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Crack Growth in AlCu4Mg1 Alloy under 
Combined Cyclic Bending and Torsion  

Dariusz Rozumek and Ewald Macha 
Opole University of Technology 

Poland 

1. Introduction    

Aluminium and its alloys are the materials tested for many years and frequently used for 

the elements of fatigue loading. The most characteristic properties of aluminum are low 

weight (3 times less than iron) and low melting point (about 2.5 times smaller than the iron). 

In addition, aluminum has good corrosion resistance properties by creating a thin and tight 

(passive) layer of Al2O3. Therefore, aluminum alloys are widely used in the construction of 

airplanes, vehicles, transport equipment, machinery or parts of building structures. All 

technical alloys are divided into two groups: alloys for plastic working and foundry alloys. 

The boundary between them is determined by the maximum content of an additional 

component dissolved in the solid solution at the eutectic temperature. The appearing 

eutectic adversely affects the technological properties of the alloy (reduced susceptibility to 

plastic working). As for  aluminum alloys subjected to plastic working and heat treatment in 

order to their hardening, duralumin is most widely applied. These alloys are usually 

subjected to heat treatment consisting of annealing, saturating or ageing. In the paper 

(Kocańda & Kozubowski, 1974) the authors studied the influence of microstructure on the 

alloy PA6 on appearance of fatigue microcracks. It was noted the presence of gas 

microbubbles, and precipitations of secondary phases. It was found that gas microbubbles 

are the source of fatigue microcracks. Döring et al. (2006) presented the test results described 

by the ΔJ-integral range, obtained under non-proportional loading including the crack 

closure. The test results obtained under tension with torsion for three materials (two steels 

and one aluminium alloy) were analysed. Different loading paths were applied (circle, 

ellipse, octant, square and cross).  Fatigue crack growth behavior (Chung & Yang, 2003) in 

Al 6061-T6 thick aluminium plate with composite material patch was studied. Five inclined 

crack plates repaired with patch were tested. Crack branching at the threshold level and 

crack closing can be described (Pokluda, 2004) with the local approach including the ratio of 

the grain size to the plastic zone size. At that level of the crack development there are three 

mixed-cracking modes before the crack front, even in the case of mode I only, visible outside 

the tested element. Three materials were tested (steel, aluminium alloy and titanium alloy).   

The aim of this chapter is the presentation of static and cyclic properties of aluminum alloy 

AlCu4Mg1 and to present the test results of fatigue crack growth in plane notched 

specimens under bending and proportional bending with torsion. 
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2. Experimental procedure 

2.1 Material and specimens 
AlCu4Mg1 aluminium alloy included in the standard EN AW- 2024 and PN-92/H-93667 
was subjected to tests. The tested material belongs to a group of medium-alloy duralumins. 
Beams of such a shape are used, among others, as torsion bars in cars (Renault), trucks and 
tanks (attachment of springs), and intermediate beams for gas and oil wells.  The AlCu4Mg1 
aluminium alloys with copper and magnesium, i.e. duralumin, belong to the alloys of high 

strength properties. They contain a solid solution α and numerous precipitations of phases 
Al3Mg2, CuAl2 and triple S-phase (Al2CuMg), and dark precipitations of the phase 

containing Fe: Fe3Si2Al12, occurring mainly at grain boundaries of phase α. Precipitations of 
these phases strongly influence strength and hardness of AlCu4Mg1 alloy, especially 
precipitations at the phase boundaries reduce plastic properties. Cracks of the specimens 

made of aluminium alloys of phase α structure occur on the slip plane { }111 under the shear 

stress independent on spatial orientation of the grain. Figure 1 shows a microstructure of 

AlCu4Mg1 aluminium alloy that consists of lighter α grains with darker phases CuAl2 and 
Al2CuMg. The microstructure is characterized by a bands grains according to the plastic 

treatment direction: elongated grains of the phase α are to 50 μm in width and the minor 

phase CuAl2 and Al2CuMg diameter from 5 to 10 μm.  
 

