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1. Introduction  

Plate fin and tube heat exchangers can be manufactured from bare or individual finned 

tubes or from tubes with plate fins. Tubes can be circular, oval, rectangular or other shapes 

(Hesselgreaves, 2001; Kraus et al., 2001). The mathematical models of the heat exchanger 

were built on the basis of the principles of conservation of mass, momentum and energy, 

which were applied to the flow of fluids in the heat exchangers. The system of differential 

equations for the transient temperature of the both fluids and the tube wall was derived. 

Great emphasis was put on modelling of transient tube wall temperatures in thin and thick 

walled bare tubes and in individually finned tubes. Plate - fin and tube heat exchangers with 

oval tubes were also considered. 

The general principles of mathematical modeling of transient heat transfer in cross-flow 

tube heat exchangers with complex flow arrangements which allow the simulation of 

multipass heat exchangers with many tube rows are presented.  

At first, a mathematical model of the cross-flow plate-fin and tube heat exchanger with one 

row of tubes was developed. A set of partial nonlinear differential equations for the 

temperature of the both fluids and the wall, together with two boundary conditions for the 

fluids and initial boundary conditions for the fluids and the wall, were solved using Laplace 

Transforms and an explicit finite-difference method. The comparison of time variations of 

fluid and tube wall temperatures obtained by analytical and numerical solutions for step-

wise water or air temperature increase at the heat exchanger inlets proves the numerical 

model of the heat exchanger is very accurate.               

Based on the general rules, a mathematical model of the plate-fin and tube heat exchanger 

with the complex flow arrangement was developed. The analyzed heat exchanger has two 

passes with two tube rows in each pass. The number of tubes in the passes is different. In 

order to study the performance of plate-fin and tube heat exchangers under steady-state and 

transient conditions, and to validate the mathematical model of the heat exchanger, a test 

facility was built. The experimental set-up is an open wind tunnel. 

First, tests for various air velocities and water volumetric flow rates were conducted at  

steady-state conditions to determine correlations for the air and water-side Nusselt numbers 

using the proposed method based on the weighted least squares method. Transient 
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experimental tests were carried out for sudden time changes of air velocity and water 

volumetric flow rate before the heat exchanger. The results obtained by numerical 

simulation using the developed mathematical model of the investigated heat exchanger 

were compared with the experimental data. The agreement between the numerical and 

experimental results is very satisfactory.   

Then, a transient inverse heat transfer problem encountered in control of fluid temperature 

in heat exchangers was solved. The objective of the process control is to adjust the speed of 

fan rotation, measured in number of fan revolutions per minute, so that the water 

temperature at the heat exchanger outlet is equal to a time-dependant target value. The least 

squares method in conjunction with the first order regularization method was used for 

sequential determining the number of revolutions per minute. Future time steps were used 

to stabilize the inverse problem for small time steps. The transient temperature of the water 

at the outlet of the heat exchanger was calculated at every iteration step using 

a numerical mathematical model of the heat exchanger. The technique developed in the 

paper was validated by comparing the calculated and measured number of the fan 

revolutions. The discrepancies between the calculated and measured revolution numbers 

are small.   

2. Dynamics of a cross-flow tube heat exchanger 

Applications of cross-flow tubular heat exchangers are condensers and evaporators in air 

conditioners and heat pumps as well as air heaters in heating systems. They are also applied 

as water coolers in so called 'dry' water cooling systems of power plants, as well as in car 

radiators. There are analytical and numerical mathematical models of the cross-flow tube   

heat exchangers which enable to determine the steady state temperature distribution of 

fluids and the rate of heat transferred between fluids (Taler, 2002; Taler & Cebula, 2004; 

Taler, 2004). In view of the wide range of applications in practice, these heat exchangers 

were experimentally examined in steady-state conditions, mostly to determine the overall 

heat transfer coefficient or the correlation for the heat transfer coefficients on the air side and 

on the internal surface of the tubes (Taler, 2004; Wang, 2000). There exist many references on 

the transient response of heat exchangers. Most of them, however, focus on the unsteady-

state heat transfer processes in parallel and counter flow heat exchangers (Tan, 1984;  

Li, 1986; Smith, 1997; Roetzel, 1998). In recent years, transient direct and inverse heat 

transfer problems in cross-flow tube heat exchangers have also been considered (Taler, 

2006a; Taler, 2008; Taler, 2009). In this paper, the new equation set describing transient heat 

transfer process in tube and fin cross-flow tube exchanger is given and subsequently solved 

using the finite difference method (finite volume method). In order to assess the accuracy of 

the numerical solution, the differential equations are solved using the Laplace transform 

assuming constant thermo-physical properties of fluids and constant heat transfer 

coefficients. Then, the distributions of temperature of the fluids in time and along the length 

of the exchanger, found by both of the described methods, are compared. In order to assess 

the accuracy of the numerical model of the heat exchanger, a simulation by the finite 

difference method is validated by a comparison of the obtained temperature histories with 

the experimental results. The solutions presented in the paper can be used to analyze the 

operation of exchangers in transient conditions and can find application in systems of 

automatic control or in the operation of heat exchangers. 
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2.1 Mathematical model of one-row heat exchanger  
A mathematical model of the cross flow tubular heat exchanger, in which air flows 
transversally through a row of tubes (Fig. 1), will be presented. The system of partial 
differential equations describing the space and time changes of: water T1, tube wall Tw , and 
air T2 temperatures are, respectively 
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where Tm 2 denotes the mean air temperature over the row thickness, defined as 
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Fig. 1. One-row cross-flow tube heat exchanger 
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The time constants 1τ , wτ  , fτ  , and 2τ  are 
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1 1rg w chm n A L ρ= , ( )( )2 1 2 2rg oval f fm n p p A s nδ ρ= − − , w rg m w ch wm n U Lδ ρ=  

 

( )1 2f rg f oval f wm n n p p A δ ρ= − , wA abπ= , ( )( )oval w wA a bπ δ δ= + + , ( )/ 2m w zU U U= + . 

