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1. Introduction 

X-rays were observed for the first time by Wilhelm Conrad Röntgen in 1895 (Röntgen, 1895). 
During the first century since that great event X-rays were benefiting mostly from their 
spatial resolution capability. However, recently it was possible to take advantage also from 
their temporal resolution due to novel sources providing ultrashort bursts of short-

wavelength radiation (i.e. wavelength λ < 100 nm) and to get an inside view of physical 
processes in molecules and atoms. One possibility of how to obtain ultrashort bursts of 
coherent extreme ultraviolet (abbreviated XUV or EUV; wavelength spectral range between 
10-100 nm), soft X-ray (1-10 nm) and/or X-ray radiation (< 1 nm) is by high-order harmonic 
generation (HHG) process. It involves interaction of laser light at a given frequency during 
which it is being converted into integer multiples of the fundamental frequency through a 
highly nonlinear interaction with a conversion medium (typically a noble gas; Brabec & 
Krausz, 2000). Laser-driven HHG uses acceleration of electrons on time-scales that are of the 
order of an optical cycle of the laser field. Currently this technique gives rise to the shortest 
flashes of light ever generated in a laboratory which are typically of the order of a few 
hundreds of attoseconds (1 as = 10-18 s; Paul et al., 2001; Kienberger et al., 2004; Schultze et 

al., 2007). When laser field of intensity of about 1014 - 1015 W/cm2 and time durations in  
 

 

Fig. 1. Ms. Röntgen's hand. First medical imaging with X-rays (December 22, 1985; source: 
wikipedia.org). 
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range of femtoseconds (1 fs = 10-15 s) is applied to the gas, a plateau of equally intense 
harmonics of very high order can be observed. The atom is ionized when the absolute 
electric field of the laser is close to its crest during an optical cycle and is pulled away from 
the parent ion. Since the laser electric field changes its sign about a quarter of a period later, 
the electron will slow down, stop at a position far from the ion and start to accelerate back 
towards it (Corkum, 1993). When it returns to the ion, it can possess significant amount of 
kinetic energy, much larger than the photon energy but being its multiple. This energy plus 
the ionization potential is transferred into emitted  photon energy as soon as the electron 
recombines with its parent ion, which gives rise to very high harmonic orders observed in 
the experiments (Macklin, 1993). Thus HHG represents a source of coherent X-rays bursts of 
ultrashort time duration. Additionally, the HHG source features spectral tunability from UV 
to hard X-rays. Moreover, advantage of particular importance is a very high repetition rate 
of HHG which is given by the repetition rate of the driving laser only and can be easily as 
much as few kHz (Schultze et al., 2007)! 
It has been shown that high-order harmonic pulse comprises train of attosecond pulses 
(Papadogiannis et al., 1999). This great advantage constitutes a stimulus for further 
development of high-order harmonic sources, especially of the techniques leading to 
generation of single attosecond pulses. Nowadays, well explored and most frequently 
deployed are: 

• usage of very short IR laser pulses ( < 5 fs) (Christov et al., 1997; Baltuska et al., 2003), 

• a technique called polarization gating (Sola et al., 2006). 
The details of the aforementioned techniques will not be discussed in detail here; however, 
it is worth noting that the intension of improvement of high-order harmonic sources has 
become a boost for laser technology progress leading to development of laser systems 
emitting pulses with duration in the range of single optical cycle (~ 3.3 fs at ~810 nm central 
wavelength) and shifting the laser pulse central wavelength to the mid-infrared spectral 
range (MIR) in around 2-3 μm. Besides, the lasers’ repetition rates have been significantly 
increased typically to a few kHz (and energy ~mJ per pulse; e.g. Schultze et al., 2007). 
Another recent achievement of particular interest is carrier-envelope absolute phase 
stabilization (CEP). 
State-of-the-art HHG sources require not only development of the high-harmonic source 
itself but also sophisticated metrology techniques and methods for characterization of 
femtosecond and attosecond pulses (Véniard et al., 1996; Drescher et al., 2002; Kienberger et 
al., 2002; Mairesse et al., 2005; Itatani et al., 2002; Sansone et al., 2008). 
Due to unusual combination of all properties that high-order harmonics feature, they 
immediately found vast number of unprecedented applications. For example, a number of  
 

 

Fig. 2. Typical spectrum of high-order harmonics (conversion medium: argon; Jakubczak a)). 
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experimental results have been recently published related to time-resolved investigation of 
atomic processes. For instance manipulation of drift energy of photoelectron wave packets 
(so called "steering of wave packets") and their imaging (e.g. Kienberger et al., 2007), 
measurement of relaxation and lifetime dynamics in an atom by the direct measurement in 
time domain with attosecond resolution (e.g. Baltuska et al., 2003; Kienberger et al., 2002) in 
contrary to thus far frequency-domain measurements of transition linewidths (Becker & 
Shirley, 1996), spectroscopy of bound electron dynamics in atoms and molecules (Hentschel 
et al., 2001), observation of interference of coherent electron wave packets (Remetter et al., 
2006), probing molecular dynamics (Niikura et al., 2002) and real-time tomography of 
molecular orbitals (Itatani et al., 2004). 
Moreover, novel and very promising schemes for HHG have been recently demonstrated, 
e.g., generation of harmonics during reflection of super intense ultrashort IR laser pulses 
(I > 1017 W/cm2) from plasma mirror oscillating at relativistic velocities on the surface of a 
solid state target (Quéré et al., 2006), or generation of HHG from interaction of IR 
femtosecond laser pulses with molecules (N2, H2+; Lorin et al., 2008). 

