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1. Introduction

Control systems that have the ability, in the one hand, to detect incipient failures in sensors
and/ or actuators and, in the other hand, to adapt quickly the control laws in order to
preserve the specified performance in terms of production quality, safety, etc., are called
fault-tolerant control systems (Blanke et al., 2001), (Blanke et al., 2006). This kind of systems
have become increasingly important for manipulator robots, especially those performing in
remote or dangerous zones, like outer space, underwater or nuclear environments. In this
context, there is a growing need and interest in developing control systems that can operate
in acceptable manners, even after the occurrence of failures, also being able to stop the
process before irreparable damages arise (Bonivento et al., 2004).

In this work, modeling, simulation and control of industrial fault tolerant robots by means of
adaptive inertia is presented. This study, initially developed for robots with n Degrees Of
Freedom (DOF), includes the calculation of adaptive inertia parameters; which is particularized
for planar systems with two and three rotational joints. The modeling of these systems
considers kinematic and dynamic aspects of robots, including the dynamics of actuators and
position sensors that, by employing MatLab/ Simulink software, permits the simulation and
results displaying of dynamic behavior of such systems in front of actuator failures.

2. Fault tolerant controller: adaptive inertia

The active fault tolerant control system proposed in this work is based on an adaptive
control law, specifically: adaptive inertia (Lewis et al., 2004), (Siciliano & Khatib, 2008),
(Ollero, 2001) then it is necessary to consider the manipulator dynamic model in the way
expressed in equation (1) (Angeles, 2006), (Craig, 1986), (Spong et al., 2005), where the term
corresponding to centrifugal and Coriolis forces is expressed through a matrix Vm.

T =M(q)q+Vn(2,9)9+G(q)+F(q) (1)

Position, speed and acceleration errors, in terms of manipulator link coordinates, are shown
in equations (2), (3) and (4), respectively.
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€ =949 2)
€ =4da—9 3)
€= -4 @)

Clearing link position q, its first and second derivative; from equations (2), (3) and (4),
respectively we have:

q=9q — € (5)
q=qq-¢€ (6)
q=dq-¢€ (7

Next, we define error auxiliar signal r and its derivative r, with respect to time, as shown in
equations (8) and (9), respectively:

Ae+é €)]

-
Il

Ae+e 9

- -
Il

where:
A : Definite positive diagonal matrix (nxn dimension).

(10

Clearing the first and second derivatives from error in equations (8) and (9), respectively, we
obtain:

e = r—Ae (11)
e = r—Aeé (12)

Replacing equations (11) and (12) in equations (5), (6) and (7), we have:

q = qq-r+Ae (13)
q = qq—r+Ae (14)

Replacing equations (13) and (14) in expression (1), we achieve:
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T = M(q)(qq —+Ae)+V,(9,9)(qq —1+Ae)+G(q)+F(q) (15)
Then:
T = M(q)(gq +Aé)+ Vp (2,9)(qq + Ae)+G(q) +F(q)-M(q)t -V, (g,9)r (16)
Making the following matching:
Y()@ = M(q)(qq + Aé)+ Vp(2,9)(qq+Ae)+G(q)+F(q) amn
where:
Y, Y oo Yy,
Yy Yo - Yy,
Y(qu,qd,qd,qd) = :21 :22 . 2 (18)
Ynl Yn2 “' Ynn
Y (+) : Regression matrix (nxn dimension).
@ : Parameter vector (nxn dimension).
Equation (16) can be written in the following way:
T = Y()@-M(q)F -V, (g,9)r (19)
The control torque is given by:
T=Y()p+K,r (20)
where:
K, : Definite positive diagonal matrix (nxn dimension).
@ : Parameter estimation vector (nxn dimension).
The update rule is expressed by:
®=-¢=TY()r 1)
where:
I' : Definite positive diagonal matrix (nxn dimension).
71
r - V2 (22)
In
Replacing equation (21) into equation (20), we have:
T = Y()[TY"()r+K,r (23)
Replacing equation (8) into equation (23), we have:
T = Y()[TY"(-)(Ae+é)+KyAe+Kye (24)
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3. Applications

3.1 Planar system with two rotational joints

3.1.1 Vm matrix for 2 DOF

To obtain the matrix of centrifugal and Coriolis forces in a planar system with two rotational
joints, we must consider:

C(q99) = Vm(29)q (25)
- 1/ T
Vi = E(M+U -U) (26)
~ .\ 6M
U = (I®q )a 27

where:

® : Kronecker product.

