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1. Introduction 

In addition to conventional applications of ferroelectric crystals that exhibit piezoactivity, 
such crystals find wide application in the production of domain electronic devices based on 
the interaction between acoustic waves and ferroelectric domains (acousto-domain 
interaction) [Esayan et al, 1974]. In the course of the general development of technology of 
phonon crystals the ferroelectric with periodic domain structures (PDSs) have attracted a 
considerable interest recently [Golenishchev-Kutuzov et al, 2003]. The interest in such 
structures with periodically varying elastic, electric, and other physical parameters dates 
back to the 1960s since, by that time, the possibilities offered by single-domain crystals in the 
realization of the spectral characteristics of elastic and electromagnetic waves had been 
exhausted. First of all a ferroelectrics with PDSs differ from usual phonon crystals by ability 
of its reorganization under external action due to rather fast moving domain walls(DW) 
[Golenishchev-Kutuzov et al, 2003].  
The spectra of elastic oscillations of a ferroelectric with a static PDS may significantly differ 
from the spectra of a conventional single-domain sample [Li, et al, 1991; Lyubimov & 
Sannikov, 1979]. This difference is primarily manifested in the formation of forbidden and 
allowed bands, which are absent in the continuous spectrum of waves in a single-domain 
crystal. To the full this conclusion extends to oscillation modes of localized at DWs, in 
particular – to electroacoustic interfacial waves (EIWs) [Maerfield  & Tournois, 1971], which 
were widely studied in ferroelectrics with static PDSs, representing a superlattice [Li, et al, 
1991; Nougaoui, 1987]. Considerable modification of spectral parameters of EIWs in 
superlattices such as boundary localization of oscillation and phase speed was explained in 
[Lyubimov & Sannikov, 1979; Li, 1987] as result of interaction between electrosound 
oscillations of neighbo(u)ring DW.  
At an early stage of research the possibility of the realization of PDSs with various periods 
of the lattices of domain walls and the possibility of vary  lattice period [Golenishchev-
Kutuzov et al, 2003] have shown the prospects of application of the domain superlattices. It 
was found out, in particular, that crystals with PDSs are effective as broadband 
piezoconverters of acoustic waves, and with the greater efficiency of transformation, than 
have monodomain crystals [Batanova & Golenishchev-Kutuzov, 1997]. Other fields of 
application (the acoustic spectroscopy of polydomain ferroelectrics and processing of the 
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signal information) have demanded of studying of effects of a refraction of acoustic waves 
from packages of DWs of ferroelectrics. So, in development of results of work [Esayan et al, 
1974] it has been shown, that appropriate variations in the period of the domain lattice, 
crystal parameters, and conditions of wave propagation make it possible to control the 
height, number, and location of Bragg reflections peaks [Shuvalov &  Gorkunova, 1999; 
Shenderov,1997], thus providing prospects for various applications. 
All the results listed above are related to the static case, i.e. they are obtained for domain 

lattices with motionless DW. It means that the manipulation of PDSs expressed by moving 

DWs occurs not during the process of acousto-domain interaction. The overlap of the 

procedure of adjustment PDSs and the process of acousto-domain interaction is interesting 

due to a number of circumstances. 

First, this overlap demands modeling of a supernumerary situation of work of the acousto-

domain device at "failure" of device domain structure. Second, it is necessary for research of 

additional opportunities, for example, scanning of a crystal by means of EIWs on moving 

DW [Gulyaev et al, 2000] or realization of ideas put forward by Auld [Auld,1973] of the 

Doppler transformation of a spectrum of frequencies of bulk acoustic waves refracted by 

moving DW [Shevyakhov, 1990]. Thus, it is expedient to generalize the results of the 

research of acoustic properties of static superlattices of ferroelectric to the case of dynamic 

superlattices whose distinctive feature is adjustable moving domain boundaries. Below, on 

the basis of our works [Vilkov, 2008; Vilkov, 2009; Vilkov et al, 2009] the propagation of 

guided EIWs and bulk electrosound waves in a dynamic superlattice of equidistant 

uniformly moving 180-degree DW is considered. Let's notice, that until now the research of 

acoustic effects in crystals of ferroelectrics with moving DW was limited to cases of non-

collective acousto-domain interactions:a single DW [Shevyakhov, 1990; Gulyaev et al, 2000], 

a strip domain (i.e., a pair of DWs)  [El’meshkin & Shevyakhov, 2006] and a structure of a 

two adjacent strip domains [Bugaev et al, 2005]. 

2. Basic equations for a shear wave in ferroelectric in the frame of the DW at 
rest 

In acoustoelectronics, the elastic deformation and electric-field intensity Ej  normally serve 

as independent quantities that determine the state of a piezoactive ferroelectric medium. 

The elastic deformation is determined by the deformation tensor  

 
1

2
i k

ik
k i

u u
u

x x

⎛ ⎞∂ ∂
= +⎜ ⎟⎜ ⎟∂ ∂⎝ ⎠

,    (1) 

For the adiabatic deformation, the equations of state are written as follows [Sosnin & 

Strukov, 1970] 

 
,

,

.
4

ik iklm lm j ik j

p pq q p rm rm

T c u e E

D E e uε π

= −

= +
  (2) 

where Tik  is the mechanical stress tensor, which is a second- rank tensor (as well as 

deformation tensor uik  given by expression (1)), and ciklm, ej,ik  and εpq are the tensors of 

elastic, piezoelectric, and dielectric moduli of a crystal. Note that summation over the 
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repeated subscripts is involved in Eq. (2), where Dp is the electric induction. The initial 

equations are the equation of motion for a crystal 

 
2

2
i ik

k

u T

xt
ρ

∂ ∂
=

∂∂
  (3) 

and the Maxwell equations in the quasi-static representation, 

 , 0k
i

i k

D
E

x x

ϕ ∂∂
= − =

∂ ∂
.  (4) 

Here, differential operator  ∂/∂xi  is considered a vector, so that tensor summation over 

repeated subscript k is involved in the second line of expression (4); ϕ is the electric 

potential; and ρ is the crystal density. 

For the consistent analysis of Eqs. (1)–(4), we specify the symmetry of the crystal and the 

propagation configuration of acoustic waves.  We assume that, 4mm ferroelectric has a 

crystallographic putting such that, in a crystallographic system the fourth-order symmetry 

axis that is parallel to the z axis of laboratory frame xOyz. For the given crystal symmetry 

initial Eqs. (1)–(4) can be presented after some transformations in the form of 
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 (6) 

The received system of the equations (6) together with the equation (5) describes dynamic 

behaviour of a piezoelectric material of a class 4mm(6mm,∞m)  and often is called as system 

of the equations of piezoacoustics. We assume also that, the propagation of acoustic waves 

is in the direction perpendicular to the high-order symmetry axis. In these conditions the 

solution is not depend on coordinate z and the system of the equations (6) are split into two 

independent systems of equations. First of them 

 

22 2 2
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2 2 2 2
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uu u u
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ρ

ρ
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= + + +

∂ ∂ ∂ ∂ ∂

∂ ∂ ∂ ∂
= + + +

∂ ∂ ∂ ∂ ∂

  (7) 

and describe horizontally polarized waves: u⊥z.  The second system added by the equation 

(5) 
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  (8) 

describes horizontally polarized waves: u||z. 
Waves of horizontal and vertical polarization do not interact among themselves. At the same 
time, elastic displacements in vertically polarized waves are not accompanied by the 
generation of the electric field, so that the crystal behaves toward these waves as a 
conventional elastic medium in the absence of the piezoelectric effect. In the further analysis, 
we disregard vertically polarized waves owing to the absence of the acousto-domain 
interaction. Horizontally polarized waves with the particle displacements along the z axis are 
piezoelectrically active and accompanied by the electric field in the propagation plane. (see 
Fig. 1).   

 

  •
• 

k 

x 

y 

z

u 

the plane of wave propagation 

 

Fig. 1. The geometry of the propagation of a shift wave of horizontal polarization 

For final writing of the equations (8) we consider, that the piezoelectric modulus changes  
the sign in the neighboring domains divided by 180-degree DWs because of the antiparallel 
orientation of the polar directions, i.e.  the plane of wave propagation 

 ( ) 1
15 151 , 0j je e e+= − >( ) .   (9) 

where j= 1 and 2 stand for domains of the “+” and “–” types with positive and negative 
piezoelectric moduli, respectively. As a result we write down of the equation (8) in the form of 

  
2

( ) ( )2 2 2 2
44 12

, 4
j j j

j j j j

u
c u e e u

t
ρ ϕ π ε ϕ

∂
= ∇ + ∇ ∇ = ∇

∂
,  (10) 
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where ∇2=(∂2/∂x2+∂2/∂y2) is the Laplace operator, and shift displacement uz have designated 
as uj according number of domain j. 