2. Physical mechanisms of high-order harmonic generation 

If material is subjected to a strong electric field, nonlinear polarization of the material is 

induced. The magnitude of the arisen polarization strongly depends on the intensity of the 

incident radiation. At moderate and low intensity values the external electric field does not 

influence significantly the electronic structure of the irradiated atoms. The potential barriers 

can be just slightly modified and Stark effect can be observed. To great probability the atoms 

remain in their ground state and extension of their ground state wave function is of the 

order of Bohr radius ( -115.2917 10  m⋅ ). All nonlinear phenomena taking place in this regime 

are well described by the perturbation theory. Thus it is referred as the perturbative regime of 

nonlinear optics. Comprehensive discussion on phenomena and related theory in the 

perturbative regime can be found e.g. in Boyd, 2003. Some of nonlinear optical phenomena 

in this regime are: 

• harmonic radiation generation (second, third, etc.), 

• optical parametric amplification, 

• optical rectification, 

• stimulated Raman scattering, 

• self-phase modulation, 

• self-focusing. 

However, when the electric field strength of the incident radiation is comparable to (or 

higher than) atomic electric field strength ( 115.142 10  V/m⋅ ; Brabec & Krausz, 2000) then 

the potential barriers are strongly modified. With high probability the electrons from the 

most-outer atomic shells may be liberated either through the tunnel ionization or the above-

barrier ionization (depending on the external field strength; see Fig. 3 and Fig. 4). 

Subsequently, if the field is linearly polarized electron wave packets will start oscillatory 

motion. The amplitude of oscillations exceeds Bohr radius and cycle-averaged kinetic 

energy of electron wave packet surpasses binding energy (Brabec & Krausz, 2000). 
Range of intensities implying these phenomena defines the strong field nonlinear optics regime. 
In contrary to the perturbative regime, here, the nonlinear response of the polarization of the 
medium is affected by the ionization process. The nonlinear treatment can be only applied  
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Fig. 3. Tunnel ionization. The atomic potential affected by the external electric field whose 
the field strength is comparable to the atomic fields. It is plausible that the electrons from the 
most-outer atomic will be unbound. This transition is often referred as optical field 
ionization (OFI). 

 

Fig. 4. In this case, the applied electric field is higher than the atomic field strength. The 
atomic potential barrier is suppressed and electrons from most-outer shells are liberated 
through above barrier ionization. 

to an electron which is in very close vicinity of a parent ion. As soon as it is released by 
optical field its response is linear to the electric field and may be treated by classical laws of 
motion (Corkum, 1989; Corkum, 1993). 
Very interesting phenomena are present in the intermediate range of parameters, in the so 
called intermediate regime, i.e. between the perturbative and the strong field regimes. They 
include long-distance self-channeling when nonlinear Kerr effect causes beam focusing, on 
the one hand, and free electrons cause its defocusing, on the other. This interplay leads to 
the channeling of the propagating intense pulse (even at distances as long as a few meters).  
Another interesting phenomenon in this regime is multiphoton ionization, where the total 
amount of absorbed energy exceeds the ionization potential (Fig. 5). 
When electric field strengths are even higher, the nonlinearities become stronger. Electric 
field is able to optically liberate electrons from inner shells of the atom and the wiggling 
energy of an electron is comparable with its rest energy mc2. This is a launch of relativistic 
regime. 
Publications of crucial importance related to the intermediate to strong-field nonlinear 
optics regimes were made by Keldysh (Keldysh, 1965) and Ammonsov, Delone and Krainov 
(Ammosov et al., 1986). Keldysh defined a parameter, which was later named after him that 
allows determining whether tunneling or multiphoton process is dominant for particular 
experimental conditions. It reads: 
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Fig. 5. Multiphoton ionization process: n-photons are absorbed. The total energy of absorbed 

photons (n*hν; n - number of absorbed photons, h - Planck's constant, ν - light frequency) 
exceeds ionization potential. 
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Where: 
Ip - is ionization potential of a nonlinear medium, 
Up - is ponderomotive potential, which is cycle-averaged quivering energy of an electron in 
the external laser field. It is defined as: 
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Where: 
e - stands for charge of electron, 
me - is mass of electron, 

E0 - external field amplitude oscillating at frequency ω. 
Substitution of constants leads to simplified relation: 

 13 2 2[ ] 0.97 10 [ / ] [ ]pU eV I W cm mλ μ−= ⋅  (3) 

The laser field amplitude can be estimated from relation: 
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Where: 
I - is laser intensity [V/cm2], 
Z0 - is vacuum impedance. 

 0 0 0 377[ / ]Z V Aμ ε= =  (5) 

Where: 

µ0 - is vacuum permeability, -6
0µ =1.26 10  [H/m]⋅ , 
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ε0 - is vacuum permittivity, -12
0=8.85 10  [F/m]ε ⋅ . 

If 1γ >>  multiphoton ionization dominates. However, if 1γ <<  tunneling ionization takes 

over. By these simple formulas it is possible to divide regimes of nonlinear optics in 

intensity domain as depicted in Fig. 6. 
 

 

Fig. 6. Regimes of nonlinear optics. 