 

The weighted heat transfer coefficient ho is defined by 

 ( )2 2
mf f

o f
zrg zrg

A A
h h h

A A
η

⎡ ⎤
= +⎢ ⎥

⎢ ⎥⎣ ⎦
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The symbols in Equations (1-5) denote: a , b - minimum and maximum radius of the oval 

inner surface; fA - fin surface area; mfA - area of the tube outer surface between fins; ovalA , 

wA - outside and inside cross section area of the oval tube; wrg rg w chA n U L= , 

zrg rg z chA n U L= - inside and outside surface area of the bare tube; pc - specific heat at constant 

pressure; wc - specific heat of the tube and fin material; 1h  and 2h  - water and air side heat 

transfer coefficients, respectively; oh - weighted heat transfer coefficient from the air side 

related to outer surface area of the bare tube; chL - tube length in the automotive radiator; 

1m , 2m , fm   and wm - mass of the water, air, fins, and tube walls in the heat exchanger, 1m$ -

 mass flow rate of cooling liquid flowing inside the tubes; 2m$ - air mass flow rate;  

fn - number of fins on the tube length; rgn - number of tubes in the heat exchanger; 1N  and 

2N  – number of heat transfer units for water and air, respectively; 1p - pitch of tubes in 

plane perpendicular to flow (height of fin); 2p - pitch of tubes in direction of flow (width of 

fin); s - fin pitch; t - time; 1T  , wT  and 2T - water, tube wall and air temperature, 

respectively; wU  and zU - inner and outer tube perimeter of the bare tube, fη - fin 

efficiency, / chx x L+ = , 2/y y p+ = - dimensionless Cartesian coordinates; fδ  and wδ - fin 

and tube thickness, respectively;  ρ - density; 1τ , wτ , fτ  and 2τ  - time constants.  

The initial temperature distributions of the both fluids ( )1,0T x+ , ( )2,0 ,T x y+ + and the wall 

( ),0wT x+ are known from measurements or from the steady-state calculations of the heat 

exchanger. The initial conditions are defined as follows 

 ( ) ( )1 0 1,0, tT x t T x+ +
= = , (6) 

 ( ) ( )0 ,0,w t wT x t T x+ +
= = , (7) 

 ( ) ( )2 0 2,0, , ,tT x y t T x y+ + + +
= = . (8) 

 

The boundary conditions have the following form 
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 ( ) ( )1 10
,

x
T x t f t+

+
= = , (9) 

 ( ) ( )2 20
, ,

y
T x y t f t+

+ +
= = , (10) 

where ( )1f t  and ( )2f t  are functions describing the variation of the temperatures of inlet 

liquid and air in time. The initial-boundary value problem formulated above (1–10) applies 

to heat exchangers made of smooth tubes and also from finned ones. The transient fluids 

and wall temperature distributions in the one row heat exchanger (Fig. 1) are then 

determined by the explicit finite difference method and by Laplace transform method. 

2.1.1 Explicit finite difference method 

When actual heat exchangers are calculated, the thermo-physical properties of the fluids and 

the heat transfer coefficients depend on the fluid temperature, and the initial boundary 

problem (1–10) is non-linear. In such cases, the Laplace transform cannot be applied. The 

temperature distribution ( )1 ,T x t+ , ( ),wT x t+ , and ( )2 , ,T x y t+ +  can then be found by the 

explicit finite difference method. The time derivative is approximated by a forward 

difference, while the spatial derivatives are approximated by backward differences. The 

equations (1–3) are approximated using the explicit finite difference method 
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i = 1, …, N, n = 0, 1, … . 
The  nodes are shown in Fig. 2. The designations are as follows 

( ) 1,1 iW I T= , ( ) 2,1 iP I T′= , ( ) 2,2 iP I T′′= , ( ) ,1 w iR I T= . 

The unknown temperature 1
1, 1
n

iT +
+  is found from Eq. (11), 1

,
n
w iT +  from Eq. (12), and 

( ) 1

2,

n

iT
+

′′ from Eq. (13): 
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, (14) 

i = 1, …, N, n = 0, 1, …  
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i = 1, …, N, n = 0, 1, …  

where tΔ  is the time step and the dimensionless spatial step is:  1 /x N+Δ = . 
 