Domain walls can move in ferroelectrics under specific external actions.  In this case, to 

construct a solution in domains, it is necessary to consider the equation (10) in the frame of 

the DW at rest 0x yz# # # . Because VD << c (c is the velocity of light, VD is the velocity of DW), we 

employ the Galilean transformation for the connection of coordinates: 

 , , .Dx x y y V t t t= = − =## #   (11) 

Using the relationships between the differential operators according to (11): 

 , , DV
y y x x t t y

∂ ∂ ∂ ∂ ∂ ∂ ∂
↔ ↔ ↔ −

∂ ∂ ∂ ∂ ∂ ∂ ∂## # #
,  (12) 

and expressions (11) and (12), we can easily represent Eqs. (10) as   

    

2

2 2
2

44

1
0 , 0D j jV u

t yс
Φ∗

⎡ ⎤⎛ ⎞∂ ∂⎢ ⎥− − ∇ = ∇ =⎜ ⎟⎜ ⎟⎢ ⎥∂ ∂⎝ ⎠⎣ ⎦

# #
# #

    (13) 

In these equations,  * 2
44 44 15 14 /c c eπ ε= + , and Φj  is the component of total potential ϕj in the 

jth domain,  

 
( )

1

4 j

j j j

e
u

πϕ Φ
ε

= − +   ,   (14) 

which corresponds to the electric field induced from the boundaries n n Dy y V t= −#  by 

piezopolarization charges [Lyubimov & Sannikov, 1979]. 

3. The electroacoustic bulk propagating waves in a ferroelectric with a 
system of moving periodic domain structure  

3.1 The statement of the problem   

In this section we consider the influence of a uniform motion of domain boundaries forming 

a dynamic superlattice of the tetragonal ferroelectric, on spectral properties of bulk 

electrosound waves (EW). The comparison of the phonon spectra of static and dynamic 

superlattices allows a more detailed description of specific wave processes realized in 

periodic structures. The results obtained indicate that even slow DW motions cause 

significant (detectable) variations in the wave spectra.  

The schematic of the problem is presented in Fig. 2. We assume that, in a crystallographic 

system with the fourth-order symmetry axis that is parallel to the z axis of laboratory frame 

xOyz , a 4mm ferroelectric represents a superlattice of 180-degree DWs with period 2d (d>>Δ  

is the distance between neighboring DWs and Δ is the DW thickness). The superlattice 

uniformly moves at the velocity VD ⎜⎜ y [010]⎜⎜. Positive velocity VD corresponds to the 

superlattice motion codirectional with the y axis. To eliminate the significant structural 

sensitivity of DWs to the regime of motion related to the generation of both spontaneous 

polarization and spontaneous deformation in domains [Sosnin. & Strukov, 1970; Vainshtein, 
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1988], we restrict the consideration to subsonic DW velocities. We also assume that the 

ferroelectric is far from the phase transition. Then, the DW motion is realized at VD = const 

and the current coordinates are given by yn =VDt+nd, where t is time; n=0, ±1, ±2,… and 

DWs are geometrically thin and structureless objects (kΔ << 1, where k is the EW wave 

number). 

 

 

Fig. 2. Schematic representation of a domain superlattice with an electroacoustic eigenwave. 
The dashed lines indicate that two elementary cells are reproduced in the positive and 
negative directions of the Y axis and form an infinite superlattice. Vectors k’ and  k’’show 
the direction of the EW propagation. The arrow shows the direction of the lattice motion. 
Here, Е0 is the electric-field intensity in domains 

It is known [Vainshtein, 1988] that the above conditions are valid for DWs in BaTiO3-type 

ferroelectrics at ultrasonic frequencies. It is commonly accepted [Maerfield & Tournois, 1971; 

Auld,1973] that, in this case, the ferroelectric can be considered as a piezoelectric crystal that 

is periodically twinned with respect to the planes y = yn. With regard to the analysis of 

propagation of only horizontally polarized shear waves in the (001) crystal plane, we 

assume that antiparallel polarizations in the neighboring domains are related to the sign 

alternation of the piezoelectric modulus according equation (9). At that, there are in eq.(9) 

j = 1 for (n-1)d + VDt < y< nd+ VDt and j = 2  for nd + VDt< y <(n+1)d+ VDt (n = 0, ±2, ±4,…). 

The remaining characteristics of domains are identical.  

Then, we assume that the electroacoustic eigenwaves with the wave vector = k’=(k’sinθ’, 

k’cosθ’, 0) propagate in the XOY plane at angle θ’ relative to the normal to the plane of 180-

degree DWs in the positive direction of the y axis (Fig. 2). For the electroacoustic eigenwaves 

propagating in the XOY plane at angle θ" to the normal to the DW plane in the negative 

direction of the y axis, we employ another wave vector, = k’’=(k’’sinθ’’, k’’cosθ’’, 0) in 

accordance with another expected Doppler shift [Shevyakhov, 1990]. 
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The system of equations for these waves in the neighboring domains with numbers j = 1 and 

2, which results from the reduction of Eqs. (3) and (4) in accordance with the cyclic Bloch 

conditions in the case of 180-degree DWs, is represented by equations (9),(13), (14). The 

fields on the moving DWs of the lattice exhibit the phase conjugation for the wave 

characteristics of EWs that travel in the direction opposite to that of the DW propagation. 

Hence, the following relationships are valid [Shevyakhov, 1990]: 

 

' ' ''' ' 2 2
' ' ''

' ' 2 22 2

2 2( / )cos (1 / ) 2 /
cos , .

1 /1 2( / ) cos /

y DD D
y y

DD D

k V v kV v V v
k k

V vV v V v

θ
θ

θ
++ +

= = − +
−+ +

  (15) 

Here, ν is the EW phase velocity in a single-domain crystal. In the case of a static lattice  

(VD =0), the wave characteristics of the oppositely directed eigenwaves are identical: 

θ = θ’’ = θ’, '' '
y y yk k k= = .  

To ensure the interaction between an EW with wave vector k’ and a DW moving away, we 

must provide for faster (in the signal meaning) wave propagation relative to the DW. In 

accordance with [Shevyakhov, 1990], this can be realized through imposition of a limitation 

on propagation angle θ’, θ’ < θ**. Owing to the coincidence of the phase and group velocities 

of an EW in a singledomain crystal, the critical angle θ** = arcos(-VD/ν) determines the 

equality of the projection of the EW group velocity on the direction of the DW motion and 

the DW velocity. 

When θ’ > θ**, , the DW motion along the direction of the DW displacement is faster than 

the motion of any plane train of EWs with the same angle of incidence θ’.  From the physical 

point of view, this situation corresponds to the vanishing acousto-domain interaction. In 

addition to the condition θ’ < θ**, we assume that the EW wavelength is significantly smaller 

than the crystal dimension. Under such conditions, the boundary effects at the outer 

interfaces of the ferroelectric and its shape weakly affect the behavior of waves and, hence, 

can be disregarded. 

3.2 Dispersion equation 

We assume that the domains with numbers 1 and 2 are located between the DWs with the 

coordinates y#  = 0, d, 2d (Fig. 2). We search for the solution to Eqs. (13) in the region of the 

first domain in the following representation: 

 

' ' '
1 1 2

1 1 2

( ) ( exp( ) exp( ))exp( ( )),

( ) ( exp ( ) exp( ))exp( ( ))
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= + − −

## # # #
## # # #

  (16) 

Similar expressions can be written in the region of the second domain: 

 

' ' '
2 1 2

2 1 2

( ) ( exp( ) exp( ))exp( ( )),

( ) ( exp ( ) exp( ))exp( ( )).

y y x

x x x

u y B i k y B i k y i k x t

y D k y D k y i k x t

Ω

Φ Ω

= + − −

= + − −

## # # #
## # # #

 (17) 

To join the domain fields in the frame of the DW at rest on the interface y d=#  in the 

nonrelativistic quasistatic approximation, we employ the conventional continuity 

conditions [Auld, 1973] for shear displacements; potentials; the shear components of the 

stress tensor, 
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and the y components of the electric induction, 

 1 4 .
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∂ ∂
( ) ( )

# #
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Thus, with allowance for expressions (14), (18), and (19), we obtain the following boundary 

conditions: 
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  (20) 

To simplify the further analysis, we introduce the following quantities: 

 ( ) ( )1,2 1,2 1,2*
1,2 1,2 44 15, .

u
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∂ ∂ ∂
= = ±
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In the expressions for u1,2, α1,2, ϕ1,2, and σ1,2 we represent arbitrary constants A1,2, B1,2, C1,2, 

D1,2 in terms of their values on the boundary  0y =#  (for the domain layer with the subscript 

j = 1) and on the boundary y d=#  (for the domain layer with the subscript j = 2) and 

substitute these representations into expressions (14),(16), (17) and (21). The resulting 

formulas are as follows: 
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where the values of the fields u1,2, α1,2, ϕ1,2, and σ1,2 on the right-hand side of the identities 

for the subscript j = 1 correspond to 0y =# and the plus sign is selected. For the subscript j = 

2, we use the field values at y d=# and choose the minus sign. In expressions (22), we 

introduce quantity 2 2 *
15 1 444 /e cΚ π ε= , which is the squared coefficient of the 

electromechanical coupling of the crystal for the shear waves that propagate in the (001) 

basis plane. For brevity, we use the following notation in expressions (22): 
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Thus, for VD  = 0, , we have cos( )ym k y= # and 1 2sin( )ym k y= #  with allowance for expression 

(15). 

