows the COG trajectory in
the right-leg support phase and the dotted line shows in the left-leg support phase. The dot
on the edge of both the continuous line and the dotted one depicts means foot-contact.
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coefficients p1-p4 in Eq. (31) are

p1 = p2 = p3 = 0 (35)

pd = l30 . (36)

In the phase (B), the coefficients p1-p4 are decided so that the following four conditions are
satisfied,

f (θ1) = l31 , (37)

f (θ2) = l32 , (38)

f ′(θ2) = 0, and (39)

− f ′′(θ1) cos θ1 +
(

− f ′(θ1) + f ′′′(θ1)
)

sin θ1 = 0. (40)

Eqs. (37) and (38) signify the condition of pendulum length continuity, and Eq. (39) is the
condition that the velocity of pendulum along l is 0 at a foot-contact. The objective of Eq. (40)
is to match PDAC constants of the phase (A) and (B).
From Eqs. (37)-(40), the coefficients p1-p4 are derived as follows:

p1 = − l32 − l30
(θ2 − θ1)2

u3

u1u3 − u2
, (41)

p2 = − l32 − l30
(θ2 − θ1)2

u2

u1u3 − u2
, (42)

p3 = −3p1θ2
2 − 2p2θ2, and (43)

p4 = l32 − p1θ3
2 − p2θ2

2 − p3θ2, (44)

where

u1 = 2θ2 + θ1, (45)

u2 = −6θ1 cos θ1 − 3θ2
1 sin θ1 + 6 sin θ1 + 3θ2

2 sin θ1, and (46)

u3 = −2 cos θ1 − 2θ1 sin θ1 + 2θ2 sin θ1. (47)

4.4 Foot-contact model

In this chapter, the impact between the foot and a ground is assumed to be perfectly inelastic.
Thus the angular momentum around a new contact point is conserved. Assuming that φ0 is
the angle of φ just before a foot-contact, the position vector of the pendulum after impact, L is

L = [l0 sin φ0 sin θ0, l0 cos φ0 sin θ0, l0 cos θ0]
T, (48)

where φ0 and θ0 are angles in the coordinate system of next step.
The vector of velocity immediately prior to a foot-contact, V1, is calculated as follows:

V1 =[vx, vy, vz]
T, (49)

where vx =l2(φ̇2 cos φ2 sin θ2 + θ̇2 sin φ2 cos θ2) + l̇2(sin φ2 sin θ2)

vy =l2(−φ̇2 sin φ2 sin θ2 + θ̇2 cos φ2 cos θ2) + l̇2(cos φ2 sin θ2)

vz =− l2θ̇2 sin θ2 + l̇2(cos θ2),
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where φ2 is the angle of φ just before an impact.
The velocity vector after the impact, V0, is found by the following calculation,

V0 =
V1 · (L× (V1 ×L))

|L× (V1 ×L)| (L× (V1 ×L)) (50)

=
L× (V1 ×L)

l2
(51)

:= [v′x, v′y, v′z]
T. (52)

Note that in the above calculation of V0, V1 must be treated as V1 = [−vx, vy, vz] since left-
and right-handed systems are switched at the foot-contact.
From Eq. (52), θ̇0 and φ̇0 are decided,

θ̇0 =
l2
l0

(

φ̇2 cos θ0 sin θ2 sin(φ0 + φ2) + θ̇2

(

sin θ2 sin θ0 − cos θ0 cos θ2 cos(φ0 + φ2)
)

)

, (53)

φ̇0 =
l2

l0 sin θ0

(

θ̇2 cos θ2 sin(φ0 + φ2) + φ̇2 sin θ2 cos(φ0 + φ2)
)

. (54)

5. Stabilization
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Fig. 11. Geometrical constraints at foot-contact
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5.1 Geometrical constraints

In order to stabilize walking, some constraints are given. At first, the lengthening value of
pendulum is fixed at constant value. In this constraint, supplied energy is nearly constant. In
addition, the following two constraints at foot-contact, are designed as shown in Fig. 11,

• COG height h at a foot-contact is constant, i.e. roll angles of stance- and swing-leg are
constant at foot-contact.

• Yaw angle of swing-leg is shifted by ǫ from the symmetrical position with stance-leg at
foot-contact, i.e. it is φ0[k+ 1] = −φ2[k] + ǫ where φ0[k+ 1] and φ2[k] denote φ0 and φ2 at
k+ 1th and kth step respectively.

5.2 Convergence analysis of the dynamics
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Fig. 14. Nested structure of the trajectory. φ0[k] denotes the yaw angle at the beginning of
stance-leg phase.