 

Fig. 2. Diagram of nodes in the calculation of temperature distribution by the finite difference 
method; P1(I)–inlet air temperature, R1(I)–tube wall temperature, P2(I)–outlet air temperature 

The initial conditions (6–8) and the boundary conditions (9, 10) assume the form: 
- initial conditions 

 ( )0
1, 1,0i iT T x+= , 0n = , 1,..., 1i N= + ,  (17) 

 ( )0
, ,0w i w iT T x+= , 1,...,i N=  (18) 

 ( ) ( )0

2, 2,0i iT T x+′ ′= , i = 1,...,N, (19) 

 ( ) ( )0

2, 2,0i iT T x+′′ ′′= , i = 1,...,N,  (20) 

where ( )1ix i x+ += − Δ , 1,..., 1i N= + . 
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- boundary conditions 

 1,1 1
n nT f= , n = 0,1,...,  (21) 

 ( )2, 2

n n
iT f′ = , n = 0,1,...,  (22) 

where ( )1 1
nf f n t= Δ , ( )2 2

nf f n t= Δ . 
In order to ensure stability of the calculations by the explicit finite difference method, the 
conditions of Courant (Press et al. , 2006; Taler, 2009) must be satisfied 
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≤ .  (24) 

Because of the high air flow velocity w2, the time step Δt resulting from the condition (24) 
should be very small, in the range of tens of thousandths of a second. The temperature 
distribution is calculated using the formulas (14–16) taking into consideration the initial (17–
20) and boundary conditions (21–22), and starting at n = 0. 

2.1.2 Laplace transform method 
Applying the Laplace transform for the time t in the initial boundary problem (1–10) leads to 
the following boundary problem 
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where the Laplace transform of the function ( )F t  is defined as follows 

 ( )F s = ( )
0

ste F t dt
∞

−∫ .  (30) 

The symbol s in Equations (25-30) denotes  the complex variable. 
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Solving the equations (25–27) with boundary conditions (28–29) and the initial condition  

 
1,0 ,0 2,0 2,0 0w mT T T T= = = =  (31) 
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The transforms of the solutions ( )1 1 ,T T x s+= , ( , )w wT T x s+=  and ( )2 2 , ,T T x y s+ +=  are 

complex and therefore the inverse Laplace transforms of the functions 1T  and 2T  are 

determined numerically by the method of Crump (Crump, 1976) improved by De Hoog 

(De Hoog 1982). The transforms of the solutions 1T , wT  and 2T  are found under the 

assumption that the discussed problem is linear, i.e. that the coefficients 1N , 1τ , 2N , 2τ , wτ  

and fτ  in the equations (1–3) are independent of temperature. In view of the high accuracy 

of the solution obtained by the Laplace transform, it can be applied to verify the 

approximate solutions obtained by the method of finite differences. 

3. Test calculations 

A step change of air inlet temperature in one tube row of the exchanger, from the initial 

temperature 0T  to 0 2T T+ Δ  will be considered. The design of the exchanger is shown in the 
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paper (Taler 2002, Taler 2009). The discussed exchanger consists of ten oval tubes with 

external diameters ( )min 2 wd a δ= ⋅ + = 6.35 mm and ( )max 2 wd b δ= ⋅ + = 11.82 mm. The 

thickness of the aluminium wall is wδ  = 0.4 mm. The tubes are provided with smooth plate 

fins with a thickness of fδ  = 0.08 mm and width of 2p = 17 mm. The height of the tube bank 

is 1rH n p=  = 10 × 18.5 = 185 mm, where rn = 10 denotes the number of tubes, and 1p  is the 

transverse tube spacing. Water flows inside the tubes and air on their outside, 

perpendicularly to their axis. The pipes are xL  = 0.52 m long. The initial temperature are: 

1,0 ,0 2,0wT T T= = =  0°C. For time t > 0, the sudden temperature increase by 2TΔ  = 10°C 

occurs on the air-side before the heat exchanger. The water temperature 1f  at the inlet to the 

exchanger tubes is equal to the initial temperature 0T  = 0°C. 

The flow rate of water is constant and amounts 1V$  = 1004 l/h. The air velocity in the duct 

before the exchanger is 2w  = 7.01 m/s and the velocity in the narrowest cross section 

between two tubes is maxw  = 11.6 m/s. The mass of water in the tubes is m1 = 0.245 kg and 

the mass of tubes including fins is (mw + mf) = 0.447 kg. The time constants are 1τ  = 5.68 s, 

2τ  = 0.0078 s, fτ  = 0 s, wτ  = 1.0716 s and the numbers of heat transfer units N1 and N2 are 

equal to N1 = 0.310, N2 = 0.227. The heat transfer coefficients are: 1h  = 1297.1 W/(m2K),  

2h = 78.1 W/(m2K). 
 

 

-

 

Fig. 3. Plot of temperatures of water T1(x+ = 1), tube wall Tw(x+ = 1) and air T2(x+ = 1, y+ = 1) 
at the exchanger outlet (x+ = 1, y+ = 1) 

The changes of the temperatures of water and air were determined by the method of 

Laplace transform and by the finite difference method. The water temperature on the tube 

length was determined in 21 nodes ( N = 20, x+Δ  = 0.05). The time integration step was 
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assumed as tΔ  = 0.0001 s. The transients of water and air temperatures at the outlet of the 

exchanger ( x+  = 1, y+ = 1) are presented in Fig. 3. 

