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1. Introduction

Time delay systems are widely encountered in many real applications, such as chemical
processes and communication networks. Hence, the problem of controlling time-delay
systems has been investigated by many researchers in the past few decades. It has been found
that controlling time-delay systems can be a challenging task, especially in the presence of
uncertainties and parameter variations. Several techniques have been studied in the analysis
and design of time delay systems with parameter uncertainties. Such techniques include
robust control Mahmoud (2000; 2001), He control Fridman & Shaked (2002); Mahmoud &
Zribi (1999); Yang & Wang (2001); Yang et al. (2000), and sliding mode control Choi (2001;
2003); Edwards et al. (2001); Gouaisbaut et al. (2002); Xia & Jia (2003). For time-delay systems
with parametric uncertainties Nounou & Mahmoud (2006); Nounou et al. (2007), adaptive
control schemes have been developed. The main contribution in Nounou & Mahmoud
(2006) is the development of two delay-independent adaptive controllers. The first one
is an adaptive state feedback controller when no uncertainties appear in the controller’s
state feedback gain. This adaptive controller stabilizes the closed-loop system in the sense
of uniform ultimate boundedness. The second controller is an adaptive state feedback
controller when uncertainties also appear in the controller’s state feedback gain. This adaptive
controller guarantees asymptotic stabilization of the closed-loop system. In Nounou et al.
(2007), the authors focused on the stabilization of the class of time-delay systems with
parametric uncertainties and time varying state delay when the states are not assumed to
be measurable. For this class of systems, the authors developed two controllers. The first
one is a robust output feedback controller when a sliding-mode observer is used to estimate
the states of the system, and the second one is an adaptive output feedback controller
when a sliding-mode observer is used to estimate the states of the system, such that the
uncertainties also appear in the gain of the sliding-mode observer. In the case where uncertain
time-delay systems include a nonlinear perturbation, several adaptive control approaches
have been introduced Cheres et al. (1989); Wu (1995; 1996, 1997; 1999; 2000). In Cheres et al.
(1989); Wu (1996), the authors developed state feedback controllers when the state vector is
available for measurement and the upper bound on the delayed state perturbation vector
is known. For the case where the upper bound of the nonlinear perturbation is known,
more stabilizing controllers with stability conditions have been derived in Wu (1995; 1997).
However, in many real control problems, the bounds of the uncertainties are unknown. For
such a class of systems, the author in Wu (1999) has developed a continuous time state
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144 Time-Delay Systems

feedback adaptive controller to guarantee uniform ultimate boundedness for systems with
partially known uncertainties. For a class of systems with multiple uncertain state delays
that are assumed to satisfy the matching condition, an adaptive law that guarantees uniform
ultimate boundedness has been introduced in Wu (2000). In all of the papers discussed above,
the authors investigated delay-independent stabilization and control of time-delay systems.
Delay-dependent stabilization and He control of time-delay systems have been studied
in De Souza & Li (1999); Fridman (1998); Fridman & Shaked (2003); He et al. (1998); Lee et al.
(2004); Mahmoud (2000); Wang (2004). In Mahmoud (2000), the author discussed stabilization
conditions and analyzed passivity of continuous and discrete time-delay systems with
time-varying delay and norm-bounded parameter uncertainties. The results in Mahmoud
(2000) have been extended in Nounou (2006) to consider designing delay-dependent adaptive
controllers for a class of uncertain time-delay systems with time-varying delays in the
presence of nonlinear perturbation. In Nounou (2006), the nonlinear perturbation is assumed
to be bounded by a weighted norm of the state vector, and for this problem adaptive
controllers have been developed for the two cases where the upper bound of the weight is
assumed to be known and unknown.

An inherent assumption in the design of all of the above control algorithms is that
the controller will be implemented perfectly. Here, the results in Nounou (2006) are
extended to investigate the resilient control problem Haddad & Corrado (1997; 1998); Keel
& Bhattacharyya (1997), where perturbation in controller state feedback gain is considered.
Here, It is assumed that the nonlinear perturbation is bounded by a weighted norm of
the state such that the weight is a positive constant, and the norm of the uncertainty of
the state feedback gain is assumed to be bounded by a positive constant. Under these
assumptions, adaptive controllers are developed for all combinations when the upper bound
of the nonlinear perturbation weight is known and unknown, and when the value of the
upper bound of the state feedback gain perturbation is known and unknown. For all these
cases, asymptotically stabilizing adaptive controllers are derived.

This chapter is organized as follows. In Section 2, the problem statement is defined. Then,
in Section 3, the main stability results are presented. In Section 4, the design schemes are
illustrated via a numerical example, and finally in Section 5, some concluding remarks are
outlined.