Considering the expression given by (64) (Appendix A), and developing equations (26) and
(27), we have:

\% \%
Vm — |: mll m].2:| (28)
Vm21 Vm22
1 0
ST\ _ . .
(1®q") = 0 J ®[¢; 4] (29)
. . 0 0
10 0 ¢ ¢
LYl
0
M _ | % (31)
oq | M
aq,
Vi = —Molyleg sinb, 92
Vm12 = - ranllcz Sil’l 92 (91 + 62) (32)
Vo1 = mglilegsinb, 0
Vm22 =0
3.1.2 Regression matrix for 2 DOF
The regression matrix considering two degrees of freedom is expressed by:
Yy, Y12:|
Y = (33)
{Ym Yo
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Calculation of regression matrix is developed in Appendix B, resulting in the components
we can see in equation (34):

I .
Y, = ( — +l§1JQ1
m

Yo =lfQ1+[I,fZ iy |(Q+Qz) + 74 (201 + @)~y (@a(61+6,) + Q16 (34)
Yy =0

. . (I ]
Yoo =y, 0iQ1+y4 Q1 + %+ZS2J(Q1 +Q2)

3.2 Planar system with three rotational joints
We will consider now the three first DOF of the robotic manipulator shown in figure 1.

it

IUTT I'-.?_a. ™
dF S K 1

| il

iy

Fig. 1. Scheme of a redundant robotic manipulator of SCARA type

3.2.1 Vm matrix for 3 DOF3
From the development of expressions given by (26) and (27), considering three degrees of

freedom, we get:

lel Vm12 Vm13
Vi = Vm21 szz Vm23 (35)

Vm31 Vm32 Vm33
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=
o
o

(1®4") = |0 1 0[®[¢; d ] (36)
1

o
o

@ @ @ 0 0 0 0 0 0
(1®4") =|0 0 0 & ¢ ¢ 0 0 0O (37)
00 00 0 0 ¢ g ¢

N
oq,
M _|M (38)

oq 0qy
M

| 0q;3 |

The matrix of centrifugal and Coriolis forces for the three first degrees of freedom of the robot
manipulator under study, can be expressed by means of equation (39) (see Appendix C):

Vs = —(Cat¢p)0s — 0693—cd(92+93)

)
Ve = —(c +cb)(91+6’2)—cc¢93—cd(91+92+93)
)

Vs = — (e +¢q)(6; + 60, +6?3)

Va1 = (catcp+cq)0; —c,04

V 99 = —C,0 (39)
Vo3 = —00(49'1 + 0y + 93)

V,.s1= ¢, (91 + 92) +c 0,

Vingz = Cc(gl + 92)

V,s3=0

3.2.2 Regression matrix for 3 DOF

After obtaining the matrix of centrifugal and Coriolis forces Vm for the three first degrees of
freedom under consideration, we proceed to calculate the corresponding regression matrix,
whose form is expressed by means of equation (40):

Yy Y Y
Y = |Yy Yy Yy (40)
Yy Yy Y

The components of the regression matrix are developed in Appendix D, and the results can
be expressed by:

Y, = (I1zz/ml+lc21)Q1 (41)
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Yy = —ya(92Q1 +(91 + 92)Q2) + (Izzz/m2 +17 + lczz + 2yA)Q1 + (Izzz/mz "‘lfz +yA)Q2 (42)

Y3 :—(yb+yd)(92Q1+(91+6?2)Q2)—(yc +yd)(93(Q1+Q2)+ (91+92 +93)Q3)+
(Lysa s+ B + 15 + 15 +2(vp+ ¥ +¥p)) @1 + (T /g + 15 + 13 35+ 26 +yp) (43)

Qz + (lczs +Yc +yD)Q3

Y,y =0 (44)
Yo = ¥0@1 +(Izzz/m2 + (lgz +yA))Q1 + (IZZZ/’”Q + lczz)Qz (45)

Yas = (95 +5a)01@Q1 —yc(é'za(Qz +Q; + @)+ (91 +92)Q3)+(I3zz/ms +h + G +yp+

2yc +yp)@1 + (Iszz/mﬁ + I+l + 2yc)Q2 +(I3zz/"73 +1g +yc)Q3 o

Yy =0 (47)

Yyo = 0 (48)

Y35 = ya01@ +3’(:(9.1 + 92)(Q1 +@y)+ (Iszz/m3 +l+yc +yD)Q1 + (I3zz/rn’3 +lg+ 49)

Yc)Qs + (I3zz/m3 +lc23)Q3

3.2.3 Inverse kinematics

When a failure arises in the robot manipulator, the fault tolerant controller must reconfigure
itself, carrying out real-time calculation of the new inverse kinematics that is generated. In
the case of adaptive inertia control, it is necessary to calculate, in addition to the new joint
positions, the new joint speeds and accelerations.