The water temperature distribution on the length of the exchanger at various time points is 

shown in Fig. 4. Comparing the plots of air, tube wall and water at the exchanger outlet 

indicates that the results obtained by the Laplace transform method and the finite difference 

method are very close. The air outlet temperature in the point x+ = 1, y+ = 1 is close to 

temperature in steady state already after the time t = 3.9 s. Figure 3 shows that the air 

temperature past the row of tubes ( x+ = 1, y+ = 1) is already almost equal to the steady state 

temperature after a short time period when the inlet air arrives at the outlet of the heat 

exchanger. The steady-state water temperature increases almost linearly from the inlet of the 

heat exchanger to its outlet. It is evident that the accuracy of the results obtained by the 

finite difference method is quite acceptable. 
 

-

 

Fig. 4. Comparison of water temperatures on the tube length determined by the finite 
difference method and the Laplace transform method 

4. The numerical model of the heat exchanger 

The automotive radiator for the spark-ignition combustion engine with a cubic capacity of 

1580 cm3 is a double-row, two-pass plate-finned heat exchanger. The radiator consists of 

aluminium tubes of oval cross-section. The cooling liquid flows in parallel through both 

tube rows. Figures 5a-5c show a diagram of the two-pass cross-flow radiator with two rows 

of tubes. The heat exchanger consists of the aluminium tubes of oval cross-section. 
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(a) 

 

 
(b) 

 

  
(c) 

1 – first tube row in upper (first) pass, 2 – second tube row in upper pass; 3 – first tube row in lower 

(second) pass, 4 – second tube row in lower pass; wT′  and wT′′  - inlet and outlet water temperature, 

respectively, amT′  and amT′′  - inlet and outlet air mean temperature, respectively, am$ , wm$  - air and 

water mass flow rate at the inlet of the heat exchanger, respectively 

Fig. 5. Two-pass plate-fin and tube heat exchanger with two in-line tube rows;    

The outlets from the upper pass tubes converge into one manifold. Upon mixing the cooling 
liquid with the temperature ( )1T t′  from the first tube row and the cooling liquid with the 
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temperature 2T′′  from the second tube row, the feeding liquid temperature of the second, 
lower pass is ( )cmT t . In the second, lower pass, the total mass flow rate splits into two equal 
flow rates / 2cm$ . On the outlet from the first tube row in the bottom pass the coolant 
temperature is ( )3T t′′ , and from the second row is ( )4T t′′ . Upon mixing the cooling liquid 
from the first and second row, the final temperature of the coolant exiting the radiator is 

( )cT t′′ . The air stream with mass flow rate ( )am t$  flows crosswise through both tube rows. 
Assuming that the air inlet velocity 0w  is in the upper and lower pass, the mass rate of air 
flow through the upper pass is gm$ = /a g tm n n$ , where gn  is the number of tubes in the first 
row of the upper pass and tn  is the total number of tubes in the first row of the upper and 
lower pass. The air mass flow rate across the tubes in the lower pass is dm$ = /a d tm n n$ , 
where dn  is the number of tubes in the first row of the lower pass. A discrete mathematical 
model, which defines the transient heat transfer was obtained using the control volume 
method. Figure 6a shows the division of the first pass (upper pass) into control volumes and 
Figure 6b the division of the second pass (lower pass). 
 

 
(a) 

 

 
(b) 

Fig. 6. Division of the first and second pass of the car radiator into control volumes; a) first 
pass, b) second pass, c - air temperature, •  - cooling liquid temperature 
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In order to increase the accuracy of the calculations, a staggered mesh will be applied. 
Liquid temperatures at the control volume nodes are denoted by W1(I) and W2(I) for the 
first and second rows of tubes, respectively. P1(I) denotes air temperature ( ),g i amT T t′ ′=  in 
front of the radiator, P2(I) denotes air temperature ,g iT′′  after the first row of tubes and P3(I) 
air temperature ,g iT′′′  after the second row of tubes in the i -th control volume. The coolant 
temperature flowing through the first and second row, in the upper and lower pass, is 
a function of the coordinate x and time t, only. Temperatures ( )amT t′  and ( )amT t′′′  denote the 
mean values of the radiator’s inlet and outlet air temperatures, respectively. In order to 
determine transient temperature distribution of the water, tube wall and air, the finite 
difference method described in section 2.1 was used. For the analysis, the liquid temperature 
at the inlet to the first and second row of tubes in the upper pass was considered to be ( )cT t′  
and ( )cmT t  in the lower pass. Using the notation shown in Figures 6a and 6b, the boundary 
conditions can be written in the following form 
 

 ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )1 21 1 2 1 , 1 1,...,c am gmW W T t T t T t P I T t T t I N′ ′ ′ ′ ′= = = = = = = .  (35) 

 

