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1. Introduction    

It is well known that heart and respiratory rates increase with increasing the level of 
physical exercise. The heart rate (heart beats per minute) is related to the cardiac output 
(volume of blood pumped by the heart per unit time) and the respiratory rate is related to 
the rate of oxygen consumption. Therefore there is relation between cardiac output and 
oxygen consumption, as confirmed by many experiments (Milnor, 1990). 
Adolph Fick, German physiologist, was the first to relate, mathematically, cardiac output to 
gas exchange in the lungs. In 1870, he derived the equation (Acierno, 2000; Shapiro, 1972) 

 
pa2pv2 ]O[]O[

q
Q

−
= , (1) 

where Q is the cardiac output, q the rate of oxygen consumption, [O2]pv the O2 concentration 
in the pulmonary veins, and [O2]pa  the O2 concentration in pulmonary arterial blood. 
Fick´s equation is a landmark of the history of cardiology because it provided the theoretical 
basis for the measurement of cardiac output in intact animals and people. The first 
measurement of cardiac output in humans was made in 1930 (Acierno, 2000), sixty years 
after the publication of Fick´s theoretical derivation, which marks the beginning of modern 
cardiology. 
The cardiac output is related to the work that the heart does in pumping blood to the 
vascular system. A thermodynamic approach has been applied to estimate energy gain and 
the work performed by the heart (Blick & Stein, 1977). Recently, by viewing the heart as a 
thermodynamic engine, a new equation, which relates cardiac output to oxygen 
consumption, has been derived (Uehara et al., 2008). In this work, the new equation is 
applied to derive the behavior of important physiological quantities of the cardiovascular 
system during exercise, such as the efficiency index of the heart, and to discuss the 
conditions for the linearity of the relation between cardiac output and oxygen consumption. 
It is shown that the efficiency index of the heart decreases with increasing the exercise level. 
Furthermore, the referred equation is generalized to include pathological situations such as, 
for example, ischemic heart disease. 

2. The cardiovascular system 

The cardiovascular system is diagrammatically represented in Figure 1. The heart consists of 
a double pump, the left side of the heart or the left heart and the right side of the heart or the 
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right heart, connected in series by two independent circulatory systems, the pulmonary 
circulation and the systemic circulation. The left heart pumps blood through the systemic 
circulation and the right heart pumps blood through the pulmonary circulation. Each heart 
has two chambers, the atrium and the ventricle, which periodically contract and relax. The 
movements of contraction and relaxation are, respectively, systole and diastole. The systole 
and diastole of the atria and of the ventricles are synchronized so that when the atria are 
contracting the ventricles are relaxed, and vice-versa. The atrium receives and stores blood 
during the ventricular contraction, and blood flows from the atrium to the ventricle during 
ventricular relaxation.   The right ventricle propels blood through the blood vessels of the 
lungs (the pulmonary circulation) and the left ventricle propels blood to all other tissues (the 
systemic circulation). The blood conveys nutrients and oxygen to the cells. Inside the cells, 
oxygen and nutrients react chemically with release of energy, which is used by the cells, and 
production of water and carbon dioxide (CO2) that are disposed by the cells to the blood, so 
that the concentration of oxygen in the blood decreases and the concentration of carbon 
dioxide increases as the blood flows through the systemic circulation. In the pulmonary 
circulation oxygen from the pulmonary alveoli is added to blood and carbon dioxide comes 
out from the blood and gets into the pulmonary alveoli to be exhaled. The freshly 
oxygenated blood flows from the pulmonary circulation to the left side of the heart, fills the 
left ventricle, and a new cardiac cycle begins. 
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Fig. 1. Diagrammatic representation of the cardiovascular system 

In Figure 1, QL denotes the cardiac output of the left heart, QR the cardiac output of the right 
heart, QP the blood flow from the pulmonary circulation, and QS the venous return (blood 
flow from the systemic circulation). A system of valves ensures that blood flows in the 
direction indicated in Fig. 1. We consider time-averaged values of blood flows over a cardiac 
period. During transient phenomena, these time-averaged blood flows are functions of time 
and satisfy a set of differential equations that are useful for discussing the stability of the 
system (Uehara and Sakane, 2003). In a steady state of the cardiovascular system the time-
averaged blood flow is the same throughout the system, that is 