Ionization rates are of core importance when discussing interaction of the intense laser 
pulses with matter. Their estimations were performed within quastistatic field 
approximation. The first approach was proposed by Keldysh. The second was developed by 
Ammonsov, Delone and Krainov (also known as ADK theory named after the acronyms of 
the names). Additionally, the ionization rate calculation could be performed by an exact 
numerical solution of the time-dependent Schrödinger equation. The Keldysh theory 
possesses a source of a discrepancy between the other theories which comes from the fact 
that it neglects Coulomb potential in an atom. The difference leads to lower ionization rates 
compared to other approaches (e.g. in case of He and H by about 1-2 orders of magnitude) 
(Brabec & Krausz, 2000). The discrepancies between theories increase with the electric field 
strength. For example, for He there is no difference between ionization rates obtained from 
ADK theory and solution of the time-dependent Schrödinger equation as long as the field 
strength does not exceed 0.2 atomic unit. 

3. High-order harmonic generation in gaseous media 

3.1 Microscopic analysis 
High-order harmonic generation process takes place when linearly polarized ultrashort laser 
pulses of intensity of a few times 1013 W/cm2 to < 1016 W/cm2, and time duration from 
picoseconds to a few femtoseconds (Pfeifer et al., 2006), are applied to a  nonlinear medium 
(atoms, atom clusters, molecules and plasmas).  
HHG process can be understood using semi-classical three-step model (Corkum, 1993): 

Step I - Ionization. When an atom is exposed to external electric field, the potential of the 

atom is modified by a factor of ( )eE t r
f f

. Then, the resulting potential is equal to: 

 
2

0

( , ) ( )
4

e
V r t eE t r

rπε
= − +

ff f
 (6) 

With increasing strength of the external field ( )E t
f

the probability of tunnel-ionization by the 

low-frequency laser field of most-outer-shell electrons increases significantly (the natural 

potential of atom is being cancelled).  
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Step II - Propagation. When an electron wave function undergoes tunnel-ionization from its 
parent atom the free electron wave packet is affected primarily by the external electric field 
(and not by the field of the parent atom) and is accelerated by this field. When the laser field 
reverses its sign, the electrons slow down and are re-accelerated back towards the atom. The 
free electron motion can be described by laws of classical physics (Pfeifer et al., 2006): 

 0
0 0

0

( ) ( ) sin( )
t

E ee
v t E t dt v t v

m m
ω

ω
′ ′= − + = − +∫  (7) 

where: v(t) - is instant velocity of an electron, v0 - is electron drift velocity. 
If we consider an initially bound electron (x=0), with zero drift velocity, its velocity can be 
described by (Pfeifer et al., 2006): 

 0
0

0

( ) ( ) [sin( ) sin( )]
t

E ee
v t E t dt v t

m m
ω ϕ ϕ

ω
′ ′= − + = − + −∫  (8) 

and its position (Pfeifer et al., 2006): 

 0
2

0

( ) ( ) [cos( ) cos( )] sin( )
t

E e
x t v t dt t t

m
ω ϕ ϕ ϕ

ω
′ ′= = + − +∫  (9) 

Where: ϕ is phase of electric field at which atom is ionized (often referred as: “electron is 

born"). 
Dependence of the electrons paths as a function of time, where the electric field phase is a 
parameter, reveals that just a fraction of the electrons are probable to return to the parent ion 
and re-collide (contributing to emission of radiation). The problem is addressed in more 
detail in Pfeifer et al., 2006. This is the reason of the optimization of the electric field phase. 
Step III - Recombination. After re-acceleration of the electron wave packet towards the ion it 
is plausible that electron will collide with the ion and recombine. The excess of kinetic energy 
is transferred to the momentum of the emitted photon. The electrons which recombine with 
ions will emit harmonic radiation with energy of spectral lines defined as follows: 

 kin pE Iν = +¥  (10) 

Where Ekin - is kinetic energy of an electron acquired by absorption of n-photons of the 
driving field, Ip - is ionization potential corresponding to the shell from which the electron 
has been ripped off by the field. 

There exists a limit on the maximum emitted energy. It is given by maximum kinetic energy 

that electron gains during acceleration. It was claimed that the path and kinetic energy of 

the electron is controlled by the phase of the electric field (Eq. 7 – Eq. 9). If phase is ~18° the 

kinetic energy of electron is maximized and its value is ~3.17 Up⋅ (Pfeifer et al., 2006)1. Thus 

the energy of the highest harmonic order is given by: 

 3.17 p pU Iν = +¥  (11) 

                                                 
1
 18° = ~314 mrad. 
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Fig. 7. Summary of the 3-step model of HHG. The first step is tunnel-ionization of an atom. 
Next, an electron is driven away from its parent ion in the external electric field of an intense 
laser pulse. When the oscillating laser field reverses its sign the particle is re-accelerated 
back towards the atom and, finally, recombines. The last step leads to emission of a photon. 