The new position of joint three is given by equation (50):

2 2 12 42
0N3 = arccos M — Qﬂ/ (50)
o, 1, :

The new joint speed and acceleration is given by equations (55) and (56), respectively.

_ x2+y2—lf—l§ (51)
2 1,
i = (i +yy) (52)
Ll
.. 1,.9 .9 o
= — (2?2 +y% +ai+ 53
ii I (x Y2+ xk yy) (53)
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Oys = arccos(u)—0, (54)
Oy = ———— (55)
1-u
-2
by = - ui (56)

\/1—u2 _(1—u2)3/2

The new position of joint one is expressed by equation (57):

lysin(Oyg + 0,
On1 = arctan(ZJamtan{ 2 (N3 ) Jeﬁ (57)

x L, +15 cos(9N3+@/)

The new joint speed and acceleration is given by equations (62) and (63), respectively.

. lysin Oy +0, ) -
L, +1g cos(6N3 + Hy)
_ Iy lg sin(9N3 +0, )2 cos(9N3 + 9}/) 9.N3 59)
L, +13 cos(0N3 +¢9/./) L, +13 cos(9N3+0y) [, +13 cos(0N3+<9y)
) 9 . 2
. Iy s1n(6’N3 +Q,) : 213 s1n(9N3 +497) L3, cos(0N3 +6’y)—1 6.
(lv +15 cos(0N3 + 0/)) L+l COS(9N3 + '9/) )
l L5 sin(9N3 +07)2
3 .
I, +14 cos(0N3 + 9) I, +14 cos(0N3 + (97) i COS(9N3 " 9’/) Ons
Oy = arctan(%j —arctan(v) -6, (61)
, | xy-xy U 69
ol x2+y? 1402 (62
s 2u” i (-dy) 2(w(¥-57)-w(*-?)) .
On1 = 2 N 2. 2\ 2 (63)
(1+v ) (1+U ) (x ty ) (x2+y2)

3.2.4 Simulation curves

To obtain the different simulation curves for the proposed control system, by employing
MatLab/ Simulink software, we use the simulation diagrams presented in figure 2 and
figure 3. The resulting curves are shown next:
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Fig. 3. Schematic diagram showing fault tolerant control stage: adaptive inertia

3.2.5 Results

After establishing the control laws by adaptive inertia to build fault tolerant control, we
proceed to test such controller by means of the developed simulation tools. The obtained
results are as follows:

Figures 4 and 5 show the test desired joint trajectory, along with the real obtained trajectory;
and the test desired Cartesian trajectory along with the real obtained Cartesian trajectory. In
absence of failures, we can see a good tracking of the desired trajectory.
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Joint trajectory: desired and real
¥ ¥ T T T

Feerrosonne feerereanes R e

qq (°)g a(?)

Time (sec)

Fig. 4. Joint trajectory: desired and real

Cartesian trajectory: desired and real

AxisAX (m)
Fig. 5. Cartesian trajectory: desired and real

In figure 6 we can see the torques applied on each manipulator joint.

Torques applied

T(N'm)

Time (sec)

Fig. 6. Torques applied

We can notice that the greater applied torque, corresponding to joint 1, experiences
saturation due to limitations inherent to the actuator.
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Joint trajectory:
¥

real (actuator N2 fault)
T T t

80
60

F s : : : %

Time (sec)
Fig. 7. Joint trajectory: real (failure in actuator N° 2)

Figure 7 shows manipulator real joint trajectory when actuator 2 is blocked at 0.5 sec from
starting trajectory, and figure 8 shows a superposition of real and desired joint trajectories.

Joint trajectory: desired and real(actuator N2 fault)

4,(°) ¢ a(°)

Time (sec)
Fig. 8. Jbint trajectory: desired and real (failure in actuator N° 2)

The real Cartesian trajectory suffers a remarkable deviation when failure arises in actuator 2
of the manipulator, as evidenced in figure 9.