 QQQQQ SPRL ====  (2) 
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In this work we shall consider only steady-states of the cardiovascular system and time-
averaged values of time dependent quantities. 
The cardiac output of a ventricle is given by 

  SfQ =  (3) 

where f is the cardiac rate (number of heart beats per minute) and S the stroke volume 
(volume of blood ejected by the ventricle in a cardiac cycle). 
The blood arterial pressure oscillates periodically between a maximum called systolic 
pressure and a minimum called diastolic pressure. The mean arterial pressure in the systemic 
circulation is approximately given by (Berne&Levy, 2001) 

 
3

PP
PP sdss

sdsa

−
+=  (4) 

where Psa is the mean arterial pressure, Psd the diastolic arterial pressure and Pss the systolic 
arterial pressure. 
The left ventricle pumps blood into the arteries of the systemic circulation, which already 
contain blood at pressure Psa. The blood pressure falls along the systemic circulation at the 
end of which there are two large veins (venae cavae). These large veins convey blood to the 
right atrium. The blood flow to the atrium, denoted by QS, is called systemic venous return. 
The term “return” refers to the fact that the blood is returning to the heart and the term 
“venous” indicates that the blood vessels that convey blood to the right atrium are veins. The 
venous pressure Psv at the venae cavae is very low as compared to the systemic arterial 
pressure Psa. The systemic vascular resistance RS is defined by (Hoppensteadt & Peskin, 1992) 

 
S

svsa
S

Q

PP
R

−
= . (5) 

Since the venous pressure Psv is much smaller than the arterial pressure Psa, it can be 
neglected, so that usually RS is calculated as RS = Psa /QS. 

3. Relation between cardiac output and oxygen consumption 

We shall derive a relation between cardiac output and oxygen consumption by considering 
the efficiency of the heart in pumping blood to the vascular system. 

3.1 Energy consumption 

Principles and concepts of thermodynamics can be applied to the heart in order to 
determine the energy expended in pumping blood. By considering all known sources of 
energy gain or loss by the heart, it can be shown that many terms are negligibly small (Blick 
& Stein, 1977). In this work we shall consider only the dominant terms.  
Energy provided by food is stored in the body as internal energy. Among the various factors 
that can change the heart internal energy, the dominant one is the metabolic energy change. 
This contribution arises from the oxidation of carbohydrates (starch and sugars), fats, and 
proteins. For glucose (C6H12O6), a form of sugar used in intravenous feeding, the oxidation 
equation is (Cameron et al., 1999) 

 C6H12O6 + 6O2 → 6CO2 + 6H2O + 686 kcal (6) 
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where 686 kcal (kcal = 4.184 kJ) is the energy released by one mole of glucose. 
 Coronary blood flowing through the myocardium delivers oxygen and other substances to 
the cells of the cardiac muscle. In the interior of the cells, nutrients react chemically with 
oxygen and energy is released. 
From Equation (6) it can be seen that the energy released per liter of oxygen consumed, in 
the oxidation of glucose, is 5.1 kcal/(liter of oxygen). For a typical diet the energy released is 
about 5.0 kcal/(liter of oxygen) (Milnor, 1990; Cameron et al., 1999). 
The metabolic process we have just described is called aerobic metabolism, which occurs in 
the presence of free oxygen. Energy can also be provided by anaerobic metabolism, which 
occurs in the absence of free oxygen. 
The rate of oxygen consumption by the heart (ΩH) is a fraction of the total rate of oxygen 
consumption (Ω) by the body and can be written as 

 Ω=Ω cH  (7) 

where c < 1. 
Assuming that the energy consumed by the heart is provided only by aerobic metabolism, 
we write  