We represent the fields in the domain with the subscript  j = 1 on the DW 0y =# in terms of 

their values at arbitrary point y#  of the given layer. For the domain with the subscript j = 2, 

we represent the fields on the DW y d=# in terms of their values at an arbitrary point  of this 

layer. For this purpose, we find matrices that are inverses of the 4 ×4 square matrices 

consisting of the coefficients of u1,2, α1,2, ϕ1,2 and σ1,2in expression (18). At y d=# , these 

inverse matrices are represented as 
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(23) 

where '' ''' ' 2 ' 2
1( ) /( )y y y ymm k k m k kδ = + + . The matrices M1 = M1(d) and M2 = M2(d), which 

establish the relationships between the fields at the beginning and end of a domain layer, 

are called transition matrices [Bass, 1989]. It is known [Bass, 1989] that the product 

M = M1⋅M2 determines the transition matrix on the period of the structure. We do not 

present the elements of this matrix, since the corresponding expressions are cumbersome 

even for a static superlattice. 
Using the transition matrix, we derive a system of algebraic equations to find the dispersion 

equation. This system is two times smaller than that obtained according to the conventional 

approach from [Bass, 1989]. To find the dispersion equation for an infinite structure, we 

need to determine the eigenvalues λ = exp(2iκd) of matrix M. For this purpose, we must find 

and set to zero the determinant Det[M - λE]=0, where E is the 4 ×4 unit matrix and κ is the 

Bloch vector, which represents the transverse wave number averaged over the period of the 
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structure. The corresponding transformations yield the EW dispersion equation in the case 

of a moving superlattice: 
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 (24) 

The features of the interaction between an elastic wave and the moving lattice are 

determined by the DW velocity. However, expression (24) implicitly contains a 

dependence on velocity VD owing to the presence of wave vector '
yk  and quantities m, m’, 

m1, and δ, which are represented in terms of this wave vector. Therefore, this implicit 

dependence can be demonstrated only numerically, because of the complexity of the 

resulting expressions. 

In order to consider the case of a static lattice (VD = 0), we make the following substitutions 

in expression (24): , ' cos ym m k y→ ( )# , δ → 1, '''
y y yk k k= → ,  and 1 2sin ym k y→ ( )# . Then, 

adding quantities Q(kx, ky)cos2(kyd) and Q(kx, ky)ch2(kyd), 

(Q(kx, ky) = 16K2(kx/ky)sin(kyd)sh(kxd)) to the coefficient of λ2 in Eq. (24) and subtracting the 

aforementioned quantities from this coefficient, we obtain after some algebra the dispersion 

equation for a static lattice: 
 

 4 3 2
1 2 1 2 1 2( ) (2 ) ( ) 1 0S S S S U S Sλ λ λ λ− + + + + − + + =  .  (25) 

Here, we use the following notation: 

1 2 cos(2 ) 4 sin( )sh( ),x
y y x

y

k
S k d k d k d

k
Κ= − 2   

2 2 ch(2 ) 4 sin( )sh( )x
x y x

y

k
S k d k d k d

k
Κ= − 2 , 

2 216 sin( )sh( )(cos( ) ch( )) .x
y x y x

y

k
U k d k d k d k d

k
Κ= −  

A solution to Eq. (25) is a reciprocal fourth-order polynomial [Korn & Korn, 1968] and can 

be analytically represented as 
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 (26) 

When term U in the coefficient of λ2 equals zero (kx = 0 or K = 0 and, hence, S1 = 2cos(kyd) 
and S2 = 2ch(2kxd)), we obtain the following result from expression (26): 

 
2 2

1 1 2 2
1,2 3,4

4 4
, .

2 2

S S S S
λ λ

± − ± −
= =  (27) 

Note that λ1,2 and λ3,4 are the roots of the two corresponding quadratic equations. Hence, Eq. 

(25) can be written as (λ2 – S1λ +1)(λ2 –S2λ +1) = 0 and the solutions can be found with the 

use of the Vieta theorem and the substitution 1
1 1 cos(2 )i dλ λ κ−+ =  (λ = exp(2iκd),  

S2 = 2ch(2kxd)). Thus, we obtain 

  1 2cos(2 ) cos(2 ). cos(2 ) ch(2 ).y xd k d d k dκ κ= = ,  (28) 

For the case under study, this factorization of Eq. (25) corresponds to the extinction of the 
interaction between acoustic and electric oscillations that is due to the absence of the 
piezoelectric effect (K = 0) or the absence of near-boundary electric oscillations in the 
domains Φj = 0 [Shuvalov & Gorkunova,1999] under the conditions for the EAW normal 
propagation (kx = 0) when the acousto-domain interaction vanishes. A similar result is valid 
for Eq. (20), which can be represented also as a product of the dispersion relations for 
independent elastic and electric subsystems. 
For the case under study, this factorization of Eq. (25) corresponds to the extinction of the 
interaction between acoustic and electric oscillations that is due to the absence of the 
piezoelectric effect (K = 0) or the absence of near-boundary electric oscillations in the 

domains Φ j  = 0 [Shevyakhov, 1990] under the conditions for the EW normal propagation 
(kx = 0) when the acousto-domain interaction vanishes. A similar result is valid for Eq. (24), 
which can be represented also as a product of the dispersion relations for independent 
elastic and electric subsystems. 

When kx=0  or K = 0, the first equation from (28) becomes identity, a result that means that a 
purely elastic wave1 propagates in the crystal along the normal to the domain planes with 
propagation constant ky (i.e., a bulk shear wave is excited in an infinite crystal). It follows 
from the second identity that the Bloch number is either purely imaginary (K = 0), i.e., a 
solution does not exist, owing to the formation of a continuous forbidden band) or (kx=0) 

equal to 2πn / (2d), where n is integer. In the second case (kx=0), the boundary conditions are 
satisfied if A1 = 0, B1 = 0, A2 = 0,  B2 = 0, and B2 = 0 (i.e., all of the fields are identically zero). 
Therefore, the solution is degenerate and must be disregarded. Excluding both variants 
(kx = 0 and K = 0) as the variants that do not allow the acousto-domain interaction, we 
assume that Eq. (24) always describes coupled electroacoustic oscillations for a static 
superlattice. 

                                                 
1  At K ≠0, this wave is accompanied by the in-phase oscillations of the electric field (see the first term in 
expression (14)). 
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3.3 Solution and analysis of the dispersion equation  

A numerical solution to Eq. (24) that has been obtained with the use of expression (27) is 
shown in Fig. 3. In this study, the calculations are performed for a barium titanate crystal 

((BaTiO3) with the following parameters: the crystal density ρ= 5 g/cm3, K2 ≈ 0.37, the 

velocity of the transverse waves in the absence of the polarizing field ct0 = (c44 / ρ)1/2 = 2×105 

cm/s, ε1 = 5×103, and e15 ≈ 3⋅106 g/(cm s). Figures 3a and 3b respectively demonstrate the 
real and imaginary parts of the roots of the dispersion equation for the static (dashed lines) 
and moving (solid lines) superlattices. The results are obtained for the propagation angle 

θ’’ = π/3 and the positive direction of DW motion (VD > 0). The numbers of the curves 

correspond to the root numbers (λ1, λ2, λ3, λ4). The roots λ1,2 = exp(2iκ1,2d) in expression (27) 

(Fig. 3a, curves 1, 2) are purely real. This means that the Bloch wave numbers κ1,2 are purely 
imaginary for any wave number k and correspond to the modes that are forbidden for the 
given periodic structure. Note that the shapes of curves 1 and 2 remain almost unchanged 

when the motion is taken into account. The roots λ3,4 = exp(2iκ3,4d) (Fig. 3a, curves 3, 4) 
describe propagating waves. Below, we consider only the spectral properties of the 
propagating eigenmodes of the superlattice. 
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1

2

Re(e2iκd)

(k"
y d) / π 

1

2

3

4'

3'

4

 

 

Fig. 3. (a) Real parts of the roots λ1, λ2, λ3 (3, 3’), and λ4(4, 4’) and  plotted as a function of 

( yk′′ d)/π  for various values of VD: (1, 2, 3', 4') 0 and (3, 4) 0.01v. Curves 3' and 4' coincide 

except in the region of the loop-shaped segments,  (b) Imaginary parts of the roots λ3  (3,  3’),  

and λ4   (4, 4’) plotted as a function of ( yk′′ d)/π for various values of VD: (3, 4)  0.01 v,  3’, 4’ 

It is seen from Fig. 3a that, in the static case, the real parts of roots 3 and 4 are cosines whose 

arguments contain the Bloch number. The imaginary parts of these roots are the sines of the 

above argument. It follows from the comparison of Figs. 3a and 3b that curves 3 and 4 

describe counterpropagating waves. Indeed, the spectral characteristics of the modes of the 

static superlattice that propagate in the opposite directions must differ only by the sign of 

the Bloch wave number: The positive and negative Bloch wave numbers respectively 

correspond to the waves that propagate in the positive and negative direction of the y#  axis. 
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The calculations show that an increase in propagation angle θ'' leads to an increase in the 
width of the loop fragment (Fig. 3) on the curve of the real part of the root. In accordance with 
Fig. 3b, the imaginary part of the root is absent for this spectral interval in the case of the 
dashed curves. Thus, the Bloch wave number, which is the propagation constant averaged 
over the lattice period, is purely imaginary and the wave propagation is impossible, so that the 
corresponding fragment is a forbidden band [Balakirev  &  Gilinskii, 1982]. 
The appearance of forbidden bands is obvious. In accordance with Fig. 3a, the Bloch vector 
exhibits variations in the transmission band, so that an integer number of half eigenwaves is 
realized at the band edges. At each boundary, this circumstance corresponds to the in  phase 
summation of the forward wave and the wave that is reflected from the edge whose 
distance from the boundary equals the period of the structure. In contrast, the forward and 
reflected (antiphase) waves are mutually cancelled in the band gaps. 