Notations and Facts: In the sequel, the Euclidean norm is used for vectors. We use wh, w1
and ||[W|| to denote, respectively, the transpose of, the inverse of, and the induced norm of
any square matrix W. We use W > 0 (>, <, < 0) to denote a symmetric positive definite
(positive semidefinite, negative, negative semidefinite) matrix W, and I to denote the n x n
identity matrix. The symbol e will be used in some matrix expressions to induce a symmetric
structure, that is if the matrices L = L' and R = R' of appropriate dimensions are given,

then
L N |
e R |

Now, we introduce the following facts that will be used later on to establish the stability
results.

Fact 1: Mahmoud (2000) Given matrices ¥y and X, with appropriate dimensions, it follows
that

L N
NT R

TS+ s < alyin 4ar) ¥, Va>0.
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Resilient Adaptive Control of Uncertain Time-Delay Systems 145

Fact 2 (Schur Complement): Boukas & Liu (2002); Mahmoud (2000) Given constant matrices (),
Oy, Q3 where ()1 = Qir and 0 < () = QzT then O + 0;02_103 < 0if and only if

—Q, O

o Qf
QF O

O —Qz]<0 or

| <o

2. Problem statement
Consider the class of dynamical systems with state delay
X(t) = Aox(t) + Agx(t — T) + Bou(t) + E (x(t),t) (1)

where x(t) € R" is the state vector, u(t) € R™ is the control input, E (x(t),t) : R" x ® — R"
is an unknown continuous vector function that represents a nonlinear perturbation, and
is some unknown time-varying state delay factor satisfying 0 < 7 < 71, where the bound
T+ is a known constant. The matrices Ay, A;, and B, are known real constant matrices
of appropriate dimensions. The nonlinear perturbation function is defined to satisfy the
following assumption.

Assumption 2.1. The nonlinear perturbation function E (x(t), t) satis es the following inequality
|[E (x(8), ) || < 0" [|x(£)]], 2)
where 6* is some positive constant.

In this chapter, resilient delay-dependent adaptive stabilization results are established for the
system (1) when uncertainties appear in the state feedback gain of the following control law:

u(t) = (K+AK)x(t)+ pu(t)Zx(t), 3)

where Z € R™*" is a matrix whose elements are all ones, y(t) € R is adapted such that
closed-loop asymptotic stabilization is guaranteed, K € R™*" is a state feedback gain, and
AK(t) € R™ " is the time varying uncertainty of the state feedback gain that satisfies the
following assumption.

Assumption 2.2. The uncertainty of the state feedback gain satis es the following inequality
[[AK ()] < o, )
where p* is some positive constant.

Before we proceed, we start be expressing the delayed state as Mahmoud (2000)
0
x(t—1) = x(t) —/ X(t+s)ds (5)

= x(f) —/O [Ag x(t+s)+Agx(t—T+s)+Bou(t+s) —E(x(t+s),t+s)]ds
Hence, if we define A,; = A, + Ay, then the system (1) can be expressed as
x(t) = Apgx(t)+ Ay n(t)+ Bou(t) +E (x(t),t), (6)
n(t) = —/OT [Ap x(t+5)+ Agx(t —T+5)+Bou(t+s)+E(x(t+s),t+s)] ds.

Here, resilient delay-dependent stabilization results are established for the system (6)
considering the following cases:
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146 Time-Delay Systems

1. The nonlinear perturbation function satisfies Assumption 2.1 such that 6* is assumed
to be a known positive constant, and the uncertainty of the state feedback gain satisfies
Assumption 2.2 such that p* is assumed to be a known positive constant.

2. The nonlinear perturbation function satisfies Assumption 2.1 such that 0* is assumed
to be a known positive constant, and the uncertainty of the state feedback gain satisfies
Assumption 2.2 such that p* is assumed to be an unknown positive constant.

3. The nonlinear perturbation function satisfies Assumption 2.1 such that 0* is assumed to
be an unknown positive constant, and the uncertainty of the state feedback gain satisfies
Assumption 2.2 such that p* is assumed to be a known positive constant.

4. The nonlinear perturbation function satisfies Assumption 2.1 such that 6* is assumed to
be an unknown positive constant, and the uncertainty of the state feedback gain satisfies
Assumption 2.2 such that p* is assumed to be an unknown positive constant.

3. Main results

In the sequel, the main design results will be presented.

3.1 Adaptive control when both 6* and p* are known

Here, we wish to stabilize the system (6) considering the control law (3) when both 6* and p*
are known. Let us define z(t) = p(t)x(t), and let the Lyapunov-Krasovskii functional for the
transformed system (6) be selected as:

Var) 2 Vi) 4 a(x) + V() + Vax) + Vs(x) + Ve(x) + Vo(x) + W(x), @)
where
Vi(x) = x()Px(t), (8)
Wix) = n O/tt x"(a)A] Aox(a)dads, )
—T Jt+s
Vi(x) = n /0 /tt xT(0) A Ay x(a) do ds, (10)
—T Jt+s—T
Vi(x) = 13 /0 /tt x"(«) K"B, BoK x(a) da ds, (11)
—T Jt+s
Vs(x) = g /0 /tt T (&) AKT (£)B] BoAK(E) x() da ds, (12)
—T Jt+s
Ve(x) = s /0 /tt z' (&) Z"B, B,T z(a) du ds, (13)
—T Ji+s
0 [t
V7(x) = g B /t+ E(x,a) E(x,a) da ds, (14)
Vs(x) = pi(b), (15)

wherery > 0,70 > 0,73 > 0,74 > 0,75 > 0 and rg > 0 are positive scalars, and P = Pl e
R > 0. It can be shown that the time derivative of the Lyapunov-Krasovskii functional is