 Ω= EcP  (8) 

where P is the power consumed by the heart and E is the metabolic energy released per liter 
of oxygen consumed. Part of the power consumed by the heart is used to perform external 
work in the form of ventricular contractions to pump blood. 
The assumption that the energy consumed by the heart is generated by aerobic metabolism 
is supported by experimental observations. Vary and collaborators have analyzed the 
aerobic and anaerobic processes of energy production in the cardiac muscle and concluded 
that the aerobic metabolism corresponds to more than 90% of the total energy produced 
(Vary et al., 1981). In the transition from the rest condition to exercise the ventricles must 
generate sufficient power to maintain blood pressure and organ perfusion, which requires 
tight coupling of the transfer of chemical energy to mechanical power. This controlled 
energy transfer can require up to fivefold increase in cardiac power generation and oxygen 
consumption, yet appears to occur without anaerobic metabolism (Zhou et al., 2006; Sharma 
et al., 2005).  

3.2 Work done by the heart 
Among the various forms of work that are performed by the heart, many of them give rise 
to terms that are negligibly small (Blick & Stein, 1977). In this work we shall consider only 
the work in pumping blood, which is the dominant term. 
Each ventricle pumps blood to the corresponding arterial system, which already contains 
blood at a pressure that oscillates periodically. The maximum and minimum arterial 
pressures are called the systolic and diastolic pressure, respectively. The process of filling 
the left ventricle and the process of blood ejection to the vascular system can be described by 
a pressure-volume diagram as shown in Fig.2, which illustrates the cardiac cycle of the left 
ventricle (Burkhoff & Sagawa, 1986). The line DA describes the filling of the ventricle, in 
which the volume increases from VES (end systolic volume) to VED (end diastolic volume). 
The vertical line AB describes the isometric increase of the ventricular pressure, during 
which the volume remains constant, because the inflow and the outflow valves are closed.  
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Fig. 2. Pressure-volume diagram of the left ventricle. Pss: systemic systolic pressure; Ppv: 
pulmonary venous pressure; VES: end systolic volume; VED: end diastolic volume; S: stroke 
volume. 

The horizontal line BC describes the ejection of blood to the vascular system. The volume of 
blood ejected S = VED ─ VES is the stroke volume. VES is the volume of blood that remains in 
the left ventricle in the end of the ejection process. The descending vertical line CD describes 
the isometric decreases of the ventricular pressure. 
During the filling process, described by the line DA, blood flows from the pulmonary veins 
into the left ventricle, which is relaxed. Thus, the filling pressure is equal to the pulmonary 
venous pressure Ppv, which is much smaller than the arterial pressure of the systemic 
circulation. During the ejection process, described by the line BC, the ventricular pressure 
must be larger than the arterial pressure of the systemic circulation, which varies between 
its systolic and diastolic values. The time-average of the ventricular pressure, during the 
ejection process, is approximately equal to the systemic systolic pressure Pss. In Figure 2, for 
simplicity, the ventricular pressure is assumed to be constant during the ejection process. 
 From the pressure-volume diagram of the left ventricle it can be seen that the external work 
done by the left ventricle in a cardiac cycle is approximately given by (Uehara et al., 2008; 
Burkhoff & Sagawa, 1986) 

 ssL PSW =  (9) 

where WL is the work done by the left ventricle, S the stroke volume, and Pss is the systemic 
systolic pressure of blood in the large arteries of the systemic circulation. 
The pressure-volume diagram of the right ventricle is similar to that of the left ventricle, but 

the time average of the right ventricle pressure during the ejection of blood is approximately 

equal to the pulmonary systolic pressure Pps, which is about seven times smaller than the 

systolic systemic pressure Pss (Higginbotham et al., 1986; Milnor, 1990). Thus, the external 

work done by the right ventricle in a cardiac cycle can be approximately given by 
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 psR PSW = , (10) 

so that the total external work done by the heart in a cardiac cycle is 

 )PP(SWWW psssRL +=+=  (11) 

and the average power generated by the heart is 

 fS)PP(fW psss +=  (12) 

where f is the heart rate. 
The mechanical energy output of the heart to the systemic and pulmonary blood is 
subsequently converted to thermal energy throughout the body by the action of viscous 
dissipation of the blood. 