An increase in angle θ'' results in a simultaneous increase in the widths of allowed and 
forbidden bands. However, their number decreases in the range of wave vectors 0 < k'' < 2 
×105 cm-1 (the frequency range 0 < ω'' < 5 ×1010 s–1), which is common to all of the plots. For 
the given domain size d = 10-4 cm, dimensionless parameter kd ranges from 0 to 20. Thus, the 
calculations are performed almost in the absence of limitations on this parameter. 

In addition, it is seen from Fig. 3 that the DW motion causes the Doppler shift of 

eigenwaves, which eliminates the degeneration of the roots of the dispersion relation. This 

fact is manifested in the graphs: The real parts of roots λ3, and λ4 for the counterpropagating 

EWs are not equal and are described by different curves. Curve 4 corresponds to the wave 

that propagates in the direction opposite to the y#  axis, and curve 3 corresponds to the wave 

that propagates along the y#  axis. In accordance with Fig. 2, at VD  > 0, , the forbidden bands 

exhibit a shift to the long-wavelength region. The comparison with the calculated results 

obtained for VD  < 0 shows that, relative to the forbidden band at VD  = 0, the forbidden 

bands are symmetrically shifted to the shortwavelength region. 
For relatively large (κ3,4d)/π, we observe a larger difference between curves 3 and 4. This 
means that, as the number of the oscillation mode increases, the effect of the DW motion on 
the EW spectrum strengthens. This result is in agreement with the results from [Vilkov, 
2007], where the spectral properties of magnetostatic waves are analyzed with allowance for 
the motion of a DW superlattice. In the spectral fragments with0 VD ≠ 0  (Fig. 3) that coincide 
with the spectral forbidden band of the static superlattice, a shifted forbidden band is 
formed. Thus, the amplitudes of eigenwaves in this band of the moving superlattice contain 
oscillating factors. In addition, new forbidden bands emerge at VD ≠ 0 in the spectral 
fragments where the real and imaginary parts of the roots of the dispersion equation are 
greater than unity. This circumstance is due to the fact that the lattice motion results in an 
additional phase shift between the counterpropagating waves. 

The calculated results show that, if the Bloch wave number in the first spectral band in Fig. 3 

is approximately equal to ''
yk  at small angles θ'', a significant difference between κ and ''

yk  

can be realized at large angles. For example, at θ = 80°, the propagation constant κ averaged 

over the superlattice period is approximately two times greater than ''
yk , a result that 

indicates a significant effect of the superlattice on the spectrum of bulk EWs. The lattice 

motion leads to a difference between the Bloch wave numbers of the counter propagating 

waves and, hence, to differences between the EW propagation velocities and between the 

field profiles that characterize EWs. Thus, the mutual nonreciprocity of the EW propagation 

induced by the lattice motion needs further analysis. 
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3.4 Calculation of the EW displacement profiles and phase 

To calculate the EAW displacement profiles, we employ the periodicity condition from [Bass 

et al, 1989]: On the boundaries with the coordinates 0y =#  and 2y d=# , the fields can differ 

only by the phase factor (the Floquet theorem);  i.e., 

 (0) (2 ) exp(2 ), (0) (2 ) exp(2 ), (0) (2 ) exp(2 )u u d i d d i d d i dκ ϕ ϕ κ Φ Φ κ= = = , (29) 

Substituting expressions for the fields (16) and (17) with allowance for formulas (25) into 

boundary conditions  (20) on two boundaries of an elementary cell ( 0y =#  and y d=# ), we 

obtain a system of eight homogeneous algebraic equations for amplitudes A1,2, B1,2, C1,2 and 

D1,2. 
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Fig. 4. (a) Real  imaginary parts of the amplitude profile of the EW shear displacement for 

the wave k vector = 131300 cm–1 corresponding to the allowed band,  θ’’ = 60°, and VD = 

(dashed lines) 0 and (3, 4) 0.01v, (b) Imaginary parts of the amplitude profile of the EW 

shear displacement for the wave k vector = 131300 cm–1 corresponding to the allowed band,  

θ’’=60°, and VD = (dashed lines) 0 and (3, 4) 0.01v 

Assuming that one of the amplitudes (e.g., A1) equals unity, we solve seven of eight 

equations and represent all of the amplitudes in terms of the selected one. Then,  we 

substitute the resulting expressions into formulas (16) and (17) and, with allowance for the 

solutions to Eq. (25), find the desired field profiles within the lattice period 0 < y#  < 2d. 

Figure 3 demonstrates the real and imaginary parts of the shear wave displacement in the 

crystal with the static (dashed curves) and moving (solid curves) superlattices for the 

positive motion of the lattice (VD >0).  Figure 4 corresponds to the wave vector falling in the 

EW spectral band in Fig. 3. It is seen that the real and imaginary parts of the displacement 

respectively correspond to the symmetric and antisymmetric modes. Note that the 

presented set of mode profiles is universal for given k'' and the sum of the lattice spatial 

harmonics, 
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This circumstance is obvious because, in accordance with expression (30), physically 

nonequivalent states in the periodic structure correspond only to the range  - π/d < κ < π/d. 
It is seen from Fig. 4 that the amplitudes of counterpropagating waves coincide for the static 
lattice and significantly differ for the moving lattice. In particular, the amplitude of the wave 
propagating along the axis (curve 3) is approximately two times smaller than the amplitude 
of the wave propagating in the opposite direction (curve 4). This amplitude imbalance of the 
counterpropagating waves added to the misphasing can be interpreted via a variation 
produced in the wave energy owing to an external source that provides for the DW motion. 
The mechanism that controls the amplitude variations involves the Doppler frequency 
shifts: The wave with the maximum Doppler shift (Fig. 4,  curve 3) exhibits the largest 
amplitude difference relative  to the wave of the static superlattice (Fig. 4, dashed line). In 
contrast, note minor variations in the amplitude of the wave (Fig. 4, curve 4) whose spectral 

characteristics other than κare initially identical to the spectral characteristics of the wave in 
the static lattice. 
Each of the harmonics in expression (30) is characterized by the same displacement profile, 
whereas the phase velocities are different [Balakirev &  Gilinskii, 1982]: 
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Here,  '| |fnv
f

 and ''| |fnv
f

 are the magnitudes of the phase velocities of the waves that 

propagate in the direction of the PDS motion and in the opposite direction. For the static  
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Fig. 5. Plots of the EW phase velocities vs. the propagation angle θ'' for VD = (dashed line) 0 
and (3, 4) 0.01v. Curves 3 and 4 correspond to the EWs propagating along and opposite to 
the y axis, respectively 
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lattice, we have '' '| || |fn fnv v=
fj

 It follows from expression (31) that, for the nth harmonic, the 

phase velocity can be infinitesimal. For certainty, we set the phase velocity of the Bloch 

wave in the following way: '' ''
0| || |,f fv v=

f f
 and ' '

0| || |f fv v=
f f

. The dependences of the phase 

velocities of the Bloch waves on propagation angle θ'' calculated for VD > 0are presented in 

Fig. 5. 

We do not consider the limiting angles θ’’ = 0°, and θ’’ = 90°and the nearest vicinities for the 

following reasons. In the first case (θ’’ = 0°), the electric-field retardation must be taken into 

account in the correct analysis of the acousto-domain interaction [Balakirev & Gilinskii, 

1982]. For a moving PDS, the transition θ'' → 90° is impossible because of the limitation 

θ’ < θ** related to the termination of the acousto-domain interaction. It is seen from Fig. 5 

that the greatest difference (about 2%) between phase velocities '| |fnv
f

 and ''| |fnv
f

 is realized 

in the interval 60° < θ < 70° and can be experimentally detected. The phase-velocity 

nonreciprocity can be caused by the Doppler separation of the frequencies of 

counterpropagating waves and a simultaneous variation in the Bloch wave numbers that is 

due to different spatial–temporal periodicities in two opposite directions induced by the 

uniformly moving DW superlattice. 

4. Reflection of electroacoustic waves from a system of moving domain walls 
in a ferroelectric  

4.1  The statement of the problem    
In the previous section we have shown, that significant modification of the spectrum of 
modes of shear waves are possible owing to motion of boundaries of a superlattice of a 
ferroelectric. It can be assumed, that motion of domain boundaries will exert the strong 
influence on reflection of electroacoustic waves from a lattice of domain boundaries. The 
important controlling role of the velocity of domain-wall motion is indirectly confirmed by 
the results obtained in [Shevyakhov, 1990], which indicate that the interaction of a bulk 
electroacoustic wave with a single moving domain wall in the case of a noticeable change in 
the amplitude coefficients (the range where the angles of incidence are not very small) is 
accompanied by the Doppler frequency transformation. By analogy with the static case 
[Shuvalov & Gorkunova, 1999], it can be expected that, for a system of moving domain 
walls, the reflection can be considerably enhanced in the direction of Bragg angles.  At the 
same time, the velocity of domain-wall motion will serves as a new parameter that is 
convenient for controlling the reflection and transmission of waves in combination with 
their frequency shifts. In this section the interaction of electroacoustic waves with a periodic 
domain structure formed in a tetragonal ferroelectric by a finite number of uniformly 
moving 180-degree domain walls is considered in the quasi-static approximation.  
The schematic diagram of the problem is depicted in Fig. 6. We consider the same the 
ferroelectric and the same the periodic structure, as in the previous section, but at that 
periodic structure is formed by finite number 180-degree domain boundaries. It is assumed 
that, in the y  direction, the domain-wall lattice, which consists of 2N domains for the 
structure “+–” (Fig. 6a) or 2N+ 1 domains for the structure “++” (Fig. 6b), has a period 2d, so 
that d >> Δ (where d is the distance between neighboring domain walls and  Δ  is the 
domain-wall thickness). On both sides, the lattice uniformly moving at the velocity VD 
⎜⎜y⎜⎜[010] is surrounded by semi-infinite single-domain crystal regions (the external 
numbers (with respect to the lattice) of domains are n= 0 and 2N+ 1 for the structure “+–” 
and n= 0 and 2N+ 2 for the structure “++”). In order to avoid a significant structural 
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sensitivity of domain walls to the motion regime, we will restrict our consideration to the 
velocities, we will restrict our consideration to the velocity of shear waves in a single-
domain sample [Sosnin. & Strukov 1970; Vainshtein,1988]. Under the above conditions, the 
motion of domain walls can be considered to be specified (VD = const ) with the current 
coordinates ym = VDt + md, , where t is the time and m = 0, ±1, ±2,…. Correspondingly, the 
domain walls are assumed to be geometrically thin and structureless (kΔ<<1, where k is the 
wave number of the electroacoustic wave). 
 