The inlet air velocity 0w  and mass flow rate cm$  are also functions of time. In the simulation 
program the time variations of: ( )cT t′ , ( )amT t′ , ( )0w t , and ( )cm t$  were interpolated using 
natural splines of the third degree. 
The temperature ( )cmT t  is a temperature of the liquid at the outlet of the upper pass, where 
the liquid of temperature ( )1 1W N +  from the first row of tubes has been mixed with the 
liquid of temperature ( )2 1W N +  flowing out of the second row of tubes. In the case of the 
automotive radiator, temperature ( )cT t′  denotes the liquid temperature (of the engine 
coolant) at the inlet to the radiator whereas ( )amT t′  denotes air temperature in front of the 
radiator. Having determined the mean temperatures of the air gmT′′′  and dmT′′′  leaving the 
second row of tubes in the upper and lower pass, respectively, a mean temperature of the air 
behind the whole radiator ( )/am g gm d dm tT n T n T n′′′ ′′′ ′′′= +  was calculated. If the liquid and air 
temperatures are known, the heat transfer rate in the first and second rows of tubes in the 
upper and lower passes can be determined. The total heat transfer rate for the radiator was 
calculated using the formula ( ) ( ) ( )chl c c c c c a a am amQ m i T i T m c T T′ ′′ ′′′ ′⎡ ⎤= − = −⎣ ⎦

$ $ $ . The symbols ci  
and ac  denote the water enthalpy and air mean specific capacity, respectively. The 
numerical model of the heat exchanger described briefly above is used to simulate its 
transient operation. Before starting transient simulation, the steady-state temperature 
distribution of water, tube wall and air was calculated using the steady-state mathematical 
model of the heat exchanger presented in (Taler, 2002; Taler, 2009). 
 

5. Experimental verification 

In order to validate the developed model of the heat exchanger, an experimental test stand 
was built. The measurements were carried out in an open aerodynamic tunnel.  
The experimental setup was designed to obtain heat transfer and pressure drop data from 
commercially available automotive radiators. The test facility follows the general guidelines 
presented in ASHRAE Standards 33-798 (ASHRAE, 1978) and 84-1991 (ANSI/ASHRAE, 
1982). Air is forced through the open-loop wind tunnel by a variable speed centrifugal fan. 
The air flow passed the whole front cross-section of the radiator. A straightener was used to 
provide better flow distribution. Air temperature measurements were made with multipoint 
(nickel-chromium)-(nickel-aluminium) thermocouple grids (K type sheath thermocouple 
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grids). The thermocouples were individually calibrated. The 95% uncertainty of the 
thermocouples estimated during the isothermal test was ±0.3 K. The air flow was 
determined at two cross sections from measurement of the velocity pressure obtained by 
Pitot traverses (Taler, 2006b). Additionally, the air flow was measured by the averaging 
Pitot tube device. The uncertainty in the measured air mass flow rate is ±1.0%. The static 
pressure drop across the radiator was measured with the four-tap piezometer rings using a 
precision differential pressure transducer with the 95% uncertainty of the order of ±1 Pa. 
The hot water is pumped from the thermostatically controlled tank through the radiator by 
the centrifugal pump with a frequency inverter. Water flow rates were measured with a 
turbine flowmeter that was calibrated using a weighting tank. The 95% uncertainty in the 
flow measurement was of ±0.004 L/s. Water solution temperatures at the inlet and outlet of 
the radiator were measured with calibrated platinum resistance thermometers (Pt 100 
sensors). The 95% uncertainty in the temperature measurement is about ±0.05 K. Liquid 
pressure at the inlet and outlet of the radiator was measured with temperature compensated 
piezo-resistive sensors with an uncertainty of ±0.5 kPa. A personal computer-based data-
acquisition system was used to measure, store and interpret the data. The relative difference 
between the air-side and liquid-side heat transfer rate was less than 3%. Extensive heat 
transfer measurements under steady-state conditions were conducted to find the 
correlations for the air- and water-side Nusselt numbers, which enable the calculation of 
heat transfer coefficients. Based on 21 measurement series, the following correlations were 
identified 

 
( )( )

( ) ( )
2/3

2/3

/8 Re 33.6625 Pr
1

(1 34.9622 /8 Pr 1

c c r
c

chc

d
Nu

L

ξ

ξ

⎡ ⎤− ⎛ ⎞⎢ ⎥= + ⎜ ⎟
⎢ ⎥+ − ⎝ ⎠⎣ ⎦

,  (36) 

 1.0755 1/30.01285Re Pra a aNu = ,  (37) 

where the friction factor ξ  is given by 

2 2

1 1

( 1.82 log Re 1.64 ) ( 0.79 lnRe 1.64 )c c

ξ = =
− − . 

The water-side Reynolds number Re /c c r cw d ν=  is based on the hydraulic diameter 

4 /r w wd A P= , where wA  denotes inside cross section area of the oval tube. The hydraulic 

diameter for the investigated radiator is: 37.06 10rd −= ⋅  mm. 

The physical properties of air and water were approximated using simple functions. The 

effect of temperature-dependent properties is accounted for by evaluating all the properties 

at the mean temperature of air and water, respectively. The method of prediction of heat 

transfer correlations for compact heat exchangers is described in details in (Taler, 2005). 

Measurement results are shown in Fig. 7. Then, the transient response of the heat exchanger 

was analyzed. Using the measured values of: inlet water temperature cT′ , inlet air 

temperature amT′ , air velocity in front of the radiator 0w , and water volumetric flow rate 

cV$ , the water, tube wall and air temperatures are determined using the explicit finite 

difference method, presented in the section 2.1. The calculation results and their comparison 

with experimental data are shown in Fig. 8. The agreement between the calculated and 

measured water temperature at the outlet of the heat exchanger is very good. In the case of 
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the outlet air temperature larger differences between calculated and measured values are 

observed (Fig. 8). 
 