3.3 Heart efficiency 

The heart can be viewed as a thermodynamic engine that transforms part of the expended 
power P into external power Wf, given by Equation (12). The mechanical efficiency of the 
heart can be defined in several ways. It is reasonable to define it as the mechanical power 
generated by the heart to pump blood divided by the metabolic energy rate consumed by 
the heart muscle. Thus we write 

 
P

fW
=η  (13) 

where η is the heart efficiency in pumping blood to the vascular system. 
Equations (3), (8), (12), and (13) yield 

 
psss PP

cE
Q

+
Ωη

=  (14) 

Equation (14) is useful to investigate the cardiopulmonary response to exercise. For 
numerical calculations, we shall rewrite the equation in a more convenient form. Since the 
systolic pulmonary pressure Pps is seven times smaller than the systolic systemic pressure 
Pss (Higginbotham et al., 1986; Milnor, 1990), we write Equation (14) as 

 
ssP14.1

rE
Q

Ω
=  (15) 

where 

 cr η= . (16) 

We shall call r efficiency index of the heart.  
The energy released in metabolic reactions, for a typical diet, is E = 5.0 kcal/(liter of O2) 
(Milnor, 1990). Introducing this value into Equation (15) we obtain 

 
}P{

r10x38.1
Q

ss

5 Ω
=  (17) 
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where {Pss} is the numerical value of Pss in mmHg (1 mmHg = 0.133 kPa). For example, if Pss 
= 120 mmHg, then {Pss} = 120. 

3.4 Cardiopulmonary response to exercise 

Exercise provides a powerful tool that permits the study of the regulation of the 
cardiovascular system under controlled and reproducible conditions. Exercise more than 
any other stress taxes the regulatory ability of the cardiovascular system. More is learned 
about how a system operates when it is forced to perform than when it is idle. 
We shall use Equation (17) and experimental data published in the literature for calculating 
the efficiency index of the heart r. 
Higginbotham and collaborators (Higginbotham et al., 1986) have measured several 
quantities of the cardiovascular dynamics, during upright exercise in normal man. The 
study population consisted of 24 healthy males aged 20-50 years. Subjects varied from 63 kg 
to 103 kg in weight and from 173 cm to 185 cm in height; body surface area (a quantity that 
depends on the mass and height of the person, according to the empirical formula given 
below) ranged from 1.65 m2 to 2.10 m2. Those investigators have not published the values of 
cardiac output but the values of cardiac index, which is defined by 

 
A

Q
I =  (18) 

where I is the cardiac index, Q the cardiac output, and A the body surface area. 

Cardiologists use the cardiac index to compare the pumping capability of a patient to that of 

a healthy person, irrespective of the body size. 

The body surface area, which depends on the mass and the height of the person, is 

calculated from the empirical formula (Cameron et al., 1999) 

 725.0425.0 HM202.0A =  (19) 

where A is the body surface area in m2, M the mass in kilogram, and H the height in meters. 

Table 1 shows experimental data from Higginbotham et al. (1986). 
 

 
Pss 

(mmHg) 
Ω 

(liter/min) 
I 

(liter.min─1.m─2) 

Rest 136 0.33 3.0 

Peak Exercise 220 2.55 9.7 

Table 1. Experimental data from Higginbotham et al. (1986). Pss is the systemic systolic 
pressure, Ω the rate of oxygen consumption, and I the cardiac index. 

Higginbotham and collaborators have not calculated the mean body surface area but they 

have just reported that the body surface area varied from 1.65 m2 to 2.10 m2, so that we shall 

take A = (1.65+ 2.10) m2/2 = 1.88 m2 as the mean value for the considered population. With 

the data shown in Table 1 and Equations (17) - (18) we have calculated the cardiac output Q 

and the efficiency index r = ηc. The results are shown in Table 2. 