The HHG process can be also explained in the formalism of quantum mechanics (Itatani et 
al., 2004). The returning electron wave packet overlaps remaining portion of initial wave 
function. The coherent addition of the two wave functions induces a dipole as asymmetric 
displacement of the electron wave packet. The dipole oscillates as continuum wave function 
(of the free electron packet) propagates. The oscillating dipole is a source of harmonic 
radiation and harmonic spectrum is given by Fourier transform of dipole acceleration. 
Instantaneous frequency of the dipole is determined by kinetic energy of the recombining 
electrons (i.e. electron wave packet and emitted photons are linked by the energy 

conservation: kEν =¥ , where the ionization potential is omitted due to the fact that Ek of 

electrons is “seen” by bound-state electron wave function, compare to Eq. 11). It is worth 
noting that the electron wave packet and the emitted photons are mutually coherent. 
It is important to point the influence of tunnel-ionization process on HHG. The ionization 
rate increases with the amplitude of the electric field (Keldysh, 1965; Ammosov et al., 1986) 
leading to generation of free electrons what results in their increasingly stronger 
contribution to HHG. Most energetic electrons are produced at 18°-phase of the electric 
field. On the other hand, multiphoton ionization produces constant number of electrons 
depending only on the intensity of the laser pulses and not on the field phase. From cut-off 
law (Eq. 11) we also know that energy of photons may be increased by increasing the 

ponderomotive potential Up (when 1γ << ), thus shifting more into the strong-field regime. 

3.2 Macroscopic analysis - phase-matching considerations 
In most generic sense HHG process analysis is divided into two logical constituents: micro- 
and macroscopic. The three-step model deals only with atomic-scale phenomena leading to 
emission of a photon, thus, this part of the process is assigned to microscopic analysis of 
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HHG. However, there are also macroscopic issues to be concerned. The crucial problem in 
this sense for HHG process is a phase-matching of the two propagating beams: XUV from 
HHG and of the driving laser. If we consider mismatch between mth harmonic order and 

driving laser field oscillating at fundamental frequency ωf the wave vector of the mismatch 
could be written as (Pfeifer et al., 2006): 

 ( ) ( )f fk mk k mω ωΔ = −  (12) 

In general there are three major components of total kΔ that may be written as: 

 natural plasma fock k k kΔ = Δ + Δ + Δ  (13) 

Refractive index is a function of frequency. Since the phase velocity of radiation at given 
wavelength depends on refractive index, in general, radiation of different wavelengths 
propagates with different velocities what leads to de-phasing of particular spectral 
components. This input to total phase mismatch is called natural dispersion. 
Because only little fraction of free electrons that had been generated by the laser field 
recombines with parent ion free-electron clouds are created. These free electrons give raise 
to additional component of refractive index (Brabec & Krausz, 2000): 

 1
( )

e
plasma

c f
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N ω
= −  (14) 
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Where: 
Ne - is free-electron density, 
Nc - is critical plasma density. 
This leads to phase mismatch wave vector component (Pfeifer et al., 2006): 

 

2 2(1 )
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p
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ω
ω ω

ω

−
Δ = − =  (16) 

HHG requires peak intensities in range of 1013 - 1016 W/cm2. In order to obtain such high 
intensities one has to focus driving laser beam. However, focusing involves phase-shift of 
the driving field along beam propagation direction 'z' (so called Gouy phase shift; Jaeglé, 
2006): 

 
2

( ) arctan( )geo

z
z

b
ϕ = −  (17) 

Where "b" is a confocal parameter defined as follows (Jaeglé, 2006): 

 
22 a

b
π
λ

=  (18) 

Where "a" is beam radius in the focal spot. 
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Gouy phase shift leads to the phase mismatch wave vector component (Pfeifer et al., 2006):  

 
2( 1)

( ) ( )foc foc f foc f

m
k mk k m

b
ω ω −

Δ = − =  (19) 

If the HHG process takes place in a hollow fiber the fockΔ component is replaced by: 

 
2 2

2

(1 )
( ) ( )

2
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cap cap f cap f
f

u c m
k mk k m

md
ω ω

ω
−

Δ = − =  (20) 

Where:  
unl - is lth zero of Bessel function, and 
d - is capillary inner radius. 

There is also a component to phase mismatch originating from the fact that when the 

driving field pulse propagates in a gas it is defocused by the free electrons density gradient 

what leads to drop of intensity. Since the dipole moment is roughly linearly proportional to 

/p fU ω−  the intensity drop implies de-phasing. However, this contribution is negligible 

compared to the de-phasing due to focusing and free-electrons generated index of 

refraction. 
Phase-matching condition can be fulfilled by:  
• tuning gas density (modification of gas density leads to modification of the index of 

refraction),  
• changing position of the focus with respect to the gas resulting in minimization of Gouy 

phase-shift influence (gradient of function defined by Eq. 17 is highest at the beam 
waist), 

• in the hollow-fiber geometry modification of the fiber parameters can develop perfect 
phase-matching, 

• free electron density may be controlled by intensity and time duration of laser pulses. 

3.3 Generic properties of high-order harmonics spectrum 
An important feature of the harmonic spectrum is its universal shape. As already mentioned 
there is a spectral region of roughly equally intense spectral lines, so called plateau. The 
plateau is preceded by increase of spectral lines intensity in longer wavelengths which is 
subsequently followed by abrupt intensity drop-off. The short-wavelength part of spectrum 
extends to the limit defined by cut-off law. From this formula (Eq. 11) one can infer how to 
extend the wavelength range of HHG, e.g., by increasing ionization potential (proper choose 
of conversion medium or by working with ions for subsequent shells have higher ionization 
potential). Another way of doing so is by raising intensity or increasing wavelength of 
driving laser field (revoke Eq. 2 or Eq. 3). 
It has been shown that intensity of mth harmonic order is proportional to square of phase-
matching factor (mth ∝|Fq|2; Jaeglé, 2006). This factor rapidly decreases with m leading to 
drop of intensity of spectral lines in the long-wavelength part of harmonic spectrum.  
Additionally, in the plateau region the scaling law has been observed (Jaeglé, 2006): 

 3
mI b t∝ ⋅Δ  (21) 

Where, Im - is intensity of mth harmonic order, b is confocal parameter, Δt is driving laser 
pulse duration. The dependence on b3 comes from the fact that total number of photons is 
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spatially integrated. The dependence on duration of the pulse comes from temporal 
integration of the HHG process. 
In most common scheme of HHG when only one-wavelength driving laser field is used (in 

gaseous media) the HHG spectra contain only odd harmonic orders. This could be 

understood by formalism presented, e.g., in Boyd, 2003. This approach originates from 

perturbative theory of description of nonlinear optical phenomena and is followed here after 

Boyd.  