 
 (a) (b) 

Fig. 6. (a) Schematic diagram of the problem: a moving domain lattice is surrounded by 
semi-infinite single-domain crystal regions with (a) opposite (structure “+–”)directions of 
polarization. Tilted vectors indicate the direction of propagation of the electroacoustic wave. 
The arrow indicates the direction of the lattice motion, (b) Schematic diagram of the 
problem: a moving domain lattice is surrounded by semi-infinite single-domain crystal 
regions with  identical (structure “++”) directions of polarization. Tilted vectors indicate the 
direction of propagation of the electroacoustic wave. The arrow indicates the direction of the 
lattice motion 

We assume, that j= 1 and 2 stand for domains of the “+” and “–” types with positive and 
negative piezoelectric moduli, respectively according Eq(9). Other differences between 
domains are absent. We also assume that the domain with the number n= 0 is a domain of 
the “–” type for the structure “+–” and a domain of the “+” type for the structure “++” and 
that the domain with the number n= 2N+ 1 or n= 2N+ 2 is a domain of the “+” type (Fig. 6). 
Moreover, it also is assumed that the electroacoustic wave with the wave 

k’’ = (k’’sinθ’’, k’’cosθ’’, 0), propagates in the x0y plane and is incident on the domain lattice 

at the angle θ’’ (θ’’ ≠ 0). In view of the expected Doppler frequency shift [Shevyakhov, 1990], 

another wave vector k’ = (k’sinθ’, k’cosθ’, 0) is assigned to reflected waves (Fig. 6). The initial 
equations remain without changes and to be defined by the equations (9), (13), (14).  As a 
result of the phase conjugation of the fields at moving domain walls of the lattice, the wave 
characteristics of the reflected and transmitted electroacoustic waves are related by the 
expressions (15).  
In order to avoid the analysis of the additional refraction scheme when the reflected wave 
becomes adjusting with respect to the incident wave, it is necessary to introduce the 

constraint on the angle of incidence θ’’ < θ* [Shevyakhov, 1990], where 

 2arccos[ 2 ( / ) /(1 ( / ) )].D DV v V vθ ∗ = − +  (32) 

4.2 Technique for calculating the transmittance and reflectance of electroacoustic 
waves 

In the domain with the number n = 2N + 1 for the structure “+–” or with the number n = 2N 

+ 2 for the structure “++,” we have the incident and reflected electroacoustic waves and the 
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electric field wave localized at the boundary y#  = 2Nd or y#  = 2Nd + d  (Fig. 6). The shear 

displacements and the potentials of these waves as the solutions to Eqs. (13) can be written 

in the form 

 

'' '
2 1, 2 2

2 1, 2 2

( ) (exp( ( 2 ) exp( ( 2 )))exp( ( ))

( ) ( exp ( ( 2 ))exp( ( ))

N N y y x

N N x x

u y i k y N d R i k y N d i k x t

y C k y N d i k x t

Ω

Φ Ω
+ +

+ +

= − + − − −

= − − −

## # # #
## # #

, (33) 

where the amplitude of the incident wave is taken to be unity, R is the reflectance, and C is 
the amplitude of the electric wave potential. Correspondingly, for the domain with the 
number n = 0 for both structures, we obtain 

  

''
0

0

( ) exp( )exp( ( ))

( ) exp ( )exp( ( ))

y x

x x

u y W i k y i k x t

y D k y i k x t

Ω

Φ Ω

= −

= −

## # #
## # #

. (34) 

Here, W is the transmittance of the electroacoustic wave and D is the amplitude of the 
localized electric field wave. The solutions to Eqs. (13) in the region within the lattice for a 
domain of the “+” type are sought in the following form: 

 

' ' '
1 1 2

1 1 2

( ) ( exp( ) exp( ))exp( ( ))

( ) ( exp ( ) exp( ))exp( ( ))

y y x

x x x

u y A i k y A i k y i k x t

y C k y C k y i k x t

Ω

Φ Ω

= + − −

= + − −

## # # #
## # # #

, (35) 

In the region of a domain of the “–” type, the solution is represented in a similar way 

 

' ' '
2 1 2

2 1 2

( ) ( exp( ) exp( ))exp( ( ))

( ) ( exp ( ) exp( ))exp( ( ))

y y x

x x x

u y B i k y B i k y i k x t

y D k y D k y i k x t

Ω

Φ Ω

= + − −

= + − −

## # # #
## # # #

, (36) 

In order to match the fields of the domains in the rest system at the domain walls, in the 
quasi-static nonrelativistic approximation, we use the standard requirements for the 
continuity of the shear displacements, the potentials, the shear components of the stress 
tensor, and the electric induction components y (see Eqs(20)). At the same time, The matrices 
M1 = M1(d) and M2 = M2(d) (see Eqs.(23))  relate the fields at the initial and final points of the 
same domain layer. Their product determines the transition matrix at the period of the 
structure M = M1⋅M2. 
Let us assume that, in expressions (20) and (22), the quantities determining the entire set of 
waves in the domain are designated as u0, α0, ϕ0, and σ0 in the domain with the number n = 
0. Then, their relation to the quantities u2N, α2N, ϕ2N, and σ2N in the domain with the number 
n = 2N in the structure “+–” can be found using the 4-by-4 transformation matrix M at the 
period of the structure as follows: 

 

0 2

0 2

0 2

0 2

N

NN

N

N

u u

α α
ϕ ϕ
σ σ

⎛ ⎞ ⎛ ⎞
⎜ ⎟ ⎜ ⎟
⎜ ⎟ ⎜ ⎟=⎜ ⎟ ⎜ ⎟
⎜ ⎟ ⎜ ⎟⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠

M  (37) 

where N is the exponent of the matrix M and, simultaneously, the number of “whole” unit 
cells formed by domains of the “–” and “+” type in the lattice. For the structure “++,” the 
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relation of the fields of the domain with the number n = 0 to the fields of the last domain in 
the lattice will be somewhat different as a result of the additional transformation of the 
waves by the last domain; that is, 

 

0 2 1

0 2 1

2
0 2 1

0 2 1

N

NN

N

N

u u

α α
ϕ ϕ
σ σ

+

+

+

+

⎛ ⎞ ⎛ ⎞
⎜ ⎟ ⎜ ⎟
⎜ ⎟ ⎜ ⎟=⎜ ⎟ ⎜ ⎟
⎜ ⎟ ⎜ ⎟⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠

M M  (38) 

The reflectance for the structure “+ –” (structure “++”) can be determined from the 

boundary conditions at the domain wall between the domain with the number n = 2N (n = 

2N + 1) and the domain with the number n = 2N + 1 (n = 2N + 2), i.e., by equating the 

corresponding wave parameters at y#  = 2Nd ( y#  = 2Nd + d).  Then, we multiply the obtained 

identities by MN (MNM2) from the left and right and, with the use of relationships (20)-(22), 

(33), (34), (37),  and (38), find the systems of four equations for determining the reflectance 

and transmittance: for the structure “+–,” 

 
'' ''* * * '
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M  (39) 

and for the structure “++,” 

 
'' ''* * * '
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2

15 1 15 1

1
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M M  (40) 

Here, D, C, R, and W are unknown quantities. The expressions obtained for the reflectance 

and transmittance from relationships (39) and (40) are cumbersome and difficult for the 

analysis. In this respect, further calculations of the reflectance were performed numerically. 

As follows from [Shuvalov &. Gorkunova, 1999], the analytical formulas for the reflectance 

of electroacoustic waves from the static lattice can be obtained in a simple form only within 

the short-wavelength approximation. The magnitude of the reflectance in this 

approximation has the form [Shuvalov &. Gorkunova, 1999] 

 
4

2

4 2 2
| |

sin ( ) /sin ( 2( 1) )

q
R

q d N d
θ

θ κ κ
=

+ +
 (41) 

where 2 2cos(2 ) 2[cos( ) sin( )] 1y yd k d q k dθκ = − −  , ''2 2tg( )q Kθ θ= , and κ is the Bloch wave number.  

4.3 Calculation of the reflectance of electroacoustic waves from the moving lattice 

Before proceeding to the analysis of the influence of the domain-wall motion on the 

reflectance spectrum of electroacoustic waves, it should be noted that the results of the 
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numerical calculations of the reflectance from the system of equations (40) in the case of the 

static lattice are in complete agreement with those obtained in [Shuvalov &. Gorkunova, 

1999]. In particular, in the short-wavelength range, the value of |R| determined from the 

approximate formula (41) agrees well with the result of the exact numerical calculations. 