In this subsection, the convergence analysis is conducted. Fig. 12 depicts the simulation result
under the condition of ǫ=0.018[rad]=const, l0 =0.51[m], and ∆l =0.007[m]. As can be seen in
this figure, θ and θ̇, φ̇ are converged on a certain fixed point. However, it can be seen in Fig. 13,
which shows the phase portrait around yaw- and roll axis, that the trajectory is not converged
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on a unique one and two-cycle trajectory appears. If two-cycle occurs, a robot walks leftwards
and cannot walk straight.
In this simulation, the initial angle around yaw-axis, φ0, is varied without changing any other
state and condition. From this figure, it can be seen that the converged trajectory seems to
be depending on the initial state and that there is the certain set of initial state converging a
unique trajectory.
Here, the phase portrait around yaw-axis is focused on. Fig. 14 shows the ones under the
left and right condition in Fig. 13 in which the left- and right-leg supporting phases are
depicted by the dotted and continuous line respectively. As shown in this figure, in the
condition of unique-trajectory-convergence, the phase portrait around yaw axis possesses the
nested structure, i.e. the trajectories in left- and right-leg supporting phase are nested each
other—φ0[k+ 1] is in between φ0[k] and φ0[k+ 2]—and gradually attracted. Note that φ0[k]
is φ0 value at kth step. Hence, it is contemplated that by the controller adjusting ǫ so as to
achieve the nested structure of phase portrait around yaw-axis, it is possible to converge the
dynamics on a unique trajectory.

5.3 Landing position control

In this subsection, we design the stabilizing controller that adjusts the landing position of
stance-leg foot base on the nested structure.
If the present state is inside the converged trajectory, the condition to achieve the nested
structure is described as

(φ0[k] > φ0[k+ 1]) ∧ (φ0[k+ 1] > φ0[k+ 2]). (55)

Meanwhile, it the present state is outside, it is

(φ0[k] < φ0[k+ 1]) ∧ (φ0[k+ 1] < φ0[k+ 2]). (56)

In order to build the stabilizing controller making the yaw dynamics attract to the nested
structure, we define the distance between present state and the nested structure and design
the stabilizing method minimizing this distance as follows:

min(
√

(φ0[k+ 2]− φ0[k+ 1])2 + (φ0[k+ 1]− φ0[k])2). (57)

By adjusting the landing position according to this equation, it is conceivable that robot
dynamics is attracted to the nested structure and consequently converged on a unique
trajectory.

6. Walking simulation

The validity of proposed control was tested by numerical simulation. Fig. 15 and Fig. 16 show
the simulation results of the proposed control. Fig. 15(b) depicts the result of the controller
embedded the above-mentioned stabilization. In Fig. 15(a) and (b), same initial condition
is employed. Note that, as shown in Fig. 15(a), the two-cycle trajectory appears without
stabilization, however in Fig. 15(b), the dynamics is converged on unique trajectory with
stabilization.
The proposed stabilizing method succeeded in convergence the two-cycle trajectory on a
unique trajectory. Fig. 17 shows the simulation snapshots of dynamic walking control.
Without stabilization based on landing position control, 3-D walking was converged on not
unique trajectory but two-cycle one, hence the robot could not walk straight and walked
leftwards as can be seen in Fig. 17. Meanwhile, with stabilization, it was confirmed that the
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Fig. 15. Simulation results of the proposed stabilizing control.
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Fig. 17. Simulation snapshots of biped walking based on 3D dynamics

robot can walk straight. After convergence, step-length, walking period, and walking velocity
were 0.18[m], 0.65[s], and 0.28[m/s] respectively.
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7. Conclusion

In this chapter, the concept of the multi-locomotion robot that has the high mobilization
capacity by achieving several kinds of locomotion independently was introduced at first. In
addition, the Gorilla Robot III was introduced as hardware of the multi-locomotion robot.
Second, the Passive Dynamic Autonomous Control (PDAC) which has proposed previously
was explained. Not only biped walk but also quadruped walk and brachiation have been
realized in our previous work. Third, we proposed the stabilizing control method that realizes
3-D biped walking based on the assumption of point-contact. The proposed method described
the robot dynamics by use of a 3-D inverted pendulum model in the polar coordinate system.
We applied the PDAC concept to the robot dynamics and expressed the 3-D dynamics as the
2-D autonomous system. In addition, the stabilizing controller adjusting landing position
to make yaw dynamics attract to the nested structure was designed. Finally, the validity of
proposed controller is tested by numerical simulation.
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