When low-strength external field ( )E t
f

(<< ~109 W/cm2) interacts with matter the material 

polarization ( )P t
f

(or dipole moment per unit volume) is responding to excitation in linear 

fashion to the applied field. This relation is linked by linear susceptibility and reads: 

 (1)( ) ( )P t E tχ=
f f

 (22) 

 

However, if the field increases the nonlinear response of the harmonic oscillator appears. If 

the field is not too strong (for intensities smaller than ~1014 W/cm2) ( )P t
f

 can be expanded 

in Taylor series: 

 (1) (2) (3) (4)2 3 4( )( ) ( ) ( ) ( ) ( ) ...P t t E t E t E t E tχ χ χ χ= + + + +
f f f f f

 (23) 

 

If any arbitrary medium features e.g. third order nonlinearity ( (3)χ does not vanish) the 

medium polarization is capable of being a source of nonlinearities of the third order (e.g. 

third-harmonic generation, nonlinear index of refraction and secondary phenomena having 

their origin in the dependence of ( )n f I= , etc.). In general, there is a strong dependence 

between type of symmetries of media and their nonlinear properties. For instance, if a 

medium is centrosymmetric all its even-order susceptibilities vanish and thus those media 

are not able to give rise to any of even-order nonlinear phenomena. This is also the case of 

gasses (as well as e.g. liquids and amorphous solids). Since gases display inversion 

symmetry it is possible to obtain odd-order HHG only. 

3.4 HHG geometries involving gaseous media 
The most common experimental setup of HHG comprises (apart from laser system and 

diagnostic apparatus) a gas puff target (L’Huillier & Balcou, 1993). Such a target is basically a 

gas valve injecting a portion of a gas at desired pressure. The valve is repetitively open and 

laser pulses interact in proximity of valve exhaust. Typical repetition rate of the gas puffs is 

< 100 Hz. The valves may have either circular symmetry or could be elongated. Elongated 

valves provide higher XUV beam outputs but limiting factor is re-absorption in a gas thus 

long valves are used for wavelengths > ~20 nm (also because of the longer coherence length 

for longer wavelengths). On the other hand, circular (e.g. 0.5 mm diameter) gas puff valves 

are used in shorter-wavelength HHG. 

High-order harmonics are also generated in gas cells. A gas cell is a simple container filled 

with a noble gas at moderate pressure (few tens of mbar). Arrangements with gas cells are 

very comfortable to work with because, compared to the gas puff targets, there are fewer 

parameters to optimize to obtain phase matching. In this case the phase matching is 

obtained by tuning only longitudinal position of a cell and gas pressure in it. For gas cells 
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can be as long as desired (due to technical ease of construction compared to gas puff valves) 

this setup is also favorable when maximization of interaction length is wanted.  

Another possible geometry of HHG involves hollow fibers filled with a conversion gas 

(Rundquist et al., 1998). In such a fiber laser pulses are propagating even meters long 

resulting in efficient transfer of driving field energy into XUV beam. This geometry is also 

popular due to ease of control of phase-matching by the fiber parameters (Eq. 20). 

4. High-order harmonic generation by molecules 

Essentially, the physical mechanism of HHG in molecules is the same as in atomic gases (see 

section 3) and can be understood by the same 3-step model. However, orbital structure of 

molecules and thus the description of the mechanism of HHG in this case is significantly 

different from situation when atomic conversion media are involved. 

There have been many molecules proven to be capable of HHG: 

• N2 (Itatani et al., 2004; Sakai & Miyazaki, 1995), 

• CS2, hexane, N2 (Velotta et al., 2001), 

• O2, CO2 and N2 (Kanai et al., 2007). 
A very interesting feature of HHG in molecules is that signal yield of particular harmonic 

order depends on laser light polarization ellipticity and its orientation with the respect to 

the direction of molecular axis. In general, the signal yield is highest for linearly polarized 

light perpendicularly oriented to the axis of the molecule (Kanai et al., 2007).  