 
    (a) 

 

 
     (b) 

Fig. 7. Time variations of measured data: inlet water cT′  and air temperature amT′ , 

respectively; outlet water cT′′ and  air temperature amT′′ , respectively; cV$  - water mass flow 

rate, w0 - air velocity before the heat exchanger 
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(a) 

 

 
(b) 

Fig. 8. Time variations of computed outlet water and air temperatures 1 - air velocity w0 

before the heat exchanger in Fig. a) and water volume flow rate cV$  in Fig. b), 2 – outlet air 

and water temperatures indicated by thermocouples, 3 – computed air and water outlet 

temperatures, 4 – water and air outlet temperature calculated on the basis of measured 

value using the first order thermocouple model 

This discrepancy is the result of damping and delay of air temperature changes by the 
sheath thermocouples of 1.5 mm diameter, used for the air temperature measurement. The 
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transient response of the thermocouple can be described by a simple first order differential 
equation 

 th
th f th

dT
T T

dt
τ = − . (38) 

The symbols in equation (38) denote: fT  and thT  - fluid and thermocouple temperature, 

respectively, t - time, ( )/th th th th thm c h Aτ =  - time constant of the thermocouple, 

thm  - thermocouple mass, thc  - specific heat capacity of the thermocouple, thh  - heat 

transfer coefficient on the thermocouple surface, thA  - area of the outside surface of the 

thermocouple. Approximating time derivative in Eq. (38) by the central difference quotient 

and transforming Eq. (38) gives 

 
1 1

2

n n
n n n th th
f th th

th

T T
T T

t
τ

+ −−
= +

Δ
,  (39) 

where the symbols in Eq. (39) stand for: ( )n
f fT T t= , ( )n

th thT T t= , ( )1n
th th thT T t t+ = + Δ , 

( )1n
th th thT T t t− = − Δ , thtΔ  is the sampling time interval during temperature measurement by 

means of the data acquisition system. Taking into consideration that: thτ = 20 s, thtΔ  = 2.4 s, 

the air temperature is calculated using Eq. (39). An inspection of the results shown in Fig.8 

indicates that the agreement between calculated and measured air temperature determined 

from Eq. (39) is very good. In the case of water temperature measurement, the time constant 

of the thermocouple is very small, since the heat transfer coefficient in the thermocouple 

surface is very high and the temperature indicated by the thermocouple and the real water 

temperature are very close. 

6. Transient inverse heat transfer problem in control of plate fin and tube 
heat exchangers  

In this section, a transient inverse heat transfer problem encountered in control of fluid 

temperature or heat transfer rate in a plate fin and tube heat exchanger was solved. 

The water temperature ( )cT t′′  at the outlet of the heat exchanger is known function of time. 
The problem to be solved is of great practical importance during start up and shut down  
processes of heat exchangers, internal combustion engines and in heating and ventilation 
systems. For example, the heat flow rate transferred from the internal combustion engine to 
cooling liquid is a function of time since it depends on the actual power of the engine, which 
in turn is a function of the car velocity and the slope of the road. Modern cooling systems 
are designed to maintain an even temperature at the outlet of the radiator despite of time 
dependent heat absorption by the engine coolant. This can be achieved by changing the fan 
rotating speed over time to keep the constant coolant temperature at the inlet of the engine. 
If the engine is operated at steady state conditions then its lifetime is much longer because 
thermal deformations and stresses are smaller. 

The goal of the process control is to adjust the speed of fan rotation n(t) in order that the 

water temperature ( ) cal

cT t′′⎡ ⎤⎣ ⎦  at the heat exchanger outlet is equal to a time-dependant 

target value (setpoint) ( ) set

cT t′′⎡ ⎤⎣ ⎦ . The speed of rotation n is a function of time t and will be 

determined sequentially with a time step ΔtB = tM – tM-1 . The method developed in the 
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paper can be easily extended to the control of heat flow rate transferred in the heat 

exchanger 

 ( ) ( ) ( ) ( ) ( )c c c c c c cQ t V t T t c T t T tρ ′ ′ ′′= ⎡ ⎤ ⎡ − ⎤⎣ ⎦ ⎣ ⎦
$ $ ,  (40) 

 

where the symbols denote: ( )cV t$  - water volumetric flow rate at the heat exchanger inlet, 

cρ  - water density, cc  - mean specific heat in the temperature range from ( )''
cT t  to ( )'

cT t .   

Solving equation (1) for ( )''
cT t  gives 

 ( ) ( ) ( )
( ) ( )

c
c c

c c c c

Q t
T t T t

V t T t cρ
′′ ′= −

′⎡ ⎤⎣ ⎦

$
$ .  (41) 

 

If the time changes of the heat flow rate ( )cQ t$  are prescribed as a function of time, then the 

inverse problem formulated with respect to the heat flow rate ( )cQ t$  is equivalent to the 

inverse problem formulated in terms of the water outlet temperature ( )cT t′′ .  