Since the number of peaks (the main peak plus secondary peaks) in one band gap is equal to 

the number of domains in the lattice, in our work, the modification of the spectrum due to 

the domain-wall motion was demonstrated using small numbers N in order to provide the 

clearness of the results. 

The dependences of the magnitude of the reflectance of electroacoustic waves on the 

reduced normal component of the wave vector at the fixed angle of incidence (θ’’ = 30°) for 

the structures “++” and “+–” are plotted in Figs. 7 and 8, respectively. The calculated data 

presented in these and subsequent figures were obtained for the equidistant lattice of 

domains with d = 10–4 cm in the barium titanate crystal BaTiO3 with the following 

parameters: the density of the crystal is ρ = 5 gr/sm3, K2 ≈ 0.37, the velocity of transverse 

waves in the absence of piezoelectric effect is v  = (c44 / ρ)1/2 = 2⋅105 cm/s. In Figs. 7 and 8, 

the dashed lines show the dependences ⎜R⎜ ''(2 / )yk d π  for the static lattice according to the 

calculations from the system of equations (40). The thick lines in Figs. 7 and 8 depict the 

dependences ⎜R⎜ ''(2 / )yk d π   for the lattice moving away (the direction of domain-wall 

motion is opposite to the direction of the Y axis, VD  < 0). It can be seen that the domain-wall 

motion noticeably modifies the reflectance spectrum of electroacoustic waves: all peaks in 

the spectrum are broadened, increase in the intensity, and are shifted toward the short-

wavelength range. In this case, the larger the ratio ''(2 / )yk d π , the larger the shift, so that the 

maximum of the magnitude of the reflectance can give way to its minimum. 

It can be seen from the behavior of the thin lines in Figs. 7 and 8 that, in the case of the 

approaching lattice (the direction of domain wall motion coincides with the direction of the 

Y axis, VD  > 0), the changes in the spectrum are as follows: the peaks in the reflectance 

spectrum are narrowed, decrease in the intensity, and are shifted toward the long-

wavelength range. In this case, the larger the ratio ''(2 / )yk d π , the larger the shift. 

Furthermore, it was revealed that the higher the velocity VD, the stronger the manifestation 

of the above changes in the spectrum. This effect of the shift in the spectra for the moving 

lattice (VD  < 0, VD  > 0) with respect to the spectrum of the static lattice is explained by the 

Doppler shift in the frequency of the electroacoustic wave due to its interaction with the 

moving domain walls and, in actual fact, represents an analog of Mandelstam –Brillouin 

scattering [Fabelinskii, 1968].It can be seen from Figs. 3,8 and Fig.3a that, when the wave 

number corresponds to the band gap of the Bloch spectrum, the magnitude of the 

reflectance reaches a maximum; i.e., there appears a Bragg peak. The condition for the 

appearance of this peak is a correlated reflection of electroacoustic waves from all domain 

walls in the lattice. 
A comparison of the reflectance spectra of electroacoustic waves for the structures “++” (Fig. 

7) and “+–” (Fig. 8) reveals several main differences. The first difference between the two 

reflectance spectra manifests itself in the range of the wave number k = 0, i.e., for an infinite 

wavelength. At k → 0, the reflectance tends to zero for the structure “++” and to the 

reflectance for a single domain wall for the structure “+–” [Shevyakhov, 1990]. Physically, 

this difference in the behavior of the spectra can be explained as follows. The shear wave 
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Fig. 7. Dependences of the magnitude of the reflectance |R| on the quantity ''( )/yk d π for 

the structure “++” consisting of five domains (N = 2) at the velocities VD  = (dashed line) 0, 

(thin line) 0.1v, and (thick line) –0.1v 
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Fig. 8. Dependences of the magnitude of the reflectance |R| on the quantity ''( )/yk d π for 

the structure “+ –” consisting of four domains (N = 2) at the velocities VD = (dashed line) 0, 

(thin line) 0.1v, and (thick line) –0.1v 
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Fig. 9. Dependences of the magnitude of the reflectance ⎜R⎜ on the angle of incidence θ'' for 
the structure “++” consisting of nine domains (N = 4) in the case of k’’ = 31941 sm-1 at the 
velocities   VD = (dashed line) 0, (thin line) 0.1v, and (thick line) –0.1v 
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Fig. 10. Dependences of the magnitude of the reflectance ⎜R⎜on the angle of incidence θ'' for 
the structure “++” consisting of five domains (N = 2) in the case of k'' = 55000 cm–1 at the 
velocities  VD  = (dashed line) 0, (thin line) 0.1v, and (thick line) –0.1v 
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with the wavelength considerably larger than 2Nd + d is “insensitive” to the structure “++,” 
and the electroacoustic wave propagates in the ferroelectric as in a single-domain sample in 

which the reflection is absent; i.e. ⎜R⎜ → 0 at k → 0 (Fig. 7). For the electroacoustic wave with 

the wavelength λ → ∞, the structure “+–” is represented as a single domain wall, which is 
confirmed by the results of numerical calculations (Fig. 8). 

The second difference lies in the fact that, at the center of the allowed band, the reflectance 

spectrum for the structure “++” is characterized by ⎜R⎜ = 0, whereas the reflectance 

spectrum for the structure “+–” always contains the secondary maximum. Finally, the third 

evident difference manifests itself in the number of peaks (the main peak plus secondary 

peaks) in one band gap: their number is always odd for the structure “++” and always even 

for the structure “+–.” 

The dependences of the magnitude of the reflectance ⎜R⎜ of electroacoustic waves on the 

angel of incidence θ'' of the electroacoustic wave on the lattice for the structure “++” are 

plotted in Figs. 9 and 10. It can be seen from Fig. 9 that, for the wave number corresponding 

to the center of the first band gap, it is possible to choose the condition providing an almost 

total reflection (| | 1R ≈ ) in the range of small angles of incidence. The domain-wall motion 

leads to the fact that the reflectance peaks shift toward smaller (larger) angles of incidence 

for the lattice moving away (approaching) as compared to the reflectance peaks for the static 

lattice. In this case, the number of Bragg maxima for the approaching lattice increases by 

unity. It can also be seen that, for the lattice moving away, the dependence represented by 

the thick curve, according to condition (32) is limited by the angles of incidence 

corresponding to θ’’ < θ*. When the condition kxd >> 1 is satisfied, the magnitude of the 

reflectance reaches unity even in the range of grazing angles of incidence, which can be 

clearly seen from Fig. 10. It should be noted that the strict fulfillment of the inequality 

exp( ) 1xk d− <<  represents the condition for the existence of the Marfeld–Tournois mode at 

the outer surface of the domain-wall lattice [Maerfield & Tournois, 1971]. 

5. Electroacoustic waves confined by a moving domain wall superlattice of a 
ferroelectric crystal 

5.1 The statement of the problem   

 For completeness of the description of influence of motion of domain boundaries on a 

spectrum of electroacoustic waves, there is a necessity of consideration of propagation of 

electroacoustic interfacial waves boundary guided by a DW in a ferroelectric with a lattice of 

moving domain boundaries. In this section the dispersion properties of electroacoustic wave 

modes confined by a superlattice of 180° domain walls uniformly moving in a tetragonal 

ferroelectric crystal are considered. The crystal symmetry, wave polarization type, and the 

propagation geometry are the same as in [Golenishchev-Kutuzov et al, 2003; Li et al, 1991; 

Lyubimov & Sannikov, 1979], the only additional assumption being that the consideration is 

restricted to modes localized on the DWs of the superlattice. 

Geometry of the problem is presented in Fig. 11, where the dynamic superlattice of 

equidistant 180o DWs with the (010) orientation is shown in the accompanying frame of 

reference 0x yz# # # . In virtue of the inequality VD << c, where c is the speed of light and VD   is 

the velocity of DW motion, this frame is related to the laboratory one x0yz via the Galilean 

transformation (11). As the main structure-forming element of the supperlattice, chose a pair 
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of adjacent stripe domains of a ferroelectric with the interfaces y# =0, d, and 2d shown in Fig. 

11 with dark. The rest domains are formed by translation of this pair to whole number n of 

lattice periods 2d in the positive (n>0) or negative (n<0) direction of the y# . axis. Ascribe the 

number j=1 to the lower domain of the pair of a lattice unit cell at 0< y# <d  and the number 

j=2to the upper domain at d< y# <2d. Thus, each domain of the lattice will be defined by the 

translation number n=0, ±1, ±2, ±3, … and the pair number j=1 or j=2; the value n=0 

corresponds to the unit (initial) cell.  
In view of the aforesaid, under the conditions of specified DW motion at the velocity VD 

⎜⎜ y ⎜⎜[010] the current coordinates in the laboratory frame are yn = VDt + nd. Considering 
that antiparallel polarizations in domains of the lattice unit cell are related to the sign 
alteration of piezoelectric modulus e15, which is the only active one under the given 
conditions (9). Extend the validity of this condition over the entire lattice, assuming that in 
Eq. (9) we have 
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Fig. 11. Schematic diagram showing geometry of the problem and the distribution of shear 

displacements along the tilted front of a partial EIW with κ = π/d 
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.  (42) 

The lattice cell fields are described by the solutions of the equations (13)-(14). Then, 

assuming that the waves propagate in the plane 0x y# #   in the positive direction of the x#  axis, 

with regard of proportional displacements uj and potentials Φj with the exponential 

coefficient exp[i(k⎜⎜ x tΩ− ## )], we conclude that the EIWs are noncollinear: k=(k||, k⊥, 0), k⊥ ≠0  

(Fig. 11). Deviation of the EIW front from the orthogonal position is determined by the 

transverse component of wave vector k⊥ [Gulyaev et al, 2000]: 
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21t

k
c

Ω β
β⊥ =

−
,  (43) 

where β=VD/ct  . 
Assume also that the EIW length is much less than the characteristic size of a crystal. Under 

such conditions, the interfacial effects at the external interfaces of a ferroelectric, as well as 

the shape of the latter, will not have a considerable effect on the behavior of the 

electroacoustic waves and can be disregarded. 