The fact that yield of HHG depends on orientation of the molecule with the respect to light 
polarization direction suggests that the HHG process (especially in molecules) is strongly 
affected by the shape of orbitals of the molecule. This idea has been motivation to Itatani et 
al., 2004. Finding the relation between orientation of the molecule and spectral intensities of 
high-order harmonics they succeeded to perform inverse calculation and obtained 
tomographic reconstruction of the most-outer orbital of N2 molecule. Since these orbitals are 
responsible for chemical properties of the molecules the results have great impact on the 
state of our knowledge. Such direct measurement of orbitals is a first step to the "molecular 
movie" showing, e.g., time-resolved process of creation of chemical bonds. 
Another very interesting feature of HHG from molecules was unveiled during experiments 
in which the influence of molecular structure complexity on HHG efficiency was 
investigated. It turned out that the increasing complexity of the molecule is unfavorable for 
efficient HHG. When dissociating pre-pulse was applied the HHG yields were higher 
compared to case with unaffected molecules (Velotta et al., 2001; Hay et al., 2002). It has 
been inferred (Jaeglé, 2006) that the origin of the higher conversion efficiency in atomic 
media relies in fact that dipole phase depends on the angle between molecular axis and the 
pump laser polarization. An additional de-phasing mechanism would exist between the 
emitters in randomly aligned molecular media and it could imply worse phase matching 
compared with the monomers (Hay et al., 2002). 

5. High-order harmonic generation from solid targets 

HHG process can also take place at the interface between vacuum and solid targets. The 

physical process leading to HHG is different here and is explained in terms of resonant 

absorption. Let us now introduce reference system presented in Fig.  8. 
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Fig. 8. HHG from solid target surface geometry. 

From electromagnetic analysis of reflection of radiation at an interface between two media it 

is known that in case of specular reflection at oblique angles (α > 0°) "s" polarization is 
reflected according to Snell's law, or, alternatively, this polarization, does not propagate in z 
direction (due to the boundary conditions). On the other hand, "p" polarization can 
propagate in z direction into the medium. When a very intense laser pulse impinges upon 
the target the plasma is created. In such a plasma light propagates to the layer of free-
electron density equal to plasma critical density (Eq. 24). The laser radiation cannot 
propagate any farther, but, instead, the free-electron plasma wave (plasmon) is induced by 
"p" polarized light at frequency equal light frequency (resonant absorption) and directionality 
of propagation along z axis. 
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When laser light at frequency ωL mixes with the induced plasmon at frequency ωp, the light 

at frequency of 2ωL is generated. The 2ωL-electromagnetic wave may propagate further into 

plasma since plasma critical density for 2ωL is higher (4Nc). Then, light at 2ωL mixes with 

that at ωp generating 3ωL component. This frequency radiation can propagate until it reaches 
density of 9Nc, and so on (up to some upper-limit density Nu). This cascaded phenomenon 
leads to generation of harmonics of the order limited by plasma frequency and its maximum 
value is given by (Jaeglé, 2006): 

 max
u

c

N
q

N
≈  (25) 

The approximate relation for Nu is given by (Jaeglé, 2006): 
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Tb is background temperature (Carman et al., 1981). 

Very important parameter is 2 2 2[ / ]I m W cmλ μ⋅ product. For λ=1 µm and intensities below 

1018 W/cm2 Lorentz force can be approximated only by component coming from electric 

field, i.e. by ze E⋅ . However, if intensity becomes comparable to 1018 W/cm2 the relativistic 

effects bring increasingly significant input to Lorentz force from magnetic field component. 
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For laser pulse intensities below the mentioned value (or for Iλ2 < 1018 μm2 W/cm2) the only 
polarization that may induce harmonic generation is "p" polarization. However, above this 
value HHG may take place due to nonlinear mixing between longitudinal and transverse 
oscillations resulting in possibility of HHG from "s" polarized light (Jaeglé, 2006). 
Another way of describing of HHG from solid-vacuum interface involves an oscillating 

plasma mirror. It could be shown by mathematical analysis that light reflected at critical 

surface oscillating at relativistic velocities contains harmonics of the incident beam (Jaeglé, 

2006). This approach; however, will not be discussed in more detail here. Instead, some 

general properties of HHG from solids shall be discussed. Probably the most interesting 

feature of HHG from solids is that all-order harmonic radiation is obtained. Additionally, it 

has been observed that the emission solid angle changes with the intensity of driving laser 

field (Jaeglé, 2006). In general the emission cone is larger compared to the laser beam. When 

Iλ2 reaches values of 1015 - 1016 μm2W/cm2 the emission solid angle strongly increases; for 

values above 1017 μm2W/cm2 it is found to be isotropic (no angular distribution of HHG has 

been found - Jaeglé, 2006). Moreover, HHG efficiency and signal yield from solids drop 

above 1016 μm2W/cm2. The two phenomena are attributed to the transition from specular 

reflection regime of HHG to diffusion reflection regime. 

The key parameters of HHG from solid-vacuum interfaces sources are:  

• Intensity of the driving field (or more exactly the product of Iλ2), which is basically the 
only limiting factor to the order of generated harmonics, 

• angle of incidence of the driving field upon the target, 

• contrast of the driving laser pulse. 
Nowadays, this type of HHG source is drawing lots of attention in the scientific world. This 

is due to huge potential capabilities of this type of source (e.g. odd and even harmonic 

orders generation and their number limited only by available intensity of the driving laser 

fields, conversion efficiency increasing with Iλ2). For more detailed discussion on HHG from 

solids see, e.g., (Carman et al., 1981; Bezzerides et al., 1982; Dromey et al., 2006; Balcou et al., 

2006; Tarasevitch et al., 2007; Quéré et al., 2008; Thaury et al., 2007). 

6. Applications of high-order harmonic sources 

High-order harmonics, due to their high repetition rate operation, tunability and high 

coherence degree, have already found a number of interesting applications. For instance, 

they are used in material sciences, life sciences and detection technology. As an example 

high-order harmonics together with femtosecond NIR beam were used to efficiently modify 

tribological properties of materials. The results from these experiments are presented in the 

sub-section 6.1. High-order harmonics are also very practical in metrology of multilayer 

(ML) optics (sub-section 6.2). 