Va(x) = Vi(x) + Va(x) + Va(x) + Va(x) + V5(x) + Ve(x) + Vo(x) + Vs(x), (16)
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Resilient Adaptive Control of Uncertain Time-Delay Systems 147

where
Vi(x) = x'(8)Px(t)+x' (t)Px(t), (17)
Vo(x) = trx! (£)A, Aox(t) — 1y /O x'(t+5)A] Aox(t +5)ds, (18)
V3(x) = Trx! (H)A] Agx(t) — 1o /0 x'(t+s—1)A] Agx(t+s—T)ds, (19)
Vi(x) = trsx' (1)K B, BoKx(t) —r3 /0 x"(t+5s)K" B, BoKx(t+s)ds, (20)
Vs(x) = trax! ()AK(t) "B, BoAK(t)x(t)
0

—r4/_ x T (t+8)AKT (¢ + 5)B] BoAK(t +8)x(t + 5)ds, 1)
Ve(x) = trsz' (1)I"B, BoZz(t) — 15 /0 z' (t45)Z" B, BoZz(t +s)ds, (22)
Vo(x) = tre E' (x,t) E(x,t) — 16 /O E"(x,t+5) E(x,t+5) ds, (23)
Ve(x) = 2u(t) (t). (24)

The next Theorem provides the main results for this case.

Theorem 1: Consider system (6). If there exist matrices 0 < X = X1 € R, Y € R,
Z € " and scalars 1 > 0,e3 > 0,e3 > 0, e4 > ¢, €5 > eand eg > € (where € is an arbitrary
small positive constant) such that the following LMI

ApgX + XAy +BoY +YTB/

XA TtXA] otz
+T7 (61 + &2 +e3+ €4+ 5 +66) AgA] 0 d

) —1teql 0 0 <0, (25
° ° —T+€2[ 0
Y ® ) —T+€3I

has a feasible solution, and K = Y X ~1, and u(t) is adapted subject to the adaptive law

i) = Proj{ay sgn (u(t) ||Ix(DI[2+az u(t) [|x(OIP n(t) |, (26)
where Proj{-} Krstic et al. (1995) is applied to ensure that |u(t)| > 1 as follows

{ p(t) iffu() =1
ut)=q 1 ifo<p(t) <1
-1 if-1<u(t) <0,

and the adaptive law parameters are selected such that

1
< —=

2 [F77 (" BT Boll + 716 (677 + 207 PBol |+ 21 PBol| + 26°[IPI[] . @)

and .
ny < —§T+r5||ITBOTBOI||, (28)

then the control law (3) will guarantee asymptotic stabilization of the closed-loop system.
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148 Time-Delay Systems

Proof Asshown in (16), the time derivative of V,(x) is

Va(x) = Vi(x) + Va(x) + Va(x) + Va(x) + Vs(x) + Vs(x) + Vo(x) + Vg(x),
= xT(t)PJ&(t)+5cT(t)Px(t)+ Vo(x)+ Va(x) + Vi(x) + Vs(x) + Vg(x)
FVh(x) + Vi(x). (29)

Using the system equation defined in (6) and the control law (3), we have
Va(x) = x'(¢) [PADd +ALP+PBK+ KTBOTP} x(t)
0 0
—2x " (t)PA, / Aox(t+s)ds —2xT (t)PA, / Agx(t— T+ 8)ds
—T (il /]

0 0
—ZxT(t)PAd/ BOKx(t—i—s)ds—ZxT(t)PAd/ BoAK(t + s)x(t 4 s)ds
—T —T

0 0

y(t+s)BOZx(t+s)ds—2xT(t)PAd/ E(x,t+s)ds

—T

—2xT(1)PA, l )

+2x T () PB,AK () x(t) + 2u(t)x " (£)PByZx(t) + 2x " (t)PE(x, t)
+ Vz(x) + Vg(x) + V4(x) + V5(x)—|— V6(x) + V7(x) + Vg(x). (30)

By applying Fact 1, we have
0 0
— ZxT(t)PAd/ Apx(t+s)ds < rl_l/ x' (s)PA4A] Px(s)ds

0 1 T
+r1/ x' (t+5s)A, Aox(t+s)ds

—T

IN

T+7’1_1XT (t)PAZA] Px(t)

0
+r1/ xT(t+5)A] Apx(t +5)ds, (31)