 

Fig. 1. Microstructure of AlCu4Mg1 aluminium alloy, magnification 500x 

Specimens with rectangular cross-sections for bending (area 60 mm2) and bending with 

torsion (area 64 mm2) and dimensions: length l = 110 (90) mm, height w = 16 (10) mm and 

thickness g = 4 (8) mm were tested (see Fig. 2). Each specimen had an external unilateral 

notch with depth 2 mm and radius ρ = 0.2 mm. The notches in the specimens were cut with 

a milling cutter and their surfaces were polished after grinding. Chemical composition and 

some mechanical properties of the tested aluminium alloy are given in Tables 1 and 2.  

The critical value of the integral for AlCu4Mg1 aluminium alloy is JIc = 0.026 MPa⋅m (ASTM 
E1820-99). Strain-based fatigue curves are shown in Fig. 3, where elastic and plastic 
components are given too. As usual, such curves have been described by a linear law in a 
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(a) 

 
(b) 

 

Fig. 2. Shape and dimensions of specimen, dimensions in mm for: (a) bending, (b) bending 
with torsion 
 

Cu Mn Zn Mg Fe Cr Si Ti Al 

4.15 0.65 0.50 0.69 0.70 0.10 0.45 0.20 bal. 

Table 1. Chemical composition of the AlCu4Mg1 aluminium alloy (in wt %) 
 

σy 
MPa 

σu 
MPa 

E 
GPa 

ν 

382 480 72 0.32 

Table 2. Monotonic quasi-static tension properties of the AlCu4Mg1 aluminium alloy 

 

 

Fig. 3. Fatigue curves under strain control and some stabilized hysteresis loops of 
AlCu4Mg1 aluminium alloy 
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log-log diagram, as suggested by the Manson-Coffin model. In the same figures, some 
stabilised hystheresis loops are displayed too. Coefficients of the Ramberg-Osgood equation 
describing the cyclic strain curve under tension-compression conditions with R = - 1 for 
AlCu4Mg1 aluminium alloy are the following (Rozumek, 2005): the cyclic strength 

coefficient K′, the cyclic strain hardening exponent n′, fatigue strength coefficient σf′, fatigue 

ductility coefficient εf′, fatigue strength exponent b, fatigue ductility exponent c (Table 3). 
After the analysis of axial cyclic stress–strain curves, it was concluded that AlCu4Mg1 
aluminium alloy is cyclically hardening material during fatigue tests. 
The static and cyclic properties for AlCu4Mg1 aluminium alloy were obtained from the tests 
done at the laboratory of Department of Mechanics and Machine Design, Opole University 
of Technology, Poland.  
 

K′ 
MPa 

n′ σf′ 
MPa 

εf′ b c 

563 0.033 605 0.105 -0.051 -0.858

Table 3. Fatigue properties of the AlCu4Mg1 aluminium alloy 

2.2 Fatigue testing 
Fatigue tests were performed in the low cycle fatigue (LCF) and high cycle fatigue regimes 
(HCF) under the load ratio R = Mmin / Mmax = - 1, - 0.5, 0. The tests were carried out under 
controlled loading from the crack occurrence to the specimen fracture. Starting point of 
crack initiation at notch root was observed on side of the specimen. The tests were 
performed on a fatigue test stand MZGS-100 (Rozumek & Macha, 2006) where the ratio of 
torsion moment to bending moment was MT(t) / MB(t) = tanα, where α = 30°, 45° and 60° 

(Fig. 4) and loading frequency was 29 Hz. The total moment ( ) ( ) ( )tMtMtM BT +=  was  
 

(a) 

(b) 

 

Fig. 4. Fatigue test stand MZGS-100 (a) and loading of the specimen (b) 
where:  1 – bed, 2 – rotational head with a holder,  3 - specimen,  4 - holder, 5 - lever 
(effective length = 0.2 m), 6 - motor, 7 – rotating disk,  8 - unbalanced mass, 9 – flat springs,  
10 – driving belt,  11 – spring actuator, 12 - spring,  13 – hydraulic connector. 
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generated by forces on the arms 0.2 m in length. When α = 0° we have pure bending; for α = 