6.1 Formulation of the inverse problem 
The least squares method in conjunction with the first order regularization method are used 
for sequential determining the number of revolutions per minute 

 ( ) ( ) ( )
1

22

, ,

M F

M

M

t
cal set

M th c th c r t t

t

dn
S n T T dt w

dt

+

−

=
⎛ ⎞⎡ ⎤′′ ′′= − + =⎜ ⎟⎢ ⎥⎣ ⎦ ⎝ ⎠

∫ min ,  (45) 

 

where t is time, ( )''
,

cal

th cT  and ( )''
,

set

th cT are the calculated and preset thermocouple 

temperature measuring water temperature at the outlet of the heat exchanger, wr is the 

regularization parameter, and n denotes the speed of fan rotation. The sum (45) is 

minimized with respect to the number of fan revolutions per minute nM at time tM . 

Approximating the derivative in Eq. (45) by the forward difference quotient and the integral 

by the rectangle method gives 

 ( ) ( ) ( ){ }( ) 21 2
1

, ,
11

Bk F
cal set

M F M
M th c i th c i r

M F Mi

n n
S n T t T t w

t t

+
+ −

+ −=

⎛ ⎞−⎡ ⎤ ⎡ ⎤′′ ′′= − + =⎜ ⎟⎣ ⎦ ⎣ ⎦ −⎝ ⎠
∑ min,  (46) 

 

where (Fig. 1) 

 1i Mt t i t−= + Δ  , i = 1,…, kB (F+1).  (47) 

 

The symbol F denotes the number of future time intervals (Fig. 1). Future time steps are 
used to stabilize the inverse problem for small time steps. Since the outlet temperature 

changes ( )''
,

cal

th cT  are delayed with reference to the changes of the speed of fan rotation n, 

the time interval tM – tM-1 was artificially extended to the value: tM+F – tM-1 .  
The future time steps were introduced to the inverse analysis by Beck (Beck, 2003)  in order 
to make it possible to determine the unknown parameters with higher frequency. At first, 
the searched number of fan revolutions nM is assumed to be constant over the whole time 
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interval tM+F – tM-1 . After determining nM from Eq. (46), the time interval tM+F – tM is rejected 
and the estimated parameter nM is taken only for the basic time interval tM – tM-1. The 
estimation of  nM+1 starts from the time point tM . 
 

 

Fig. 9. Determination of speed of fan rotation n in the time interval tM-1 ≤ t ≤ tM using F 
future time intervals; Δt – time step in the finite difference method used in the mathematical 
model of the heat exchanger, ΔtB = kBΔt – basic time interval in the inverse analysis, 
F –  number of future time intervals 

The transient temperature of the thermocouple measuring the water temperature at the 

outlet of the heat exchanger ( ),

cal

th c iT t⎡ ⎤′′⎣ ⎦ is calculated at every iteration step. The calculated 

thermocouple temperature ( ),

cal

th c iT t⎡ ⎤′′⎣ ⎦  was determined from Eq. (38) using the explicit 

Euler method 

( ) ( ) ( ) ( ){ }, , ,
,

cal cal calcal th
th c i th c i th c i th th c i th

th c

t
T t T t t T t t T t t

τ
Δ⎡ ⎤ ⎡ ⎤ ⎡ ⎤′′ ′′ ′′ ′′⎡ ⎤= − Δ + − Δ − − Δ⎣ ⎦⎣ ⎦ ⎣ ⎦ ⎣ ⎦ , 0,1,...n =  (48) 

A finite difference model of the investigated cross-flow tube heat exchanger, which enables 

heat transfer simulation under transient condition has been developed in section 4. This 

model was used for calculating ( ) cal

c i thT t t′′⎡ ⎤− Δ⎣ ⎦ . If the thermocouple time constant ,th cτ  is 

small, then from Eq. (38) results that the thermocouple temperature ( ),

cal

th c iT t⎡ ⎤′′⎣ ⎦ is equal the 

water temperature ( ) cal

c iT t′′⎡ ⎤⎣ ⎦ . 

The initial temperature distributions of the both fluids ( ),0cT x+ , ( ),0 ,aT x y+ +  and the wall 

( ),0wT x+ are known from measurements or from the steady-state calculations of the heat 

exchanger. The boundary conditions have the following form (Fig. 2) 

 ( ) ( )0
,c cx

T x t T t+
+

=
′= ,  (49) 

 ( ) ( )0
, ,a amy

T x y t T t+
+ +

=
′= ,  (50) 
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where ( )cT t′  and ( )amT t′  are functions describing the variation of the inlet temperatures of 

the water and air in time. In section 4, similar equations with appropriate boundary and 

initial conditions were formulated for four rows of the two row heat exchanger with two 

passes and solved using an explicit finite difference method. The numerical model was 

validated by comparison of outlet water and air temperatures obtained from the numerical 

simulation with the experimental data. The discrepancy between numerical and 

experimental results was very small. 

6.2 Results 

In order to demonstrate the effectiveness of the method presented in the subsection 6.1, the 

water temperature ( )'' set

cT at the outlet of the automotive radiator for the spark-ignition 

combustion engine with a cubic capacity of 1580 cm3  was prescribed 

 ( )'' 77.0 52.0
52.0

118.22

set

cT t
−

= + , 0 118.22t≤ ≤ ,  (51) 

 ( ) ( )'' 77.0 64.0
77.0 118.22

31.36

set

cT t
−

= − − , 118.22 150.0t≤ ≤ , (52) 

where ( )'' set

cT is in °C and t is time in s. 