—T

where rq is a positive scalar. Similarly, if r,, r3 and r4 are positive scalars, we have
T 0 1. T T
—2x ' (t)PA, / Agx(t—T+s)ds < thry'x' (t)PA4A,; Px(t)
—T

0 T T
+17 / x' (t—T14s)A; Agx(t — T +5s)ds, (32)

U

0
— 2T (1) PAy L BoKx(t+s)ds < ThrylxT ()PAZA] Px(Y)

0
+r3 / x"(t+s)K"B) B,Kx(t+s)ds,  (33)

.
and
—2x T ()PAg [ BoAK(t+5)x(t +5)ds < Tr; 'xT (t)PAZA] Px(t) (34)
+rg [0 xT(t+5)AKT (£ +5)BJ BoAK(t + 5)x(t + 5)ds.
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Resilient Adaptive Control of Uncertain Time-Delay Systems 149

Now, let r5 be a positive scalar, then using Fact 1 we have

0 0
—2xT(t)PAd/ 1u(t+5)BoZx(t +s)ds = —2x ' (t)PA4 BoZz(t+ s)ds
—T —T

0
< T+r5_1xT(t)PAdA;Px(t) + r5/ 2z (t+5)T "B, BoZz(t+s)ds. (35)
—T

Also, if ¢ is a positive scalar, then using Fact 1 we have

0
—2xT(1)PA, / E(x,t+s)ds < TrrolxT ()PAZA] Px(t)

—T

0
+r6/ E"(x,t45s)E(x,t 4 s)ds. (36)
T

It is known that
2u(t)x " (t)PByZx(t) < 2|[PBZ|| [u(t)| |[x(t)][* (37)

Also, using Assumption 2.1, it can be shown that
2x T (t)PE(x,t) < 2||P|| 6* |[x(t)]|%. (38)

Using equations (31)- (38) and equations (17)- (24) (with the fact that 0 < 7 < t1) in (30), we
have

Va(x) < x"(H)8x(t) + 1 rax T (H)AKT (£)B, BoAK(#)x(t)
+1trsz ()I "B, BoZz(t) + T r6E " (x,t)E(x,t) +20%||PB,|| ||x(t)]|?
+2|[PBZ|| |1 ()] [|x(£)]|* + 20*||P|| [|x(£)]|* +2 p(t) fi(t). (39)
where
E = PAy+ALP+PBK+K'B]P+1rrA) Ag+ 1 1A] Ay + T 1r3B,KK' B

ot (gt s s g ) PAGATP. (40)

To guarantee that x (t)Zx(t) < 0, it sufficient to show that & < 0. Let us introduce the

linearizing terms, X = P~1, Y = KX, and Z = XB,K. Also, lete; =r; L, ep =1, %, 65 =15,

g4 = 74’1, €5 =Ty Land g5 = Te . Now, by pre-multiplying and post-multiplying & by X’ and
invoking the Schur complement, we arrive at the LMI (25) which guarantees that & < 0, and
consequently x ' (+)Ex(t) < 0. Now, we need to show that the remaining terms of (39) are
negative definite. Using the definition of z(t) = u(t)x(t), we know that

Trsz' ()T By BoZz(t) < Frs ||T7 By BoZ|| w2 (t) ||x(t)| | (41)
Also, using Assumptions 2.1 and 2.2, we have
6T (x, )E(x,£) < 716 (0%)% [[x(8)| [, (42)
and

Trrax T (DAKT(#)B BoAK()x(t) < Try (0%)7 ||Bg Bol| [1x(£)][. (43)
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150 Time-Delay Systems

Now, using (41)- (43), the adaptive law (26), and the fact that |u(t)| > 1, equation (39) becomes
y — %\ 2
Va(x) < x"(HZx(t) + 1 14 (0)7 [|B Boll [[x(1)[|> +7"rs [T By BoZ|| (1) [[x(1)]]>
2
+7Fr6 (6%) [[x(1)[1> +20%[|PBol| |x(£)|* + 2| [PBZI| ()] [|x()[]?
+26%(|P|| [x(£)[1* +2a1 [ (B)] [[x(0)] > + 20 p?(8) | |x(t)||. (44)
It can be easily shown that by selecting a1 and a5 as in (27) and (28), we guarantee that
Va(x) < xT(t)Ex(t), (45)
where Z < 0. Hence, V,(x) < 0 which guarantees asymptotic stabilization of the closed-loop

system. |}

3.2 Adaptive control when 0* is known and p* is unknown

Here, we wish to stabilize the system (6) considering the control law (3) when 6* is known
and p* is unknown. Before we present the stability results for this case, let us define p(t) =
p(t) — p*, where p(t) is the estimate of p*, and p(t) is error between the estimate and the true
value of p*. Let the Lyapunov-Krasovskii functional for the transformed system (6) be selected
as:

Vo(x) 2 Va(x) + Vo(x), (46)

where V;(x) is defined in equations (7), and Vy(x) is defined as

Vo(x) = (1+p") [0(1))%, (47)
where its time derivative is . .
Vo(x) =2 (1+p%)p(t) p(t). (48)
Since p(t) = p(t) — p*, then p(t) = p(t). Hence, equation (48) becomes
Vo(x) =2 (1+p")[p(t) — p*] p(t). (49)

The next Theorem provides the main results for this case.