90° we obtain pure torsion. Shearing force on a fatigue test stand MZGS-100 coming from  
bending takes very small values, below 2% of the maximum moment. The fatigue test stand 
MZGS-100 (Fig. 4a) consist of power unit, control unit and loading unit. Loading unit 
consists of cyclic and static loading. Cyclic loading is obtained by vertical movements of the 
lever. Static loading is obtained by a spring pressure. Crack development was observed on 
the specimen surface with the optical method. The fatigue crack increments were measured 
with a digital micrometer located in the portable microscope with magnification of 25 times 
and accuracy of 0.01 mm. At the same time, a number of loading cycles N was written 
down. Under bending with torsion, dimension “a” of the crack growth was defined as 

increments of length and angle α1 (Fig. 12) of the crack measured on the specimen side 
surface.  

2.3 Microstructure and fatigue crack path in AlCu4Mg1 
Fig. 5 shows the surface of the specimen made of AlCu4Mg1 aluminium alloy, tested under 

loading Ma = 15.6 N⋅m corresponding to the nominal stress amplitude to the crack initiation 

σa = 104 MPa and the stress ratio R = - 0.5 after Nf = 49000 cycles. Different magnifications 

were selected in such a way that they present a path of the main crack, about 3 mm in 

length. Fig. 5b presents the final history of the crack about 250 μm in length, cut off from Fig. 

5a and magnified in order to analyse the crack development. In AlCu4Mg1 aluminium alloy 

transcrystalline microcracks can be seen in grains of phase α, in the axial section of the 

specimen (see Fig. 5b). The main characteristics of long cracks development is their 

regularity of propagation and orientation. There are no short cracks, some or several μm in 

length, deflecting from the main crack, which we can observe, for example, in titanium 

alloys.  

The forming faults from the main crack can be seen, which run according to directions of 

phases Al2CuMg (almost perpendicularly to the loading applied), and next they go into the 

phase α. On the fractures we can observe usually transcrystalline cracks through grains of 

the phase α, but also cracks along the grain boundaries can be noticed. The main cracks 

developed on the planes of maximum shear stresses. In the considered material we have 

mixed cracking, i.e. brittle and plastic. In Fig. 5b we can observe both kinds of cracking near 

the main crack, i.e. pits of different size, typical for plastic cracking, and cracks along the 

grain boundaries typical for brittle fractures.  

2.4 Stress distribution 
If the specimen is both bended by moment MB and twisted by moment MT (Fig. 4b), then in 
a given rectangular cross-section normal stresses form under the influence of bending and 
the shear stresses result from torsion (Rozumek & Macha, 2009). The normal stresses change 

from zero in the neutral axis to the maximum value 
2
B

a
gw

M6
=σ  in the extreme fibres (σmax) 

(Fig. 6). Shear stresses occur changing from zero in the specimen axis to the maximum value  

2
1

T
a

wgk

M
=τ  (k1 = 0.208 – ratio of the height to the thickness of specimen) in the most distant 

points of specimen’s shorter side (τmax) (Fig. 6). 
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(a) 

 
 

(b) 

 

Fig. 5. The fatigue crack path in the AlCu4Mg1 under bending: (a) magnification 50x, (b) 
magnification 500x 

De Saint-Venant worked on the problem of stress distribution under torsion. He found that 
stresses were equal to zero inside and in the corners of the bar, and they were the biggest in 
the centers of square sides (longer sides of the rectangle). In the specimen under torsion, 
cross-sections do not remain plane but are subjected to deformation or the so-called 
deplanation. If torsion is unfree (as in the presented case), then shear and normal stresses 
occur induced by torsion. In the presented case, the normal stresses were about three times 
bigger than shear stresses (due to the occurrence of the notch in the plane of their action).  
Under simultaneous action of the two moments,  MB and MT,  the most dangerous stress 
state forms in the planes most distant from both the neutral axes of the specimen (Fig. 6 - 