6.1 Materials surface processing 
Recently, a new method for materials processing suitable for efficient machining of 

transparent materials has been demonstrated (Mocek et al., 2009). The technique utilizes 

simultaneous interaction of NIR femtosecond laser pulses generated by Ti: Al2O3 laser 

system (Δt=32 fs, E=2.8 mJ, λc=820 nm) and the second harmonic, combined with extreme 

ultraviolet (XUV) high-order harmonics with the strongest spectral line at 21.6 nm. 
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Fig. 9. Schematic of the experimental setup for surface modification by dual action of XUV 
and Vis-NIR ultrashort pulses (Mocek et al., 2009). 

The experimental setup is shown in Fig. 9. For strong HHG a two-color laser field, 
consisting of fundamental and second harmonic (SH) of a femtosecond laser pulse, was 
applied to a gas jet of He (Kim et al., 2005). Femtosecond laser pulses at 820 nm with an 
energy of 2.8 mJ and pulse duration of 32 fs were focused by a spherical mirror (f =600 mm) 

into a He gas jet. For SH generation, a 200-μm-thick beta-barium borate (BBO) crystal was 
placed between the focusing mirror and gas jet so that, after the BBO crystal, the laser field 
consisted of both the SH and the residual fundamental laser fields. For the optimum SH 
conversion the BBO crystal was placed ~400 mm from the focusing mirror and the energy 
conversion efficiency was about 27 %. A gas jet with a slit nozzle of 0.5 mm width and 
length of 6 mm was used (Kim et al., 2008). The gas pressure in the interaction region was 
150 Torr (~0.2 bar). Generated HHG were first characterized using a flat-field soft X-ray 
spectrometer equipped with a back-illuminated X-ray charge coupled device. Optimization 
of the two-color HHG source was performed by selecting the gas jet position while 
controlling the relative phase between the two fields. The strongest harmonic at the 38th 
order (at 21.6 nm) reached energy of ~50 nJ. 
Subsequently, the spectrometer was replaced with a 1-inch diameter off-axis paraboloidal 
mirror (OAP, f = 125 mm at 13°) with a Mo:Si multilayer coating (R = 30 % at 21 nm) placed 
245 mm from the HHG source. The sample (500-nm thin layer of PMMA spin-coated on a 
315 μm thick silicon substrate) was positioned 125 mm from the OAP, perpendicularly to 
the incident beam. The measured reflectivity of the OAP in the optical region was 37 %. The 

measured diameter (FWHM) of the HHG beam incident on the OAP was 280 μm while the 
diameter of the fundamental and SH laser beams was ~4 mm. The morphology of irradiated 
target surface was first investigated by Nomarski differential interference contrast optical 
microscope, and then with an atomic force microscope (AFM) operated in the tapping mode 
to preserve high resolution. 
The estimated fluence on the surface of the PMMA was 97 μJ/cm2 at 21.6 nm, 14.7 mJ/cm2 
at 820 nm, and 6.3 mJ/cm2 at 410 nm per shot, respectively. As all these values lie far below 
the ablation threshold for PMMA by infrared (2.6 J/cm2 for single-shot and 0.6 J/cm2 for 100 
shots – Baudach et al., 2000) as well as by XUV (2 mJ/cm2 – Chalupsky et al., 2007) 
radiation, no damage of target surface was expected. 
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Fig. 10. AFM images of the PMMA surface simultaneously irradiated with XUV and Vis-
NIR ultrashort pulses (Mocek et al., 2009). 

The PMMA target was irradiated under the following conditions: a) Vis-NIR beams only (no 

gas jet in operation), b) XUV beam only (0.4 μm Al filter placed in front of the OAP), and c) 
mixed XUV/Vis-NIR field (21.6 nm + 820 nm + SH). In cases a) and b) we have not observed 
any signs of surface damage after irradiation by ~3000 shots, although the accumulated dose 
was significantly higher than in case c). The target surface remained significantly unaffected, 
preserving its original quality and roughness. In striking contrast, the application of the 
mixed XUV/Vis-NIR field resulted in clearly visible, irreversible surface modification after 
irradiation with only a few shots. The damage is characteristic due to material expansion, 
quite different from ablation craters observed in experiments with pure XUV pulses 
(Chalupsky et al., 2007; Juha et al., 2005; Vaschenko et al., 2006; Krzywinski et al., 2007; 
Mocek et al., 2006). A very interesting feature in Fig. 10 is the formation of nano-scale 
spike(s) in the center of a uniform flat pedestal. The size of pedestal increases with the 

number of shots applied to the target (~20 μm for 10 shots, ~60 μm for 50 shots) while the 
spikes have a radius of the order of few microns down to a few tens of nanometers in length 
(~15 nm for 30 shots, ~25 nm for 40 shots). The target was also analyzed by Fourier-
transform infrared spectroscopy, which revealed that the expanded material is exclusively 
PMMA, not the silicon from substrate. 
In another experiment (the same experimental setup) 890 nm thick amorphous carbon (a-C) 
sample was simultaneously irradiated by beams: 15 mJ/cm2 at 820 nm, 6 mJ/cm2 at 410 nm, 
and 0.1 mJ/cm2 at 21.6 nm. The sample irradiated solely with NIR-VIS light exhibited only 
negligible surface changes, whilst in the case of combined fields the area of the modified 
surface dramatically increases. The damage occurred in a single pulse exposure. RMS 
microroughness of NIR-VIS and XUV/NIR-VIS illuminated samples was estimated to be 
4.7 nm and 176.5 nm, respectively (evaluated only in the interaction region), and 5.7 nm for 
the unexposed sample (Horcas et al., 2007). The efficiency of the dual action is much higher 
than in the previous experiment due to larger fluencies of the beams. The difference in the 
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surface changes visible in AFM scans suggests that the structures shapes are fluence-
dependent. 
Even stronger enhancement of surface processing by the dual action was observed on a-C 