Theorem 2: Consider system (6). If there exist matrices 0 < X = XT e pnxn 3y ¢ pmxn
Z € R and scalars e1 > 0, ep > 0,e3 > 0, &4 > ¢, €5 > eand eg > ¢ (where ¢ is an arbitrary
small positive constant) such that the LMI (25) has a feasible solution, and K = Y X1, and u(t) and
p(t) are adapted subject to the adaptive laws

i) = Proj{[B1 sgn(u(t)) +Pa w(t)+ By sgn(u(t) p(H) ] 11x(1)| 2 u(t)}  (50)

oty = ylx(®)> (1)
where Proj{-} Krstic et al. (1995) is applied to ensure that |u(t)| > 1 as follows:

pt) i u(t)] =1
pt)=49 1 ifo<u(t) <1
-1 if—=1<u(t) <0,
and  the  adaptive  law  parameters  are  selected  such  that B <

3 [t (072 +21PBII| +26" ||PI| |, B2 < e rs||ZTBIBoTIl, v > hrtrallB] Boll,
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Resilient Adaptive Control of Uncertain Time-Delay Systems 151

Bs < —v, and p(0) > 1, then the control law (3) will quarantee asymptotic stabilization of the
closed-loop system.

Proof The time derivative of V},(x) is
Vp(x) = Va(x) + Vo(x). (52)

Following the steps used in the proof of Theorem 1 and using equation (49), it can be shown
that
V(x) < xT(OEx(H) +7Tra (0%) |IBg Boll [|x(D)]1* + 75 [|1Z7 By BoZ|| 12(1) |Ix(8)]?
2

+T7r6 (8°)% ||x(8)|? + 20 |[PBo| | [1x(£)[|* +2|[PBoZ]| [u(t)] [[x(1)]?

+20%[ | PI[ [|x ()2 +2 u(t) u(t) +2 (1+p") [B(t) — "] (1), (53)
where E is defined in equation (40). Using the linearization procedure and invoking the Schur
complement (as in the proof of Theorem 1), it can be shown that & is guaranteed to be negative

definite whenever the LMI (25) has a feasible solution. Using the adaptive laws (50)- (51)
in (53) and the fact that |p(t)| > 1, we get

Vo(x) < xT()Ex(t) + T rg (0)* |[Bg Boll [x(t)|1>+ 75 ||Z 7By BoZ|| () ||x(1)]?
+776 (0)% ||x(8)] > + 20" ||PBo | [|x(8)]?
+2[[PBoZI| [u(t)] [|x(8)]% +26%[| P[] | |x(£)]]?
+2B1 ()] x(D)]1> +2B2 (1) [[x(8) 2 +285 p(¢) ()] [[x(I* +27p(t) [ x(1)|
=290 [Jx(8)] 1> = 270" p() ||x (][> =27 (0%)* [[x(8)][]* (54)
Using the fact that |u(t)] > 1 and arranging terms of equation (54), it can be shown
that V,(x) < 0 if we select p; < —1 [T+1’6 (6%)2 42 ||PB,Z|| + 26* ||P||}, B2 <

—%T+1’5HITBOT B,Z||, and B3 < —1y, where 7 needs to be selected to satisfy the following
two conditions:

1
7> 5714 |By Boll, (55)
and
2||PBol| — 27 +29p(t) < 0. (56)
Hence, we need to select 7y such that
L o+ ngT |[PB,||
v > max{z’c r4||B, Boll, 1= 5(t) | (57)

Itis clear that when p(t) > 1, we only need to ensure thaty > 377r4||BJ Bo||. Note that from

equation (51), 9(t) > 1 can be easily ensured by selecting p(0) > Land v > 1t*try||B) B,||
to guarantee that p(t) in equation (51) is monotonically increasing. Hence, we guarantee that

Vp(x) < x'(t) Ex(t), (58)

where & < 0. Hence, V},(x) < 0 which guarantees asymptotic stabilization of the closed-loop
system. |}
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152 Time-Delay Systems

3.3 Adaptive control when 6* is unknown and p* is known

Here, we wish to stabilize the system (6) considering the control law (3) when 6* is unknown
and p* is known. Since 6* is unknown, let us define 8(t) = @(t) — 6%, where 8(t) is the
estimate of 6%, and 0(t) is error between the estimate and the true value of 8*. Also, let the
Lyapunov-Krasovskii functional for the transformed system (6) be selected as:

Ve(x) 2 Va(x) + Vio(x), (59)
where I
Vip(x) = (1+67) [6(t)]", (60)
where its time derivative is
Vio(x) = 2 (1+69)8(t) 0(t), _
= 2 (1+6%)[0(t) — 0] 6(t). (61)

The next Theorem provides the main results for this case.