σmax). The stress intensity factors can be expressed as: for mode I, aYK a1I πσ=  and for 

mode III, aYK a3III πτ= .  
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Fig. 6. Distribution of normal and shear stresses in the specimen subjected to bending with 
torsion (Rozumek & Marciniak, 2010) 

2.5 ΔJ parameter criterion 
In the case of mixed mode I and III, the range of the equivalent parameter ΔJ was assumed 
as the sum of  ΔJI  and  ΔJIII  

 IIIIeq JJJJ Δ+Δ=Δ=Δ . (1) 

The ΔJ-integral range for mode I and mode III is calculated from (Rozumek, 2005) 

 ( ) ( )naYEKJ pII ′εΔσΔπ+Δν−=Δ //1 2
1

22 , (2) 

 ( ) ( )naYEKJ pIIIIII ′γΔτΔπ+Δν+=Δ //1 2
3

2 , (3) 

where the first term of Eqs. (2) and (3) concerns the linear-elastic range, and the other term 
refers to the elastic-plastic range,  a – crack length, E – Young’s modulus,  ν - Poisson’s ratio,  
Δσ, Δτ - ranges of stresses under bending and torsion in the near crack tip, respectively,  Δεp, 
Δγp – ranges of plastic strains under bending and torsion in the near crack tip, respectively.  
The stress intensity factors ranges ΔKl for mode I and ΔKIII for mode III were calculated from 

 aYKI πασΔ=Δ 2
1 cos , (4) 

 aYK III παασΔ=Δ cossin3 , (5) 

according to (Harris, 1967) and (Chell & Girvan, 1978), for mode I and mode III the 
correction coefficients are 

 ( ) ( ) ( )21 /7/1320/5/ wawawaY −−= , (6) 

 ( ) ( ) ( )( )waawwaY 2/tan/2/3 π= . (7) 
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3. Experimental results and discussion 

3.1 Finite and boundary element model 
Stresses and strains in the elastic-plastic ranges were calculated with use of the finite 

element method (FRANC2D software) for bending and the boundary element method 

(FRANC3D software) for bending with torsion. A specimen model was built and divided 

into finite elements with the use of CASCA graphic processor, which was integrated with 

FRANC2D software. Each of these areas was covered with a net of finite elements. Fig. 7a 

shows the division of the area around the crack into finite elements. In the model, six-nodal 

triangular elements were applied; the triangles were of different dimensions. The 

geometrical model of the specimen was created using OSM software, with the boundary 

element mesh generated in the FRANC3D software. The programs include the nonlinear 

physical Ramberg-Osgood curve of cyclic strain of the material tested. It was decided that 

calculations would be based on incremental elastic-plastic analysis including the kinematic 

model of material hardening. Having made the specimen outline, segments were divided 

and closed areas were defined. A boundary element mesh was put on each area. The 

programs design the mesh automatically. The calculations were performed for a two-

dimensional and three-dimensional models of the notched specimens. Figure 7b shows 

division of the notch region into boundary elements. The model shown in Fig. 7b includes 

ten-node elements being tetrahedral (the model including 1354 triangular elements). 

Loading values assumed for calculations were the same as those applied in the experiments. 

Magnitude and shapes of boundary elements depend on division of intervals closing a given 

area. The greatest mesh concentration occurs in the area of the crack development (Fig. 7).  

 

(a) (b) 

 

Fig. 7. Division of the notch region into finite and boundary elements in the software (a) 
FRANC2D, (b) FRANC3D 