sample. Laser induced periodic surface structures (LIPSS, or “ripples”) with spatial period 

of ∼550 nm were created during 10-shot exposure in both cases; however, a clear difference 

in modulation depth was observed: the peak-to-valley depth was ~130 nm for NIR-VIS 

irradiated sample, while ~200 nm for combined XUV/NIR-VIS. Moreover, despite its 

random distribution, the frequency of occurrence of LIPSS is much higher in the case of the 

mixed fields. RMS microroughness was 13.5 nm for NIR-VIS illumination, 46.2 nm for 

XUV/NIR-VIS, and 8.3 nm for an unexposed sample, respectively. 

Detailed discussion on experimental results and physical processes involved in the dual 
action can be found in Jakubczak et al., b) and Jakubczak et al., c). 

6.2 Multilayer optics metrology 
The high-order harmonic source was also used for reflectivity measurements of multilayer 

mirror (ML) versus the incidence angle. The experimental setup is presented in Fig. 11. The 

driving laser field featured the parameters: λc=820 nm, Δt=30 fs, E=4.5 mJ. For efficient HHG 

generation the beam was frequency doubled with BBO crystal with conversion efficiency of 

~27 %. Subsequently, the two beams were focused by a spherical mirror (f=125 mm) into a 

gas cloud created by a helium gas jet at 3 bar backing pressure. The gas jet was 9 mm long. 

To filter out IR laser light 200 nm Al filter was used. The high-order harmonic source was 

optimized for the strongest harmonic line at 21.6 nm. The mirror comprised molybdenum-

silicon multilayer structure deposited on BK7 substrate. It was designed for operation at 45° 

and 21.6 nm wavelength. The mirror was placed on the rotational stage together with the 

XUV sensitive absolutely calibrated photodiode allowing change of the incidence angle β 

under vacuum. The photodiode is additionally covered with 150 nm Al filter. The signal 

was acquired with an oscilloscope. 

 

 
 

Fig. 11. Experimental setup of measurement of reflectivity of multilayer mirror versus 
incidence angle (Jakubczak c)). 

Experimental results are presented in Graph 1. The measured and simulated reflectivity for 

the mirror are presented. The measured reflectivity was 31.5 % (fitted value) and simulated 

~29 %. The insignificant difference could be due to the imperfections of manufacturing 

process as well as because of the possible additional errors (e.g. source instability or 

estimation error when taking into account additional input from neighboring harmonics). 
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Graph 1. Reflectivity measurement of Mo/Si flat multilayer mirror designed for 21.6 nm 
radiation incident at 45° angle. 

7. Conclusion 

High-order harmonics from their first observation have been extensively investigated 

resulting in a good understanding of physical processes involved in their generation. The 

main physical processes can now be well understood on the basis of the three step model 

proposed by P. B. Corkum (Corkum, 1993). Due to the great advent in the ultrafast lasers 

technology, impressive progress has been recently observed in the efficiency of HHG, cut-

off extension to shorter-wavelength region (even to hard X-rays) and generation of 

attosecond pulses. This also allowed increase of energy of XUV pulses obtained from HHG 

by means of two-color HHG as well as amplification of HHG in XRL plasma amplifiers. 

Having at hand sub-µJ pulses of coherent pico- and femtosecond XUV pulses it became 

feasible to find practical applications of the source. Some of them cover investigation of 

ultrafast processes in atoms, others; however, are of very practical use in, e.g., structuring of 

surface of the materials or multilayer optics metrology. Future perspectives for HHG 

sources are very promising. Additionally, there is lots of activity observed in the generation 

of harmonics from vacuum-solid interface. Both techniques require; however, further 

improvements in femtosecond laser technology - especially in terms of pulse intensity and 

pulse contrast. For instance, efficient HHG from plasma at the interface of the vacuum and 

solid target intensities higher than 1017 W/cm2 are required with the pulse contrast greater 

than 106. Moreover, generation of single attosecond pulses requires carrier-envelope 

stabilization of the driving laser field. Finally, in order to extend cut-off in HHG from gases 

there are built femtosecond laser systems in the mid-infrared spectral region what found its 

motivation from the fact that cut-off spectral position is proportional to 2I λ⋅  (Eq. 3). 

The HHG source is assessed to be a very promising for needs of the future ultra compact 
sources of coherent radiation in XUV, soft X-ray and even X-ray spectral regions. It should 
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be stressed that at the moment there is no other source of short-wavelength coherent 
radiation and of ultrashort pulse duration at the same time. The source would be also 
available at laboratory scale providing an unprecedented tool for investigation of the 
ultrashort physical processes. It should be stated; however, that high-order harmonics 
cannot substitute every kind of XUV radiation source. As an example, this type of the source 
is not of practical use in plasma backlighting. 
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