Theorem 3: Consider system (6). If there exist matrices 0 < X = X1 € R"™", Y ¢ Rmx",
Z € " and scalars 1 > 0, &3 > 0,e3 > 0, 4 > € €5 > eand eg > € (where € is an arbitrary
small positive constant) such that the LMI (25) has a feasible solution, and K = VX1 and u(t) is
adapted subject to the adaptive laws

i) = Proj{ay sgn (u(t) [1x(8)|2+ 8 pu(t) [|Ix (D) + 85 sgn (u(t)) B(t) [[x(1)]% p(tigR)
() = x|lx®)> (63)

where Proj{-} Krstic et al. (1995) is applied to ensure that |u(t)| > 1 as follows

p(t) i [u(t)[ =1
pt)=q 1 ifo<p(t) <1
-1 if-1<u(t)<0
and  the  adaptive  law  parameters  are  selected  such  that & <

— [IIPBoZ|| + THra (p*)? 1B Boll +0*IPBoll|, & < —=37*rs[ZTTBJBuZll, &5 < —x,

K > %T+1’6 and 0(0) > 1, then the control law (3) will guarantee asymptotic stabilization of the

closed-loop system.

Proof The time derivative of V,(x) is
Ve(x) = Va(x) + Vio(®). (64)

Following the steps used in the proof of Theorem 1 and using equation (61), it can be shown
that
Ve(x) < x"(H)Ex(t) + 1 rx " (H)AKT (H)B) BoAK(t)x(t) + 1 rsz" (1) T B, BoZz(t)
+T7r6E " (x, ) E(x, 1) + 20| |PBo|| | [x(6)||* + 2| |PBoZ]| [u(£)] ||x(1)][?

A

+20%[|P|| ||x(D)|2 +2 p(t) (1) +2 (14 67) [B(t) - 07] (), (65)
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where E is defined in equation (40). Using the linearization procedure and invoking the
Schur complement (as in the proof of Theorem 1), it can be shown that & is guaranteed to
be negative definite whenever the LMI (25) has a feasible solution. Now, we need to show
that the remaining terms of (65) are negative definite. Using the definition of z(t) = u(t)x(t),
we know that

thrsz ' ()T By BoZz(t) < T'rs [|Z7 By BoZ|| 2 (t) ||x(1)]]* (66)
Also, using Assumptions 2.1 and 2.2, we have
TTr6E ! (x, ) E(x, 1) < TFre (%) ||x(8)]]? (67)
and
Thrax T (HAKT (1B BoAK(D)x(t) < Thry (0%)7 ||Bg Bol| [1x(£)][. (68)

Now, using (66)- (68), the adaptive laws (62)- (63), and the fact that |p(f)| > 1, equation (65)
becomes
Ve(x) < xT(HEx(t) + Ty (0%) [[By Bol| [|x(8)|[* +TFrs |[Z7 By BoZ|| 42 (t) [|x(£)] 2
+7 176 (0)7 [|x(1)] 1>+ 20" |PBo| | ||x(8)[1> + 2] PBoZ|| [(1)] [|x(t)|
6 +260%(|P|| |[x(£)[|* + 251 [u(t)] ||x(t)|[* +262 2 (t) ||x(t)][?
+283 ()] 0(t) [[x(1)[1> + 2 [p(t)] 6(2) [[x(E)] > = 2 6" [|x(t)|
(t

+2x 67 0(t) [[x(1)]]* = 2x (6%)* []x(1)] . (69)

It can be shown that V.(x) < 0 if the adaptive law parameters 1, 6, and d3 are selected as
stated in Theorem 3, and « is selected to satisfy the following two conditions: x > %T+7’6 and

|P|| — x + xB(t) < 0. Hence, we need to select « such that

14 1P| }
K > maxs =7 Vg, ——— ¢ . 70
{5t T (70)

It is clear that when §(t) > 1, we only need to ensure that x > %T+r6. Note that from

equation (63), A(t) > 1 can be easily ensured by selecting 8(0) > 1and x > ittr to

guarantee that §(t) in equation (63) is monotonically increasing. Hence, we guarantee that
Ve(x) < x"(H)Ex(t), (71)

where & < 0. Hence, V. (x) < 0 which guarantees asymptotic stabilization of the closed-loop
system. |}

3.4 Adaptive control when both 6* and p* are unknown
Here, we wish to stabilize the system (6) considering the control law (3) when both 6* and p*
are unknown. Here, the following Lyapunov-Krasovskii functional is used

Va(x) = Ve(x) + Via(x), (72)

where V,(x) is defined in equations (59), and Vi1 (x) is defined as

Vin(x) = (1+p%) [p(1)]?, (73)
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where its time derivative is

Vin(x) =2 (1+07) p(t) p(t). (74)
Since §(t) = p(t) — p*, then p(t) = o(t). Hence, equation (74) becomes
Vir(x) =2 (1+p") [p(t) — "] p(t). (75)

The next Theorem provides the main results for this case.