Cartesian trajectory. desired and real (actuator N2 fault)

T ! H ! ¥
04feeet e iy
(1 T O SO ST CUTTTTRTI ¥ * .............................. .
go_z_ ....................................................... LN <
éjoj_ ................................................................. Nl .
(1) S S T S S
ROR] N S S ......... ,, ........... _
ool i : : Ll :
0 0.1 0.2 0.3 0.4 0.5 0.6

Axis x (m)

Fig. 9. Cartesian trajectory: desired and real (failure in actuator N° 2)
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In figure 10 we can see torques applied to the robot when the controller has not corrected
the fault yet (classic adaptive inertia controller: without fault tolerance).

Torques applied (actuator N2 fault)

(N'm)

tl
AOH T SCLTRTOTI SRR .
—_———T
_15 1 b 1 1 1 L
0.5 1 1.5 2 2.5 3 3.5 4

Time (sec)

Fig. 10. Torques applied (failure in actuator N° 2)

Desired joint trajectory: initial and after the fault (N°2 actuator)
T T ) 1 T T T

Y4 *) & qdn(o)

)] S e L Al | S——

0 0.5 1 1.5 2 2.5 3 3.5 4
Time (sec)

Fig. 11. Joint trajectory: desired, initial and after to failure (actuator N° 2)

Joint trajectory: initial desired and real with fault control

80
60

% S S S Sy Sy S S

20 feoegurtoi : : ; : el
: : : : : ., .

qq (°) g ()

SOpeee T G G dp====9q====% %G....

Time (sec)

Fig. 12. Joint trajectory: desired, initial and real with fault control
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Joint trajectory: desired after the fault and real with fault control
¥ T T T

o)

°) ¢ q(

qdu (

Time (sec)
Fig. 13. Joint trajectory: desired, after the fault and real with fault control

In figure 11 we can see desired joint trajectories: initial and after to failure; in the last case,

we can notice the increase in torques corresponding to joints 1 and 3, in order to compensate
the failure in actuator 2.

Cartesian trajectory desired and real with fault control

Axis 'y (m)

0 0.1 02 0.3 0.4 0.5 0.6
Axis x (m)

Fig. 14. Cartesian trajectory: desired and real with fault control

Torques applied with fault correction
T T

¥

: : .

T(N'm)

-10 V)Tlmc.u)..

-fault

s T et B N S st
0 0.5 1 1.5 2 2.5 3 3.5 4
Time (sec)

Fig. 15. Torques applied with fault correction

Figures 12 and 13 show desired, initial and real joint trajectories; and desired, after failure

and real, respectively, with the application of fault tolerant control by employing adaptive
inertia.
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The effectiveness of fault tolerant control by adaptive inertia is evidenced in figure 14,
where we can see the desired joint trajectory along with the real joint trajectory. We can
notice a remarkable improvement in the desired trajectory tracking, in comparison with the
performance under adaptive inertia classic control.

In figure 15 we notice an increase in needed torques applied to joints 1 and 3, in order to
follow the desired trajectory in presence of a failure in actuator 2.

The obtained simulation curves show the better performance of the fault tolerant adaptive
inertia controller when a failure arises (figure 14), in comparison with the classic adaptive
inertia controller (figure 9). We can notice the influence of actuators as non-infinite torque
generators in trajectory following when significant changes in joint position and speed are
produced.

4. Conclusions

In this work we exposed the modeling and development of a fault tolerant controller by
adaptive inertia, and the simulation of an industrial-type 3 DOF robot, including the
application of a failure in an actuator. We presented the adaptive inertia parameter
calculation, considering the manipulator kinematic and dynamic aspects. From the obtained
results, we concluded that in absence of failures the classic adaptive inertia controller has a
good tracking of the desired trajectory, as seen in figures 4 and 5. The greater torque applied
to the manipulator, corresponding to joint 1, experiences saturation due to limitations
inherent to the actuator, provided for the inclusion of its dynamics in the model. Classic
adaptive inertia control, in presence of a failure (blocking) in actuator 2, experiences a
detriment in its performance; in other words, the real Cartesian trajectory suffers a notorious
deviation when a failure has been applied to the manipulator; this situation is evident in fig.
8, and in this context the torques applied to the robot decrease significantly, as shown in fig.
10. Fault tolerant control by adaptive inertia is effective in the occurrence of a fault: the real
joint trajectory approaches to the desired joint trajectory, what is evident in figure 14. In
order to compensate the immobility of failure in actuator 2 it is necessary an increase in
torques corresponding to joints 1 and 3 (figure 15). We can notice the influence of actuators
as generators of non-infinite torques in trajectory tracking when significant changes in joint
position/ speed occur. Concluding, fault tolerant control by adaptive inertia has a better
performance in desired trajectory tracking, when compared with classic adaptive inertia
control.
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6. Further developments