Next, one end of the specimen is restrained (thus taking away the degrees of freedom from 

the nodes of specimen model) and it is fixed in direction of axes x, y and z. In order to 

perform numerical calculations, it is necessary to introduce material data (such as the yield 

point, Young’s modulus, Poisson’s ratio, temperature, material density, critical value – for 

example, JIc integral) into the FRANC3D software. 
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3.2 Bending 
Each series of specimens made of AlCu4Mg1 aluminium alloy was subjected to cyclic 

bending by the constant amplitude moment Ma = 15.64 N⋅m (which corresponded to the 

nominal amplitude of normal stresses σa = 104 MPa before the crack initiation) and different 

load ratio R = - 1, - 0.5, 0 (different mean bending moment Mm = 0, 5.21, 15.64 N⋅m). The test 

results were shown as graphs of the crack length “a” versus the number of cycles N and 

crack growth rate da/dN versus the ΔJ parameter. ΔJ was compared with the ΔK stress 

intensity factor range. The theoretical stress concentration factor in the specimen Kt = 4.29, 

was estimated with use of the model (Thum et al., 1960). From the fatigue crack length “a” 

versus number of cycles N curves reported in Fig. 8, it appears that after changing the load 

ratio R from - 1 to 0, fatigue life decreases. The tests were conducted under constant 

amplitude loading for three different values Mmax. During the tests the lengths of fatigue 

cracks were measured and the current number of cycles was recorded. Basing on these 

measurements graphs were made “a” versus number of cycles N, which were used for 

calculating the fatigue crack growth rate. Graphs of the fatigue crack growth rate da/dN 

versus ΔJ parameter for the material tested under three load ratios R are shown on a binary 

logarithmic system in Fig. 9.  

The test results presented in Fig. 9 were approximated with the empirical formula 
(Rozumek, 2005) 

 
( ) JJR-1

J

J
B

dN

da

Ic
2

n

Δ−

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛ Δ

= 0
, (8)  

where ΔJ = J (Δσ)  -  range of J parameter, B and n – coefficients determined experimentally, 
R - load ratio, mMPa1J0 ⋅= - per unit value introduced to simplify the confounded 

coefficient unit B. 
 

 

Fig. 8. Fatigue crack length versus number of cycles under bending 
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Fig. 9. Comparison of the experimental results with calculated ones according to  Eq. (8) 

It has been observed that in Fig. 9 (graphs 1, 2, 3), the change of the load ratio R from – 1 to 0 

is accompanied by an increase in the fatigue crack growth rate. From the graphs it appears 

Fig. 9 that influence of the loading mean value on the crack growth rate in the AlCu4Mg1 

alloy is significant. For example, from Fig. 9 it appears that while changing the value of the 

load ratio from R  = - 1 to R = 0, a nine fold increase in fatigue crack growth rate has been 

noticed for ΔJ = 3⋅10-3 MPa⋅m. The empirical coefficients B and n occurring in Eq. (8) were 

calculated with the least square method and they were shown in Table 4. It means that B 

and n are not dependent on a kind of the material only. The test results for cyclic bending 

include the error not exceeding 20% at the significance level α = 0.05 for the correlation 

coefficients rw given in Table 4. The correlation coefficients take high values in all the 

considered cases and it means that there is a significant correlation of the test results and the 

assumed empirical formula (8). Table 4 also contains coefficients of the multiple correlation 

rw applied in Eq. (8) and expressed by equation (Rozumek & Macha, 2006)  

 
2

12

1221
2
2

2
1

1

2

r

rrrrr
r

yyyy
w

−

−+
= , (9)  

where r12, ry1, ry2 – coefficients of cross correlation. 
 

Fig. Graphs 
B 

cycle/2mMPa ⋅  
n rw 

9 1 1.04⋅10-7 0.51 0.96 

9 2 9.49⋅10-8 0.28 0.97 

9 3 8.11⋅10-8 0.30 0.94 

Table 4. Coefficients B and n in Eq. (8) and correlation coefficients rw for the curves shown in 
Fig. 9 
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Calculating ΔJ parameter, we can find that there is a functional relation between the loading 
range, the elastic-plastic strain range, the crack tip opening displacement and the crack 
length. High values of correlation coefficients show that all these factors were 

approximately included. Above a certain value of ΔJ parameter, the fatigue crack growth 
rate increases rapidly without further increase of loading. Such behaviour is connected with 
an unstable crack growth rate in the final stage of specimen life. In this period the stress 

drop can be observed as plasticization increases. Application of the ΔJ parameter is 
reasonable in the case of elastic-plastic materials and those with yield stress. An analysis of 

correlation of ΔJ and ΔK parameters was carried out to show that the ΔJ parameter is more 

advisable than ΔK. Therefore the following equation was used: 