Theorem 4: Consider system (6). If there exist matrices 0 < X = X1 € R"™", Y € Rmxn",
Z e R, and scalars e1 > 0, &9 > 0,63 > 0, &4 > ¢ €5 > eand g > ¢ (where ¢ is an arbitrary
small positive constant) such that the LMI (25) has a feasible solution, and K = Y X1, and u(t) is
adapted subject to the adaptive laws

ity = Proj{ A sgn (u() [1x(8)]2+ Az () [|x(8)] 2

25 sgn (u(1)) 0(t) |Ix(D][2+ A sgn(u(t) p(t) llx(t)2u(t)},  (76)
0 = ollx(n)l? (77)
o) = cllx(t)]? (78)

where Proj{-} Krstic et al. (1995) is applied to ensure that |u(t)| > 1 as follows

pt) i u(t) =1
pt)=q 1 fo<pu(t) <1
-1 if-1<upu(t) <
and the adaptive law parameters are selected such that Ay < —[||PB.Z||], A2 <

—31rs||ZTB] BoI||, A3 < —0, Ay < —g, 0 > yttre, ¢ > 1vtny||BS Bol|, 8(0) > 1and
p(0) > 1, then the control law (3) will guarantee asymptotic stabilization of the closed-loop system.

Proof The time derivative of V;(x) is
Vax) = Ve(x) + Vip(x). (79)

Following the steps used in the proof of Theorem 3 and using equation (75), it can be shown
that

Vi(x) < x'(H)Bx(t)+ 1 rx " (H)AKT (£)B) BoAK(t)x(t)
+1 552" (1)Z "By BoTz(t) + 1T rgE T (x, t)E(x,t) 4+ 20" ||PBo]| ||x(t)]]?
+2/[PBoZ|| [p(t)] |1 (£)]% + 26" PI[ [[x(£)[|* +2 pu(t) pi(t)

N A

+2 (1+6%) [0(t) —6°] 6(t)+2 (1+p") [p(t) —p*] p(t), (80)

where E is defined in equation (40). Using the linearization procedure and invoking the Schur
complement (as in the proof of Theorem 1), it can be shown that & is guaranteed to be negative
definite whenever the LMI (25) has a feasible solution. Using the adaptive laws (76)- (78)
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in (80) and the fact that |u(t)| > 1, we get

Vo(x) < xT(OEx(t) +77ra (0°)7 |1Bg Boll ||x(8)] >+ 75 ||ZTBy BoZ|| i (t) [|x(8)]?
+776 (0)% ||x(8)] >+ 20" ||PBol | [[x(8)]* + 2] |PBoZ|| [u(£)] | 1x(2)] 17

+207|[P|] [[x(6)]1* + 271 [u(8)] [Ix(D)[1* + 222 p2(8) ||x(8)]

|

+245 [p()] 6(8) [x ()% + 244 [u(1)] ﬁ( ) ()12 + 20 [u(6)] 6(t) [[x(6)]?
~20 0% ||x(8)|? +20 6% 6(t) [|x(t)[|> =20 (6%)* |[x(t)[1* + 26 ()] (1) [|1x (1)
=26 p* |[x()|* +2¢ p* p(t) [[x(D)]1* =26 (p*)* []x(1)]. (81)

Arranging terms of equation (81), it can be shown that V;(x) < 0 if the adaptive law
parameters A1, Ay, A3, and A4 are selected as stated in Theorem 4, and ¢ and ¢ are selected
to satisfy the following conditions: ¢ > 37 Trg, 2||P|| — o+ 08(t) < 0, ¢ > 3Tr4||B, Boll,

and ||PB,|| — ¢ + ¢p(t) < 0. Hence, we need to select ¢ and ¢ such that

c >  max {%T+T : \_|1;|(| ) }, (82)
1 T HPBoH
¢ > max{zr r4||B, Boll , —a(t) [ (83)

It is clear that when 0(t) > 1 and p(t) > 1, we only need to ensure that o > %T+T6 and
¢ > 3TTr4||BJ Bo||- Note that from equations (77)- (78), §(t) > 1 and p(t) > 1 can be easily
ensured by selecting 0(0) > 1and p(0) > 1 and ¢ and ¢ as stated in Theorem 4 to guarantee
that 6(t) and p(t) are monotonically increasing. Hence, we guarantee that

Va(x) < x'(t) Ex(t), (84)

where E < 0. Hence, V;(x) < 0 which guarantees asymptotic stabilization of the closed-loop
system. |}

Remarks:

1. The results obtained in all theorems stated above are sufficient stabilization results, that is
asymptotic stabilization results are guaranteed only if all of the conditions in the theorems
are satisfied.

2. The projection for y may introduce chattering for # and control input u Utkin (1992). The
chattering phenomenon can be undesirable for some applications since it involves high
control activity. It can, however, be reduced for easier implementation of the controller.
This can be achieved by smoothing out the control discontinuity using, for example, a low
pass filter. This, however, affects the robustness of the proposed controller.