The results show that the efficiency index r is not constant but varies with the rate of oxygen 
consumption Ω. In order to determine the form of the function r(Ω), let us consider the rate-
pressure product that is defined as the heart rate times the systemic systolic pressure (fPss). 
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Ω 

(liter/min) 
Q 

(liter/min) 
102r 

 

Rest 0.33 5.6 1.7 

Peak Exercise 2.55 18.2 1.1 

Table 2. Rate of oxygen consumption Ω, cardiac output Q and efficiency index r = ηc. 

This quantity is clinically useful in case of ischemic heart disease. It has been experimentally 
observed that the rate-pressure product correlates linearly with the rate of oxygen 
consumption (Kitamura et al., 1972).  
Equations (3) and (15) yield 

 
S14.1

rE
Pf ss

Ω
=  (20) 

Experiments show that the stroke volume S increases in the transition from rest to exercise 
and then remains practically constant (Uehara et al., 2008; Rowell, 1986). On the other hand r 
is a function of Ω, so that differentiating Equation (20) we obtain 

 
Ω

Ω
+=

Ω d

dr

S14.1

E

S14.1

rE

d

)Pf(d ss  (21) 

where we have neglected the variation of the stroke volume. The rate-pressure product 
correlates linearly with Ω if its derivative is constant. Thus, we write 

 K
d

dr

S14.1

E

S14.1

rE
=

Ω
Ω

+  (22) 

where K is a constant. Equation (22) can be written as 

 b
E

K
S14.1

d

dr
r ==

Ω
Ω+  (23) 

where b is practically constant insofar as S is practically constant. Integrating Equation (23) 
we obtain 

 b
a

r +
Ω

=  (24) 

where a is an integration constant. The constants a and b can be determined from 
experimental data. 
From Equations (21) and (23) we obtain 

 
S14.1

E
b

d

)Pf(d ss =
Ω

, (25) 

which is practically constant during exercise, so that Equation (20) describes the nearly 
linear correlation between fPss and  Ω that has been experimentally observed (Kitamura et 
al., 1972). 
Equation (24) and the data shown in Table 2 yield 
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min

liter
0023.0a =  (26) 

and 

 010.0b = . (27) 

By Equation (23), r is practically constant and equal to b for values of Ω such that 

 
b

a
>>Ω . (28) 

Thus, from Equations (26)-(27) it can be seen that for Ω >> 0.23 liter/min. the efficiency index 
of the heart is practically constant. Since the value of Ω for the subject in exercise is Ω > 1.00 
liter/min., we conclude that the efficiency index is practically constant during exercise.  
The relation between cardiac output and the rate of oxygen consumption is practically 
linear, as shown by many experiments (Beck et al., 2006). Thus, assuming the linear relation 

 Ω+= BAQ  (29) 

we obtain, from the data in Table 1 and Table 2 

 
min

liter
7.3A =  (30) 

and 

 7.5B = . (31) 

The value of the slope B = 5.7 corresponds to the value expected for healthy individuals 
(Skarvan, 2000). Lower values indicate an inadequate augmentation of cardiac output in 
relation to oxygen demand. 
For comparison, we shall estimate the efficiency index of the heart considering experimental 

data published by other investigators. In order to calculate the efficiency index r from 

Equation (17), it is necessary to measure the cardiac output Q, the rate of oxygen 

consumption Ω, and the systemic systolic pressure Pss. Poliner and collaborators (Poliner et 

al., 1980) have studied the left ventricle performance at rest and during multilevel exercise 

in seven normal subjects (six man and one woman) with a mean age of 26 years and a mean 

body surface area of 1.83 m2. Exercises were performed in a bicycle ergometer. They have 

measured the cardiac output Q and the systemic systolic pressure Pss, but they have not 

measured the rate of oxygen consumption Ω, so that in order to calculate the efficiency 

index r = ηc from Equation (16), it is necessary to provide the lacking data from other 

sources. Table 3 shows data from Poliner and collaborators (Poliner et al., 1980). 