 
E

K
J

2

*
Δ

=Δ , (10) 

where stress intensity factor range ΔK calculated from aYKKK πσΔ=−=Δ 1minmax and 

minmax σ−σ=σΔ stress range and σ=σΔ 2 for R = - 1, Y1 - correction coefficient including 

finite of the specimen dimensions for mode I applied in Eq. (6). 

In the linearly-elastic range, the ΔJ* parameter calculated from Eq. (10) were compared with 
the results obtained from to tests. The relative error was below 5%. Figure 10 shows the 

relation between the parameters ΔJ* and ΔJ for three load ratios R. A good linear relation (in 
the double logarithmic system) between these two parameters in the case of the fatigue 
crack growth rate for the tested material was observed. In the AlCu4Mg1 alloy and bending, 

this occurs for ΔJ < 4⋅10-3 MP⋅m (Fig. 10). This means that in this test range under controlled 

loading, the parameter ΔJ plays a similar role to the parameter ΔK up to the moment when 
plastic strain occurs. When plastic strains increase, we can find an increasing difference 

between ΔJ* and ΔJ. The difference results from the fact that the parameter ΔJ* does not 

include plastic strains. At the final stage of specimen life, when ΔJ parameter approaches the 
 

 

Fig. 10. The relationship between ΔJ* and ΔJ for bending 
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Fig. 11. Variation with cycles of crack length and ΔJ for bending and R = 0 

critical value of JIc, the crack growth rate increases rapidly (Fig. 10, R = 0) and leads to the 

material failure. For example in Fig. 11 (AlCu4Mg1 aluminium alloy and R = 0) fatigue crack 

growth “a” versus the number of cycles N and ΔJ parameter versus the number of cycles N 

are shown in the linear system. In this figure we can observe fatigue crack growth since the 

beginning of the propagation until the specimen failure. In Fig. 11 the graph ΔJ versus N 

also shows that ΔJ parameter increases with the number of cycles until reaching 11000 

cycles, then the graph stabilises (it becomes almost constant). 

3.3 Bending with torsion 
The chapter contains the fatigue crack growth test results obtained under proportional 
bending with torsion (Rozumek, 2009). The tests were performed on a fatigue test stand 
MZGS-100 (Fig. 4a), where the ratio of torsion moment to bending moment was MT(t)/MB(t) 

= tanα, where α = 30°, 45° and 60° (Fig. 4b). Unilaterally restrained specimens were 
subjected to cyclic bending with torsion (mixed mode I+III) with the constant amplitude of 

moment Ma = 7.92 N⋅m and load ratio R = Mmin / Mmax = - 1, - 0.5, 0 (for three different 

values Mmax = 7.92, 10.56, 15.84 N⋅m), which corresponded to the nominal amplitude of 

normal stresses σa = 80.36, 65.63 and 46.41 MPa (σmax = Ktσa = 302.15, 246.77, 174.50 MPa) 

and the nominal amplitude of shear stresses τa = 37.18, 52.58 and 64.39 MPa before the crack 
initiation. The theoretical stress concentration factor in the specimen under bending Kt = 
3.76, was estimated with use of the model (Thum et al., 1960). During experimental tests 

fatigue cracks lengths and angles α1 (Fig. 12) were measured and number of cycles were 
registered. Next, on the basis of experimental results in the range of linear-elastic, the range 

of ΔK parameter was analytically calculated for mode I and mode III loading. Stresses and 
strains calculations in linear-elastic and elastic-plastic were made with use of numerical 
method (FRANC3D software). Measurement of the crack length were made on both sides of 
the specimens. At one side, the cracks were a little greater than at the other side. For 

calculations of the ΔJ parameters, greater cracks are assumed because they mainly influence 
the specimen failure. Also the stress fields are greater at one side of the specimen. During 
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the tests on the observed reproducibility of the test specimens. Fig. 12 shows an example of 

the crack path under proportional bending with torsion for α = 45°.  
 