Thanks to the development of this work, from the implemented simulation tools and the
obtained results, fault tolerant control systems essays are being currently carried out, in
order to apply them to actual robotic systems, with and without link redundancy, like the
SCARA-type robots shown in figure 16 and figure 17, respectively.
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Fig. 17. SCARA-type robot, DIE-USACH
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8. Appendices

8.1 Appendix A: inertia matrix for 2 DOF
The inertia matrix considering two degrees of freedom is given by equation (64):

M, M
M = |: 11 12:|
M21 M22
Mll = I].ZZ +I2ZZ +mll31 + n’lg(l% +l§2 + 2l1lc2 COS(92)
M12 = I2ZZ + n’l2 (l?2 + lllCQ COSHQ) (64)
My, = I, +n12(lc22 +hley 00592)
My, = I, +myl

8.2 Appendix B: regression matrix for 2 DOF
The regression matrix considering two degrees of freedom, is expressed by equation (33).

Defining relationships (65) to (68) as:

Q1 = gut+Ae (65)
Qs = Guo + A9ey (66)
Q) = g + 14y (67)
Qo = dyp+ Aol (68)

The components of the matrix given by equation (33) can be calculated by means of
expressions (69) to (70):

Y, = M11Q1 + M12Q2/ + Vin11®1 +le2Q2/ + Gl/ (69)
my my=0 m my=0 M1/ my=0

Y, = M@, +M,Q, / n V1191 + Vin12Q2 / " G (70)
my m,=0 my m=0 My m;=0

Yy = My,@; + M@, / " Vin21@1 + Vingo@o / 4 Gy / (71)
m my=0 m my=0 M1/ my=0
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Yy = MyQ, + MyQ, / n Vin21Q1 + Vioa@o / + Gy (72)
my m;=0 my m=0 Mg/ m=0
where:
0
G = 73
M 73)
With these considerations, the resulting regression matrix components are:
I
Y, = ( 122 l?l]Ql (74)
1
Y, = @+ ( ;;Z + l?zj(Q1 + Q2) + Lilp cost, (2Q1 + Qz)— Ll sinb, (Qz (91 + 92) + Q1‘92) (75)
) . : I . :
Y22 = lllCZ Sin 92 191Q1 + lllCQ COS92 Ql + ( ’ilzzz + l?zj(Ql + Q2) (77)
Defining relationships (78) and (79) as:
Yo = Llgsinb, (78)
Ya = Llgcost, (79)
The components Y12 and Yo of the regression matrix can be expressed by:
Y, = §Q;+ (ZE + 132](621 +Qp)+y4 (201 +Q2) ¥a(Quby + Qs (614 6y))  (80)
. . I . A
Yy = 5,61Q: +yAQ1+[ ;;Z +l§2j(Q1+Q2) (81)

8.3 Appendix C: Vm matrix for 3 DOF
The Vm Matrix for 3 DOF is expressed by:

(83)

(84)

Voir = —(malileg sin 6y + mglily sin 0, ) 0y — mylyls $in 05 05— mylyl g sin (6, + 05 ) (6 + 03 ) (82)
Vior = (malileg Sin 6y +mglyly sin 0y + myll g sin (6, + 65 )) 0; — mylolg sin 65 0y

V.

m.
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Voo = —malylasing, 0, (86)

Vizz = malyleasindy (6, +6,) (87)

Viuis = —(mglyleg sin Oy + mglyl g sin (6, + 6, ))(91 + 0y + 93) (88)
Vios = —mMylolgsindy (0, + 6, + 0s) (89)

V. s = 0 (90)

Defining the following relationships:

¢, = Mylylosinb, (91)
Cb = n13l112 Sin €2 (92)
Cc = ’71«312[(:3 Sln 03 (93)
cqg = mglilgsin(6, +6s) (94)

Replacing expressions (91) to (94) into equations (82) to (89), we arrive to:

Vir = —(cq+¢p)05 —c.0s —cd(92 + 93) (95)
Vi1 = (ca+cy+cq)0; —c b (96)

Vs = ¢ (01 +6;)+cy6, 97)

Voiz = —(ca+) (01 +0y) —c,03—cq(6, + 05+ 0s) (98)
Voo = —Cubs (99)