Beck and collaborators (Beck et al., 2006) have experimentally studied the relation between 
cardiac output and oxygen consumption during upright cycle exercise in healthy humans. 
They have submitted 72 healthy subjects, aged 20 to 40 years, to a cycle-ergometer exercise 
test. They have measured the cardiac output and the rate of oxygen consumption, but they 
have not measured the systemic systolic pressure. The mean height of the subjects was 173 
cm and the mean weight was 72.1 kg. Introducing these values into Equation (19) we obtain 
the value A = 1.85 m2 for the mean body surface area. Since the mean body surface area for 
the population studied by Beck and collaborators differs in less than 1% from the 
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corresponding value for the population studied by Poliner and collaborators, we shall use 
the data of both publications to complement each other. Thus, for the same value of the 
cardiac output we shall use the systemic systolic pressure Pss measured by Poliner and 
collaborators and the rate of oxygen consumption Ω measured by Beck and collaborators. 
For each value of the cardiac output given by Poliner and collaborators (Poliner et al., 1980) 
we have obtained the rate of oxygen consumption Ω from Figure 3 of the paper published 
by Beck and collaborators (Beck et al., 2006). Table 4 shows the experimental data we have 
obtained from Beck and collaborators. 
 

 Rest Stage I Stage II Peak exercise 

Q 
(liter/min.) 

4.8 10.4 15.1 18.0 

Heart rate f 
(beats/min.) 

89 ± 5 124 ± 4 165 ± 4 182 ± 2 

Pss 
(mmHg) 

125 ± 5 161 ± 7 190 ± 8 204 ± 8 

Table 3. Cardiac output Q, heart rate f, and systemic systolic pressure Pss from Poliner et al. 
(1980).  
 

 Rest Stage I Stage II Peak exercise 

Q 
(liter/min.) 

4.8 10.4 15.1 18.0 

Ω 
(liter/min.) 

0.19 1.18 2.00 2.51 

Table 4. Cardiac output Q and oxygen consumption Ω from Beck et al. (2006)  

By using Equation (17) and the values of Q and Pss given in Table 3, and Ω given in Table 4, 

we have calculated the efficiency index r. The results are shown in Table 4. It can be seen 

that the efficiency index decreases with the level of exercise. 

 

 Rest Stage I Stage II Peak exercise 

Ω 
(liter/min.) 

0.19 1.18 2.00 2.51 

Efficiency index r 0.023 0.010 0.010 0.011 

Table 5. Efficiency index r as a function of the rate of oxygen consumption Ω  

Assuming that the efficiency index r is a function of the rate of oxygen consumption of the 

form expressed by Equation (24), we have determined by the least -squares method the 

values of a and b that correspond to the best fitting to the experimental data given in Table 

5. We have found 

 
min

liter
0027.0a =  (32) 

and 

 009.0b =  (33) 
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with a correlation factor equal to R = 0.9898. 
Figure 3 shows r as a function of Ω, given by Equation (24), with a and b given, respectively, 
by Equation (32) and Equation (33). 

0.0 0.5 1.0 1.5 2.0 2.5

0.010

0.012

0.014

0.016

0.018

0.020

0.022

0.024

E
ff

ic
ie

n
cy

 i
n
d
ex

 r

Ω (liter/min)
 

Fig. 3. Efficiency index r as a function of the rate of oxygen consumption. The experimental 
points correspond to the values of r given in Table 5. 

The results (32) – (33) show that the values of a and b, obtained from data published by 
Poliner and collaborators (Poliner et al., 1980) and Beck and collaborators (Beck et al., 2006), 
are not very different from that ones obtained from Higginbotham ‘s data (Higginbotham et 
al, 1986). Therefore, we conclude that, according to experimental data, the efficiency index of 
the heart r is larger for the subject at rest than in exercise, and is practically constant for 
higher levels of exercise. 
Measuring the fraction, denoted by c, of oxygen consumed by the heart relatively to the total 
oxygen consumed by the body, the efficiency of the heart can be calculated as η = r/c. For a 
subject consuming oxygen at the rate Ω = 0.25 liter/minute, the heart consumes oxygen at 
the rate ΩH = 0.035 liter/minute (Rowell, 1993), so that c = ΩH/Ω = 0.14. With these data and 
Equations (16), (24), (32)-(33) we obtain η = 0.14, which agrees with the result η = 0.13 
reported in the literature (Blick & Stein, 1977). 