 

Fig. 12. Crack path in specimen under proportional bending with torsion for R = - 1 and  

α = 45°  

Figures 13, 14 and 15 present results of fatigue crack length versus the number of cycles for 
mixed mode I+III and α = 30°, 45° and 60°, respectively.  
From the graphs in Figs. 13, 14, 15 it appears that changes of the angle α from 30° to 60° are 
accompanied by decrease of fatigue life of the specimens for the load ratio R = - 1, - 0.5, 0. as 
well as after changing the load ratio  from - 1 to 0, fatigue life decreases. Figures 16, 18 and 
20 for load ratio R = - 1, - 0.5, 0 show fatigue crack growth rates da/dN versus ΔJ parameter 
for pure mode I and pure mode III and three the ratio of torsion moment to bending 
moment (α = 30°, 45° and 60°). The ΔJ parameter for pure mode I and pure mode III was 
calculated from Eqs. (2) – (7). Next, Figs. 17, 19, 21 present the results according to equation 
(1) for mixed mode I+III loading. 
 

 

Fig. 13. Fatigue crack length versus number of cycles under mixed mode I+III loading for  

α = 30° 
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Fig. 14. Fatigue crack length versus number of cycles under mixed mode I+III loading for  

α = 45° 

 

Fig. 15. Fatigue crack length versus number of cycles under mixed mode I+III loading for  

α = 60° 

From Figs. 16 – 21 it appears that the fatigue crack growth rate increases when we increase α 

from 30° to 60° and load ratio R from – 1 to 0 in the AlCu4Mg1 aluminium alloy. Moreover 
(Figs. 16, 18, 20), the fatigue crack growth rate is higher for mode III than for mode I for the 

same value of ΔJ and load ratio R = - 0.5, 0. It was found that for R = - 1 and α = 30° (Fig. 16) 
the crack growth rate was higher for mode III than for mode I in the case of the same value 

of ΔJ; for R = - 1 and α = 60° (Fig. 20) a higher rate is observed for mode I. 
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(a) (b) 

 
 

Fig. 16. Comparison of the experimental results with calculated ones according to Eq. (8) for 

α = 30° and: (a) mode I, (b) mode III  

 
 

 
 
 

Fig. 17. Comparison of the experimental results with calculated ones according to Eq. (8) for 

α = 30° and mixed mode I+ III  
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 (a) (b) 

 
 

Fig. 18. Comparison of the experimental results with calculated ones according to Eq. (8) for 

α = 45° and: (a) mode I, (b) mode III  

 
 

 
 
 

Fig. 19. Comparison of the experimental results with calculated ones according to Eq. (8) for 

α = 45° and mixed mode I+ III  
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For R = - 1 and α = 45° (Fig. 18), a higher crack growth rate was found for mode I to da/dN 

= 8⋅10-8 m/cycle above that value mode III was dominating together with increase of the 
material plasticity. This behaviour is due to the decrease of normal stresses and increasing 
shear stresses. The test results presented in Figs. 16 - 21 were described with the empirical 
formula (8). Eq. (8) is valid for mode I and mode III as well as for mixed mode I+III loading. 
 

(a) (b) 

 

Fig. 20. Comparison of the experimental results with calculated ones according to Eq. (8) for 

α = 60° and: (a) mode I, (b) mode III  

 

 

Fig. 21. Comparison of the experimental results with calculated ones according to Eq. (8) for 

α = 60° and mixed mode I+ III  
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The applied empirical formula (8) including ΔJ parameter gives good results in the 
description of fatigue crack growth rate. Surfaces of fatigue fractures were analysed 
(magnification 13x) in order to determine directions of the normal stress (mode I) and the 

shear stress (mode III). In the cases of mixed mode I+III and α = 30°, 45° and 60°, principal 
directions of stresses change their positions. During tests under bending with torsion (Fig. 