The radiator consists of aluminium tubes of oval cross-section. The cooling liquid flows in 

parallel through both tube rows. Fig. 5 shows a diagram of the two-pass cross-flow radiator 

with two rows of tubes. The time changes of the water volumetric flow rate cV$ , air and 

water inlet temperatures amT′ and cT′  are shown in Fig. 7a. 

The speed of fun rotation n and  water outlet temperature ( ) cal

cT t′′⎡ ⎤⎣ ⎦ obtained from the 

solution of the inverse problem are also shown in Fig. 10. The air velocity w0 was calculated 

using the simple experimental correlation 

 0.001566 0.0551,    250 1440ow n n= ⋅ − ≤ ≤  (53) 

where w0 is expressed in m/s and n in number of revolutions per minute (rpm). 
The proposed method works very well, since the calculated water outlet temperature 

( ) cal

cT t′′⎡ ⎤⎣ ⎦ and the preset temperature ( ) set

cT t′′⎡ ⎤⎣ ⎦ coincide (Fig. 10). 

In order to validate the developed inverse procedure, an experimental test stand was built. 

The measurements were carried out in an open aerodynamic tunnel which is presented in 

section 5. The experimental setup was designed to obtain heat transfer and pressure drop 

data from commercially available automotive radiators.  

The experimental results for sudden decrease in air velocity w0 are shown in Fig. 7a. The 

water and air inlet temperatures ( )cT t′ and ( )amT t′ , water volumetric flow rate ( )cV t$ , and 

temperature of the thermometer measuring the water temperature at the outlet of the heat 

exchanger ( ) ( ), ,

set

th c th cT t T t′′ ′′⎡ ⎤ =⎣ ⎦ were used as the input data for the inverse analysis. The 

sampling time interval was Δt = 2.4 s. The data acquisition readings were interpolated using 

cubic splines. The solutions of the inverse problem and their comparison with experimental 

data are shown in Fig. 11. 
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Fig. 10. Speed of fan rotation n (number of revolutions per minute), for which the calculated 

temperature ( ) cal

cT t′′⎡ ⎤⎣ ⎦ at the outlet of the heat exchanger is equal to preset temperature ; 

Δt = 0.05 s, kB = 30, F = 2, wr = 0; 1 – cV$ - water mass flow rate at the inlet  of the heat 

exchanger, 2 – cT′′ - water temperature at the inlet of the heat exchanger, 3 – amT′ - air 

temperature before the heat exchanger, 4 – calculated water temperature ( ) cal

cT t′′⎡ ⎤⎣ ⎦ obtained 

from the inverse solution, 5 – preset water temperature ( ) set

cT t′′⎡ ⎤⎣ ⎦ at the outlet of the heat 

exchanger, 6 – speed of fan rotation n determined from the inverse solution, 7 – air velocity 

before the heat exchanger based on the inverse solution for n 

Despite different basic time intervals ΔtB and different number of future time intervals F 

very similar results are obtained (Fig. 11a and 11b). The agreement between the calculated 

and measured water temperature at the outlet of the heat exchanger is excellent. 

7. Conclusions 

The numerical models of cross-flow tube heat exchangers, which enable heat transfer 

simulation under transient condition were developed. First, the transient temperature 

distributions of fluids and tube wall in the one row tubular cross flow heat exchanger was 

determined using the finite difference method and the Laplace transform method. The 

results achieved by both methods were in good agreement. Then, the numerical model of 

the two row heat exchanger with two passes was presented. The numerical model was 

validated by comparison of outlet water and air temperatures obtained from the numerical 

simulation with the experimental data. The discrepancy between numerical and 

experimental results is very small. 

In addition, a transient inverse heat transfer problem encountered in control of fluid 

temperature or heat transfer rate in a plate fin and tube heat exchanger was solved. The 

objective of the process control is to adjust the speed of fan rotation, measured in number of 
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fan revolutions per minute, so that the water temperature at the heat exchanger outlet is 

equal to a time-dependant target value (setpoint). The least squares method in conjunction 

with the first order regularization method was used for sequential determining the number 

of revolutions per minute. Future time steps are used to stabilize the inverse problem for 

small time steps. The transient temperature of the water at the outlet of the heat exchanger 

was calculated at every iteration step using a numerical mathematical model of the heat 

exchanger. The obtained solution, that is the speed of fan rotation, is very stable because of 

using future time steps and the first order regularization.    

The method for solving the inverse problem developed in the paper was validated by 

comparing the calculated and measured number of fan revolutions per minute. The 

discrepancies between the calculated and measured revolution numbers are small.   

The inverse method presented in the paper can be used for the solution of the inverse 

problems encountered in control of heat exchangers. 

 

   
   (a)       (b) 

Fig. 11. Speed of fan rotation n (number of revolutions per minute), for which the calculated 

temperature ( ),

cal

th c iT t⎡ ⎤′′⎣ ⎦  at the outlet of the heat exchanger is equal to measured temperature 

( ),

set

th c iT t⎡ ⎤′′⎣ ⎦ ; a) Δt = 0.05 s, kB = 30, F = 2, wr = 0.005 2 2 2 2minK s rev , b) Δt = 0.05 s , kB = 5, F = 

17, wr = 0.007 2 2 2 2minK s rev  
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