5.2 Derivation of the EIW dispersion equation for the dynamic lattice of a ferroelectric 
crystal 

Solutions of Eqs. (13)-(14) within the pair of domains numbered with the indices j=1 and 2 of 

the unit cell can be presented as 

 
1 1 2 ||

1 1 || 2 || ||

( ) [ exp( ) exp( )]exp( )exp[ ( )],
(0 )

[ exp( ) exp( )]exp[ ( )],

u y A sy A sy ik y i k x t
y d

C k y C k y i k x t

Ω

Φ Ω
⊥= − + −
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= + − −

## # # # #
### # #

, (44) 
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[ exp( ) exp( )]exp[ ( )],
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d y d

D k y D k y i k x t

Ω
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### # #

, (45) 

where 2(1 )Ω ω β= −  is the EIW frequency in the accompanying frame of reference and s is 

the coefficient of interfacial localization 

 
2

2 2
||2 2

1
(1 )

1 t

s k
c

Ωβ
β

= − −
−

, (46) 

related to frequency ω in the laboratory frame by the formula 2 2 1 2
||(1 )tc k sω β −= − − . To 

sew the domain fields at the internal interface ,y d=# we will use the standard conditions (20) 

of continuity of shear displacements, potentials, shear components of the stress tensor Tyz(j), 

and y -components of the electric inductions . 

For fields with structure of type (44), (46) procedure of construction of a matrix of transition 

and the dispersive equation will be same, as well as for waves of bulk propagation (see 

section 3 and 4), but there are the replacements in (13), (18) - (21) ,y x# #  − directional 

derivative according Eqs (44), (46). We do not present the intermediate calculations here and 

at once  write down the dispersion relation of EIWs in the following form:   

 4 3 2
|| || || 2

1
( , ) ( , ) ( , ) 0Q k s P k s R k sλ λ λ λ

δ
+ + + + = , (47) 

where  the eigenvalues λ = exp(2iκd) of matrix of transition and κ  is the Bloch wavenumber 

characterizing the degree of phase synchronism of the electroacoustic oscillations on DWs 

over the lattice period. At the specified geometric and material parameters, quantities Q, P, 

and R serving as coefficients in Eq. (47) represent the following functions of spectral 

variables k||  and s: 
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K
, 

exp( 2 )i k dδ ⊥= − . 

The roots of Eq. (47), along with expressions (48), relate spectral EIW parameters k|| and s to 
the Bloch wavenumber. Holding to the interpretation of the dispersion law as the functional 

coupling s=s(k||) accepted in the theory of electroacoustic waves [Maerfield  & Tournois, 

1971 and Gulyaev, 1969], it would be reasonable to consider Bloch wavenumber κ as an 
additional parameter. The occurrence of this parameter owes to the conditions of 
translational symmetry of the solution describing EIWs over the entire set of allowed values 

-π/d < κ < π/d. Thus, at the designated κ value, Eq. (48) along with expressions (49) 
establish the dispersion properties of a partial EIW.  
Features of a spectrum of the partial EIWs confined by a moving lattice are determined by 
the velocity of DW motion. In Equation (47), the parametric dependence on VD is implicit 

and implemented through wave vector component k⊥ from (43). In view of inconvenience of 
the obtained expressions and, above all, transcendence of Eq. (47), the dependences of the 
EIW dispersion spectra on the velocity of DW motion can be demonstrated only 

numerically. However, multiplying Eq. (47) by δ  and dividing it by λ2 in accordance to Eq. 

(48), we obtain the simpler form: 

2
||

|| ||

4cos( ) 4cos(2 ) 8ch( )ch( ) cos(4 2 ) 4cos(2 )ch(2 )
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κ
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⊥ ⊥
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 (49) 

where a = 4k⎜⎜K2sh(sd)sh(k⎜⎜d)/s.. Then, solving Eq. (49) with respect to a, one can obtain a 

dispersion relation in the form more convenient for an analysis and numerical calculations. 

In particular, if the Bloch wavenumber κ = π/(2d) is taken (in the periodic structure only the 

κ values lying within the first allowed band -π/d < κ < π/d  correspond to the physically 

nonequivalent states), from Eq. (49) we obtain 

 
2

2
|| || 2 2

[1 sin ( )/ch( )]
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s k k d sd

k d sd
⊥

⊥
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−⎪ ⎪⎩ ⎭

K .    (50) 

Expression (50) shows, in particular, that while for a static lattice (k⊥ = 0) the only mode 

exists, in the case of a moving lattice (k⊥ ≠ 0) the spectrum splits into two different modes 
corresponding to the alternating “+” and “-“ signs. This splitting can be considered as the 
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removal of a degeneracy of the interaction of acoustoelecric oscillations of DWs of a unit cell 

due to their transverse motion taking place for κ = π/(2d). 

To turn to the static lattice at κ ≠ π/(2d), one should take k⊥ = 0 in Eq. (49). After solving the 
quadratic equations with respect to a and making some transformations, we obtain the 
explicit representation of the EIW dispersion equation: 

 
||2

||

||

sh( )sh( )

[cos( ) ch( )][ os( ) ch( )]

k d sd
s k

d k d c d sdκ κ

⎧ ⎫⎪ ⎪= − ⎨ ⎬
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K . (51) 

According to Eq. (51), the partial EIW spectrum in a ferroelectric with the static lattice 
initially includes two modes for a fixed value of the Bloch wavenumber different from 

π/(2d). This result could be expected from the results reported in [Lyubimov &  Sannikov, 
1979] for a stripe domain. Note, however, that at finite values of the lattice period no strict 
correspondence between the spectra of modes (49) and (51) in the limit VD→0 and the 
spectra from [Lyubimov & Sannikov, 1979] is observed due to the conditions of translational 
symmetry of solution (11). On the other hand, the transition to the results of [Lyubimov & 

Sannikov, 1979] under the condition d→∞ is excluded from Eqs. (49) and (51) at all, as it 
requires additional consideration of another boundary problem for the structure of 
alternating domains with different thicknesses. The only available analytical confirmation of 

correspondence remains the fact that in the limit d→∞, when the transition to an individual 
DW occurs, from Eqs. (49) and (51) we immediately have the expected result  s = k⎜⎜K2 
[Maerfield & Tournois, 1971]. 

5.3 Dispersion spectra of modes of noncollinear electroacoustic interfacial waves of a 
dynamic superlattice of a ferroelectric crystal 

It is reasonable to start the study of spectra of the partial EIWs of a dynamic superlattice 

with the case κ = π/d, when the electroacoustic oscillations of DWs distant from one another  

by a lattice period (λB =2d is length of Bloch wave) are inphase. One can see from Eq. (49) 

that the results for this case are identical to those for κ =0 and κ = −π/d. Another feature is 

that the transition to the case κ = −π/d can be implemented by inversion of the velocity of 

DW motion: VD→ −VD. Physically, it means that the dispersion spectra of EIW modes under 
the condition of synchronism of the electroacoustic oscillations of DWs are independent of 
the chosen direction of DW motion; i. e., the lattice reveals reciprocity of the transverse 
distribution of fields and EIW propagation. 

The values of Bloch wavenumber κ = ±π/d determine the boundaries of the first allowed 

band. A schematic of the dispersion EIW spectra for the case κ = ±π/d is presented in Fig. 12. 
The dispersion branches showed by dashed lines correspond to the static lattice; the 
presence of DW motion is reflected by bold solid lines. Thin straight lines represent the 

linear EIW spectra on a single DW, static (β=0) [Maerfield & Tournois, 1971] or moving 

(β≠0) [Gulyaev et al, 2000]. A dashed straight line shows the linear spectrum of volume SH 
waves propagating in a single-domain crystal.  

The overall picture of the spectrum of modes of the partial EIWs at κ = ±π/d outwardly 
resembles the picture of the spectrum of modes of a stripe domain: there are only two 
modes and the high-frequency one has a lower cutoff frequency (black point in the figure); 
the low-frequency mode is present over the entire frequency range. The change in the high-
frequency asymptotes of the spectra due to DW motion is the same as that for a single DW 
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[Gulyaev et al, 2000] or a stripe domain [Bugaev et al, 2005]. However, there are principle 
distinctions between the spectra of stripe domain modes and the spectra in Fig. 12. 
 