12) and α = 30°, the fatigue crack growth proceeded at the average angle α1 = 25°, and under 
α = 45° - at the angle α1 = 33° - 37°, and under α = 60° - at the angle α1 = 40° - 43° to the cross 
section of the specimens. 
The empirical coefficients B and n occurring in Eq. (8) were calculated with the least square 
method and they were shown in Table 5. The coefficients take different values for pure 
bending and pure torsion. It means that B and n are not dependent on a kind of the material 
only. The test results for cyclic bending with torsion include the error not exceeding 20% at 

the significance level α = 0.05 for the correlation coefficients rw given in Table 5. 
 

Figs. Graphs
B 

cycle/2mMPa ⋅  
n rw 

16a 1 
2 
3 

1.46⋅10-7 

0.73⋅10-7 

0.31⋅10-7 

0.86 
0.40 
0.35 

0.99 
0.99 
0.99 

16b 1 
2 
3 

5.52⋅10-7 

1.35⋅10-7 

0.80⋅10-7 

0.98 
0.43 
0.49 

0.98 
0.99 
0.99 

17 1 
2 
3 

0.56⋅10-7 

0.62⋅10-7 

0.15⋅10-7 

0.73 
0.40 
0.24 

0.99 
0.99 
0.98 

18a 1 
2 
3 

3.23⋅10-7 

1.42⋅10-7 

0.57⋅10-7 

0.85 
0.38 
0.28 

0.99 
0.99 
0.98 

18b 1 
2 
3 

1.35⋅10-6 

1.22⋅10-7 

0.50⋅10-7 

1.17 
0.28 
0.21 

0.99 
0.99 
0.97 

19 1 
2 
3 

2.23⋅10-7 

0.58⋅10-7 

0.41⋅10-7 

0.93 
0.23 
0.29 

0.98 
0.99 
0.98 

20a 1 
2 
3 

1.10⋅10-6 

1.88⋅10-7 

0.51⋅10-7 

0.91 
0.31 
0.24 

0.98 
0.99 
0.99 

20b 1 
2 
3 

1.20⋅10-6 

6.22⋅10-7 

1.08⋅10-6 

1.05 
0.46 
0.71 

0.98 
0.99 
0.99 

21 1 
2 
3 

2.03⋅10-7 

1.59⋅10-7 

0.57⋅10-7 

0.77 
0.32 
0.31 

0.98 
0.99 
0.98 

Table 5. Coefficients B and n in Eq. (8) and correlation coefficients rw for the curves shown in 
Figs. 16 - 21 
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The test results indicate that the ΔJ parameter concept may be applied to fatigue problems in 
linear-elastic or nonlinear elastic-plastic fracture mechanics. The trends described in the 
chapter were confirmed for various loads and three load ratios. Because of its properties the 
ΔJ parameter may appear the main energetic criterion for fatigue crack growth 
characterizing the crack tip strain field for cyclic loading. Directions of future research will 
focus on fatigue cracks growth under non-proportional and random loads. 

4. Conclusion 

The presented results of the fatigue crack growth rate in AlCu4Mg1 aluminium alloy 
subjected to cyclic bending and proportional bending with torsion loading under different 
load ratio allow to formulate the following conclusions:  
1. On the specimen fractures we can observe usually transcrystalline cracks through 

grains of the phase α, but also cracks along the grain boundaries can be noticed.  

2. It has been shown that the applied parameter ΔJ as compared with the parameter ΔK for 
different load ratios R is better for description of fatigue crack growth rate.  

3. Increase of the angle α determining a ratio of the torsional moment to the bending 
moment and load ratio causes increase of the fatigue crack growth rate.  

4. In the case of separation of the mixed mode I+III loading into the pure mode I and 

mode III, for α = 30°, 45°, 60° and R = - 0.5, 0 the fatigue crack growth rate is higher for 

mode III compared with mode I under the same value ΔJ.  
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