3.5 Linearity of the relation between cardiac output and oxygen consumption 

The relationship between cardiac output and oxygen consumption during exercise has 
generally been assumed to be linear. Beck and collaborators have made experimental 
studies to test that assumption (Beck et al., 2006). They have used a statistical approach for 
analyzing the experimental data. We shall use Equation (15) to discuss the question of the 
linearity of the relation between cardiac output and oxygen consumption. 
Assuming the linear relation expressed by Equation (29) and by using the least- squares 
method we have determined the values of A and B that best fit the experimental data shown 
in Table 3. We have found 
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min

liter
7.3A =  (34) 

and 

 7.5B =  (35) 

with a correlation factor equal to R = 0.9999.  We note that the values of A and B are the 
same as those ones, given by Equations (30)-(31), obtained by using Higginbotham´s data 
(Higgibotham et al., 1986). Figure 4 shows cardiac output Q as a function of the rate of 
oxygen consumption Ω. 
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Fig. 4. Cardiac output Q as a function of the rate of oxygen consumption Ω. 

Let us now consider the behavior of the systemic systolic pressure Pss. Equations (3),(20), 
(24) and (29) yield 

 
)BA(14.1

)ba(E
Pss Ω+

Ω+
= , (36) 

from which we obtain 

 
2

ss

)BA(14.1

)aBbA(E

d

dP

Ω+

−
=

Ω
 (37) 

and 

 
32

ss
2

)BA(14.1

)aBbA(BE2

d

Pd

Ω+

−
−=

Ω
 (38) 

Equations (37) and (38) show that if  (bA — aB) > 0 then d Pss /dΩ  > 0, and d2 Pss /dΩ2 < 0, 
so that in this case the systemic systolic pressure Pss would be an increasing function of the 
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rate of oxygen consumption Ω with a downwards concavity. On the other hand if (bA — aB) 
< 0, then Pss would be a function that decreases with Ω, which contradicts experimental 
data. Therefore, we must have (bA — aB) > 0 or, equivalently, A/B > a/b, which is satisfied 
by the values of a, b, A, and B, given, respectively, by the results (26),(27), (30), and (31). 
For a typical diet, the caloric equivalent per liter of consumed oxygen is E = 5.0 kcal/(liter of 
O2) (Milnor, 1990; Cameron et al., 1999). Introducing this value into Equations (36)-(37) we 
obtain 

 
)BA(

)ba(
10x38.1}P{ 5

ss Ω+
Ω+

=  (39) 

and 

 
2

5ss

)BA(

)aBbA(
10x38.1

d

}P{d

Ω+

−
=

Ω
 (40) 

where {Pss} is the numerical value of the systemic systolic pressure Pss in mmHg. Equations 
(39)–(40) are convenient for numerical calculations. Figure 5 shows Pss as a function of the 
rate of oxygen consumption Ω. 

0 1 2 3

100

120

140

160

180

200

220

P
S

S
 (

m
m

H
g
)

Ω (liter/min)
 

Fig. 5. Systemic systolic pressure Pss as a function of the rate of oxygen consumption Ω. The 
experimental points correspond to the values given in Table 3. 

For large values of Ω such that BΩ >> A, we have also bΩ >> a, because A/B > a/b. In this 
case Equation (39) can be reduced to 

 
B

b
10x38.1}P{ 5

ss =  (41) 

Introducing the values of b and B given, respectively, by (27) and (31) we get Pss = 242 
mmHg. 
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Assuming the linear relation Q = A + BΩ between cardiac output Q and the rate of oxygen 
consumption Ω, and considering the behavior of the efficiency index of the heart r, 
expressed by Equation (24), we have shown that during exercise the systemic systolic 
pressure Pss is an increasing function of Ω, which has a derivative that decreases with the 
level of exercise, so that the systemic systolic pressure approaches a limiting value with 
increasing the exercise level. 