 

k|| 

0 

β=0

ω β≠0 

 

Fig. 12. General view of the mode spectrum of the partial EIW for the lattice with the Bloch 

wavenumbers κ =±π/d 

First, as the velocity of DW motion increases, the cutoff point of the high-frequency mode in 
Fig. 12 shifts, as the arrow indicates, along the spectrum of volume waves towards lower 
frequencies, i. e., in the opposite direction as compared to the case of a moving stripe 

domain. A consequence of this behavior is the limiting situation at β→1, when the high- and 
low-frequency branches merge with the linear spectrum of volume waves (the Marfeld--

Turnois asymptote at β→1 approaches the volume wave spectrum) and the region of EIW 
existence degenerates into the spectral line. This degeneracy of the EIW into an ordinary 
shear wave propagating in the direction of DW motion corresponds to “tripping” the shear 
waves and the moving DWs due to the absence of piezoelectric polarization charges 
[Gulyaev et al, 2000]. This result is quite expectable, since the number of DWs moving at the 
sound velocity is of no importance, as in the case of the superlattice.  
Second, the low-frequency branch exhibits a qualitatively different character of dispersion. 
Indeed, at low frequencies the dispersion branch for a stripe domain occurs below the 
spectrum of volume waves but above the Marfeld--Turnois mode asymptote. In other 
words, the phase velocity of the wave lies between the values of the EIW velocity on a single 
DW and the velocity of a volume SH wave. Meanwhile, in the lattice spectrum the 
dispersion branch of the low-frequency mode lies completely below the Marfeld--Turnois 
asymptote. This type of the EIWs for a static lattice was mentioned previously in [Li, et al, 
1991], where the resemblance of their dispersion to the dispersion of flexural modes in thin 
planes was pointed out.  
Third, the mode spectra of a stripe domain correspond to different types of the transverse 
distribution of shear displacements, including symmetric for the low-frequency branch 
(symmetric mode) and antisymmetric for the high-frequency branch (antisymmetric mode). 
In the case of a lattice, the calculations using formulas (51) with the dispersion EIW indices 
obtained from Eq. (47) show that the distributions of the shear displacements across the unit 
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cell are qualitatively similar for both modes and correspond mainly to the symmetric type. 
Obviously, the DW motion causes the symmetry break. Figure 11 demonstrates such a 
quasi-symmetric profile shown, for better illustration, in a strongly emphasized form.  

When there are only two modes at κ = ±π/d, the degenerated case of EIW propagation takes 
place, i. e., there is no splitting of modes upon induced DW motion. Possibility of this 
splitting in other cases was analytically demonstrated in the previous section by the 

example of the lattice with κ = π/(2d). The shape of the partial EIW mode spectrum for the 
lattice with this Bloch wavenumber calculated from Eq. (50) is presented in Fig. 13. 
As was mentioned above, in the static case Eq. (50) has the only root. The corresponding 
mode is shown in Fig. 13 by a dashed curve and is purely antisymmetric judging by the 
character of the transverse distribution of the shear displacements. This naturally follows 

from the fact that at κ = π/(2d) the electroacoustic oscillations on DWs distant by a lattice 
period are antiphase. The absence of a symmetric mode is explained by piezoelectric 
inconsistency of the symmetrically distributed shear displacements and the resulting 
stresses in an internal DW of the unit cell due to the alteration of a sign of the piezoelectric 
modulus [Li, et al, 1991].  
 

2
 1

0 

β=0

ω

β≠0

 

k|| 

 

 

Fig. 13. Spectrum of the partial EIW modes for the Bloch wavenumber  χ = π(2d): 1 and 2 are 
the branches split by DW motion 

Motion of DWs splits the dashed branch of the antisymmetric mode into two branches 1 and 

2 shown in Fig. 13 by bold solid lines. In the high-frequency limit, the spectra of the split 

modes are asymptotically drawn to the changed (turned towards the dashed line of the 

volume wave spectrum) Marfeld--Turnois asymptote. With the change in the direction of 

DW motion (alteration of signs in Eq. (50) from ± to ∓ ), branches 1 and 2 in Fig. 13 change 

places. Clearly, this does not break the overall picture of the spectrum. In this sense, the 

conclusion on reciprocity of the transverse field distribution and EIW propagation revealed 

by the lattice of moving DWs retains its validity in the considered variant.  
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One can see from Eq. (50) that the effect of the inversion of the velocity of DW motion on the 

spectrum of modes of the partial EIW is equivalent to that of the transformation κ → −κ . 

Thus, the picture of the spectra in Fig. 13 includes the case κ = -π/(2d). This conclusion is 

general and can be extended to any case κ ≠ π/(2d). The most typical situation of the 
transformation of the partial EIW mode spectrum by the lattice of moving DWs is that for 

κ ≠ π/(2d) in the static case there are already two modes (dashed curves in Fig. 14) instead of 

the only mode split into pairs by motion, as in Fig. 13. The transformations VD→−VD or κ → 

−κ yield intrapair rearrangement of the split modes 1 ↔ 2 and 3 ↔ 4  (solid curves), which 
validates general independence of spectra  representation on the direction of DW motion. 
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Fig. 14. Spectrum of the partial EIW modes for the arbitrary Bloch wavenumber 

κ ≠ π/(2d)and κ ≠ π/d: 1, 2 and 3, 4 are the pair branches split by DW motion 

Concerning the structure of the transverse distribution of the shear displacements for the 
split branches, one should pay attention on its noticeable closeness to the transverse 
distribution for a generative mode of a partial EIW of the static lattice. In the general case, 
the generative mode reveals mixed signs of symmetry-antisymmetry occurring depending 

on closeness of value 2κd to values 2π  or π. If the situation corresponds to that illustrated in 
Fig. 13, the transverse distributions of the displacements for both split modes slightly differ 

from a strictly symmetric form at high velocities of DW motion (β>0.7) and from one 
another.  
Figure 15 depicts the dependence of the frequency of an electroacoustic wave on the Bloch 
wavenumber for some fixed wavenumber. The dispersion curves shown by dashed lines 
correspond to the static lattice; in the presence of DW motion, they are shown by solid lines. 
The low-frequency group of curves 1 corresponds just to the EIWs. The high-frequency 
group of curves 2 separated from group 1 by the band gap corresponds to the first allowed 
band for the electroacoustic waves of volume propagation [Vilkov, 2008] (presented for 
comparison). There is the only allowed band for the EIWs; it lies below all the allowed 
bands of the volume propagation spectra. In both cases, DW motion splits the spectrum of 
any electroacoustic wave of the static lattice into pairs (spectral doublet). In the general case 
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κ ≠ π/(2d) and κ ≠ π/d  for the EIWs at the chosen Bloch number and wave vector we have 
four branches, as not one but two modes corresponding to different symmetries of the 
distribution of the shear displacements across the cell undergo pair splitting2.  One can see 

from Fig. 15 that although the values of the Bloch number κ = ±π/d determine the 
boundaries of the first allowed band, they do not determine the frequency region of location 
of the dispersion branches of all the rest partial EIWs. There exist intermediate Bloch 
wavenumbers for which the frequency at a fixed wavenumber lies above or below as 

compared to the case of the Bloch wavenumber κ = ±π/d. This feature is more pronounced 
for the dynamic lattice.  
 

ω

κ

π / 2 d π /  d

1

2

 

Fig. 15. Dependence of the frequency of an electroacoustic wave on the Bloch wavenumber 
at a fixed k value 

6. Conclusions 

The effect of the uniform motion of ferroelectric DWs that form a dynamic superlattice on 

the spectral properties of  EWs has been analyzed for the first time. The results obtained 

indicate that even slow DW motions cause significant (detectable) variations in the wave 

spectra. Moreover, the spectrum of reflection of electroacoustic waves from a periodic 

domain structure formed by a finite number of uniformly moving 180-domain walls in the 

tetragonal ferroelectric was analyzed. It was established that, owing to the interference of 

reflected waves, the magnitude of the reflectance for the wave number corresponding to the 

band gap of the Bloch spectrum tends to unity for both static and moving domain 

structures. The inclusion of the domain-wall motion leads to shift of the Bragg reflectance 

                                                 
2 For the regions not close to κ = π/(2d),and  κ = π/d, two solid curves lying above in frequency 
correspond to the quasi-symmetric distribution. 
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peaks toward the long-wavelength (short-wavelength) range in the case of the counter (one-

way) motion of domain walls. The higher the velocity of domain-wall motion, the larger the 

shift of the peaks. The intensity of these peaks decreases (increases) as compared to that in 

the case of static domain walls. It was demonstrated that, apart from the appropriate choice 

of the lattice parameters and the wave characteristics of electroacoustic waves, the range of 

the total reflection at small angles of incidence and those close to grazing angles of incidence 

can be controlled by specifying the velocity of domain walls. 

In the chapter the dispersion properties of the noncollinear EIWs of the dynamic superlattice 

of the equidistant uniformly moving 180° DWs of ferroelectric crystals have been also 

described. It has been shown that due to DW motion the partial Bloch spectra of modes of 

the interfacial electroacoustic waves which are not related to the boundaries of the first 

allowed band undergo pair splitting into the high- and low-frequency branches changing 

places during the inversion of the DW velocity. The partial modes setting the limits of the 

allowed band for the EIWs are not subjected to the mentioned splitting, invariant to the 

inversion of the velocity of DW motion, and transformed by DW motion in the high-

frequency asymptote similar to the waves on individual domain walls. 

It was revealed that the velocity of domain-wall motion serves as a new parameter that is 

convenient for controlling the reflection and transmission of waves in combination with 

their frequency shifts. This circumstance leads to additional experimental possibilities of the 

acoustic spectroscopy of polydomain ferroelectrics by means of the application of the 

acoustic nonreciprocity of the crystals that is induced by DW motion. The induced acoustic 

nonreciprocity and the Doppler frequency conversion can be used for the development of 

sensors and acoustoelectronic devices for data conversion with the frequency output. 
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