Voaz = ¢.(01+6;) (100)

Viiz = —(Ce+cq)(0+ 6, +65) (101)

Vios = —C.(6+6,+0;) (102)

Vg = 0 (103)

8.4 Appendix D: Regression matrix for 3 DOF
Defining relationships (104) and (105), and considering the relationships defined by means
of equations (65) to (68), we have:
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Q3 = Gu3+ Ages (104)
Q3 = {as + sty (105)
M@+ M,Q, + M6 Vo 11@1+V, 15Q5 +V, 15Q G
Y, = 1@ 12@2 1393 / o+ 1@ 12@ 1393 /mfo it | /m2=0 (106)
m my=0 m my=0 M/ mi=0
M@, + M ,Q, + M 56 V 1@+ V1005 +V, 15Q G
Yy, = 1@ 12@2 13Q3/m1=0+ 11 1292 13 3/m1=0+1/m1=0 (107)
my my=0 my mg=0 my=0
M, ,Q + M,Q, + M6 1% +V, +V, G
Yy, = 1@ 12@2 13@3 / o+ m11@1 + Vin1o@s 1393 / oL _— (108)
mg my=0 mg my =0 my=0

Yy = MyQ, + M@y + MyQ, / + Vin21Q1 + Vinoo@s + Vinos@s / Gy / (109)

my 2o m

Yy = MyQ, + MyQy + MyQ; / + Vin21@1 + Vingo@2 + Vinos@s / Gy / (110)

my =0
my mg=0 my

Y, = My,Q; + M@y + M23Q3/ + Vin21@1 + Vinea@o +Vm23Q3/ ot G2/ (111)

m; =0 my= my; =0
mg my=0 mg my =0 my=0

Yy, = M3,Q, + Myy@y + M33Q, 4 Vin31Q1 + Vinga@s + Vinss@s ot Gy L, (112)
my m3;0 m m3;0 223;0

my =0 my =0 +
my -

Yy, = M3,Q; + M35Q + M33Qs / + Vin31Q1 + Vinga@s + Vinss@s / Gs L, (113)
mg=0 my my=0 Mg/ my=0

my =0

Yy = M3,Q; + M3Q + M33Q3/ n Ving1@1 + Vingo@s + VinasQs /ml=0 4 Gg/mfg (114)

mg my=0 mg my=0 my=
Yy = (Ilzz /my + lc21)Q1 (115)
Yio = ~liley sin0, 0,Q, ~ kg siny (6, + 0,) @ + (I, fmy + 15 +12 + 2115 0080, )@, + Lo
(Izzz/mz + Iy + il 00592)Q2
Vi = —((lila sin 0 + Loy sin (0, + 05)) 05 +(Lyley $in 0y + Ll sin (05 +03)) 605 )@ +
~((Lly sin 6, + Ll g sin (6, + 05))(6; + 0, ))Q2 +(Loleg sin Oy + Ll g sin (6, +06;) )
(117)

+ 2041y €080, + Lyl g 0805 + 11 5 cos (6, + 93)))(21 + (I3ZZ Jmg + 15 + 12 + 1,1, cos b,

+2lyl g 0805 + Lyl g cOS (6, + 493))Q2 + (1023 + 1yl g cos0s + 11l cos(6y + 03))Q3
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Yy = bl sind, 0,Q; + (I2zz [mq + (lczz +liles COS@z))Ql + (Izzz [mg + lczz)Qz (119)
(61+ 0y + 03 ) Qg + (I, /s + 15 + 2y + Ll 086y + 2Lyl c0 03 + Ll cos (6 +6)) (120)
Q + (I3zz/m3 15+ I+ 2Dl 005‘93)Q2 \ (I3zz/rn3 + g5+ lyle3 c0805) Qg

Yy = (zzzcg sin0; (0, + 0, ) + Ll sin (0, + 05) 0, )@, + Lyl sin 05 (6, + 6, )Q, +
(13ZZ [m + 1% + Iyl 0805 + 1yl g cos(0; + 05 ) )@y + (I3ZZ Jmg+ 1% +Ll,  (123)

cos0; )@y +(I3zz/m3 +lc23)Q3

Defining relationships (124) to (129), and considering the relationships defined in (78) and
(79), we have:

Yy = bLlysind, (124)

Yo = lolegsindy (125)

Ya = blgsin(6y+0;) (126)
yp = lLilycos0, (127)

Yo = lylgcosts (128)

yp = hLlgcos(by+0;) (129)
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