3.6 Ischemic heart disease and essential hypertension 

Blood supply to the myocardium (cardiac muscle) via coronary arteries is normally abundant. 
Inadequate blood supply to the heart (myocardial ischemia or coronary ischemia) leads to the 
activation of anaerobic processes for generating energy (Chandler et al., 2002; Stanley et al., 
1997). Easily measured predictors of myocardial blood flow are necessary to evaluate 
objectively functional improvement in patients with ischemic heart disease. The rate-
pressure product can be a useful parameter for this purpose, since by Equation (20) it is an 
index of myocardial oxygen consumption. It has been observed that in case of angina pectoris 
(chest pain caused by myocardial ischemia) the pain occurs during exercise, in a given 
patient, at a characteristic value of the rate-pressure product (Kitamura et al., 1972; Gobel et 
al., 1978).  
In the presence of ischemic heart disease, Equation (8), which gives the power consumed by 
the heart, must be generalized to include anaerobic processes for generating energy. Thus, 
we write 

  χ+Ω= EcP , (42) 

where X is the rate of energy provided by anaerobic processes. Equation (15) for the cardiac 
output is modified as 

  
ssP14.1

)cE(
Q

χ+Ωη
=  (43) 

and Equation (20) for the rate-pressure product is modified as 

 
S14.1

)cE(
Pf ss

χ+Ωη
=  (44) 

Let us call L the value of the rate–pressure product at which occurs chest pain, during 
exercise, in a given patient with angina pectoris. Thus, we write 

 L)Pf( Lss =  (45) 

so that for fPss < L, the rate-pressure product is given by Equation (20) and for fPss ≥ L, it is 
given by Equation (44). 
The rate-pressure product is related to the mechanical power Wf generated by the heart, as 
can be seen from Equation (12), which we write as 

 fSP14.1fW ss=  (46) 

since Pps is about seven times smaller than Pss. Then if Wf ≥ 1.14LS chest pain occurs, 
indicating the activation of anaerobic processes for generating energy. 
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Let us write the efficiency index of the heart as ri = ηci for a patient with ischemic heart 
disease. Since the fraction c of oxygen consumed by a normal heart is larger than the 
corresponding value ci for the diseased heart, we have ri < r. Therefore the efficiency index 
of the heart can be a clinically useful parameter to distinguish a diseased heart from a 
normal one. It would be interesting to make experiments for verifying this possibility. 
Let us now consider essential hypertension, a disease in which the systemic resistance, defined 
by Equation (5) is higher than the normal one, due to constriction of arterioles (small arteries 
that can constrict and dilate). In this case, an arterial pressure higher than the normal is 
required to maintain the cardiac output at a normal value. This means that the systemic 
systolic pressure Pss is higher than the normal pressure. Then, Equation (15) shows that the 
rate of oxygen consumption Ω must be higher than the normal rate to maintain the cardiac 
output at a normal value, so that the line that represents cardiac output as a function of the 
rate of oxygen consumption would be shifted towards the right relatively to the normal line 
shown in Figure 4.. 

4. Conclusion 

By applying a thermodynamic approach we have derived a relation between cardiac output 
and the rate of oxygen consumption. Using the derived relation and experimental data 
published in the literature we have estimated the efficiency index of the heart. We have also 
derived an equation for the rate-pressure product as a function of the rate of oxygen 
consumption. The derived equation explains the practically linear correlation observed 
between the rate-pressure product and the rate of oxygen consumption by the heart. This 
work suggests a possible clinical application of the efficiency index of the heart as a 
parameter to distinguish a diseased heart from a normal one. This possibility must be 
investigated experimentally in order to verify if it is clinically useful. The theory presented 
in this work provides a theoretical basis for designing experiments to investigate the 
cardiopulmonary response to exercise. 
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