4. Simulation example

Consider the second order system in the form of (1) such that

2 1.1 1 05 0
Ao_[z.z —3.3]'30_[0.1}"401_[ 0 —1.2}' (85)
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Resilient delay—dependent adaptive control when both 9 and p‘ are known
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Fig. 1. Closed-loop response when both 6* and p* are known

and 7" = 0.1. Using the LMI control toolbox of MATLAB, when the following scalars are
selected as &1 = € = €3 = g4 = &5 = g = 1, the LMI (25) is solved to find the following

matrices:
| 07214 0.1639

~ | 0.1639 0.2520

Using the fact that K = YX~! Kis found to be K = [ —1.6173 —3.6695 ] Here,
for simulation purposes, the nonlinear perturbation function is assumed to be E(x(t)) =
[ 1.2 |x1(t)], 1.2 |xa(t)] ]T, where x(t) = [ x1(t), x2(t) ]T. Based on Assumption 2.1,
it can be shown that 8* = 1.2. Also, the uncertainty of the state feedback gain is assumed to

be AK(t) = [ 0.1sin(t) 0.1cos(t) |. Hence, based on Assumption 2.2, it can be shown that
p* =0.1.

X V=] -17681 -1.18%9 |. (86)

4.1 Simulation results when both 6* and p* are Known

For this case, the control law (3) is employed subject to the initial conditions x(0) = [—1, 1]
and u(0) = 1.5. To satisfy the conditions of Theorem 1, the adaptive law parameters are
selected as v = —10 and a; = —0.5. The closed-loop response of this case is shown in Fig. 1,
where the upper two plots show the response of the two states x1 (f) and x,(t), and third and
fourth plots show the projected signal y(t) and the control u(f).

4.2 Simulation results when 6 is known and p* is unknown

For this case, the control law (3) is employed subject to the initial conditions x(0) = [—1, 1]T
and u(0) = 1.5 and p(0) = 1.1. To satisfy the conditions of Theorem 2, the adaptive law
parameters are selected as f; = —10, B = —0.5, 3 = —0.2, and v = 0.1. For this case, the
closed-loop response is shown in Fig. 2, where the upper two plots show the response of the
two states x1(t) and x;(f), third plot shows the projected signal u(t), the fourth plot shows
p(t) and the fifth plot shows the control u(t).
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Resilient delay—-dependent adaptive control when 0’ is known and p' is unknown
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Fig. 2. Closed-loop response when 6* is known and p* is unknown

Resilient delay—dependent adaptive control when 0’ is unknown and p’ is known
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Fig. 3. Closed-loop response when 6* is unknown and p* is known

4.3 Simulation results when 6* is unknown and p* is known

For this case, the control law (3) is employed subject to the initial conditions x(0) = [~1, 1]
and 1(0) = 1.1 and #(0) = 1.1. To satisfy the conditions of Theorem 3, the adaptive law
parameters are selected as 6y = —5, Jp = —2, 3 = —1.5and ¥ = 1. For this case, the
closed-loop response is shown in Fig. 3, where the upper two plots show the response of the
two states x1(t) and x,(t), third plot shows the projected signal y(t), the fourth plot shows
0(t) and the fifth plot shows the control u(t).
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Resilient delay—dependent adaptive control when both 0 and p* are unknown
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Fig. 4. Closed-loop response when both 6* and p* are unknown

4.4 Simulation results when both 6* and p* are unknown

For this case, the control law (3) is employed subject to the initial conditions x(0) = [-1, 1]
and u#(0) = 1.1,60(0) = 1.1and p(0) = 1.1. To satisfy the conditions of Theorem 4, the adaptive
law parameters are selected as Ay = =5, Ap = =1, A3 = =15 A4 = =15, 0 =1,and¢g = 1.

For this case, the closed-loop response is shown in Fig. 4, where the upper two plots show
the response of the two states x; (t) and x;(t), third plot shows the projected signal y(t), the
fourth plot shows 6(t), the fifth plot shows p(t), and the sixth plot shows the control u(t).

5. Conclusion

In this chapter, we investigated the problem of designing resilient delay-dependent adaptive
controllers for a class of uncertain time-delay systems with time-varying delays and a
nonlinear perturbation when perturbations also appear in the state feedback gain of the
controller. It is assumed that the nonlinear perturbation is bounded by a weighted norm
of the state vector such that the weight is a positive constant, and the norm of the uncertainty
of the state feedback gain is assumed to be bounded by a positive constant. Under these
assumptions, adaptive controllers have been developed for all combinations when the upper
bound of the nonlinear perturbation weight is known and unknown, and when the value of
the upper bound of the state feedback gain perturbation is known and unknown. For all these
cases, asymptotically stabilizing adaptive controllers have been derived. Also, a numerical
simulation example, that illustrates the design approaches, is presented.
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