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1. Introduction  

This chapter deals with the magnetically nonlinear dynamic models of synchronous 
machines. More precisely, the chapter focuses on the dynamic models of the permanent 
magnet synchronous machines and reluctance synchronous machines. A general procedure, 
which can be applied to derive such magnetically nonlinear dynamic models, is presented. 
The model is of no use until its parameters are determined. Therefore, some available 
experimental methods, that are appropriate for determining parameters of the discussed 
models, are presented. The examples given at the end of the chapter show, how the 
magnetically nonlinear dynamic models of discussed synchronous machines can be applied.  
Generally, in all synchronous machines the resultant magneto-motive force and the rotor 
move with the same speed. This condition is fulfilled completely only in the case of steady-
state operation. However, during the transient operation, the relative speed between the 
resultant magneto-motive force and the rotor can change. In the case of permanent magnet 
synchronous machines, the force or torque that causes motion appears due to the interaction 
between the magnetic fields caused by the permanent magnets and the magnetic excitation 
caused by the stator currents. On the contrary, in the reluctance synchronous machines the 
origin of motion is the force or torque caused by the differences in reluctance. Most of the 
modern permanent magnet synchronous machines utilize both phenomena for the thrust or 
torque production. 
A concise historic overview of the development in the field of synchronous machine 
modelling, related mostly to the machines used for power generation, is given in (Owen, 1999). 
When it comes to the modern modelling of electric machines, extremely important, but often 
neglected, work of Gabriel Kron must be mentioned. In the years from 1935 to 1938, he 
published in General Electric Review series of papers entitled ``The application of tensors to 
the analysis of rotating electrical machinery.’’ With these publications as well as with (Kron, 
1951, 1959, 1965), Kron joined all, at that time available and up to date knowledge, in the fields 
of physics, mathematics and electric machinery. In such way, he set a solid theoretical 
background for modern modelling of electric machines. Unfortunately, the generality of 
Kron’s approach faded over time. In modern books related to the modelling and control of 
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electric machines, such as (Fitzgerald & Kingslley, 1961), (Krause et al., 2002), (Vas, 1992, 2001),  
(Boldea & Tutelea, 2010), (Jadrić & Frančić, 1997), and (Dolinar & Štumberger, 2006), the 
tensors proposed by Kron are replaced with matrices. The electric machines are treated as 
magnetically linear systems, whereas the magnetically nonlinear behaviour of the magnetic 
cores, which are substantial parts of electric machines, is neglected. 
The agreement between measured responses and the ones calculated with the dynamic 
model of an electric machine cannot be satisfying if magnetically nonlinear behaviour of the 
magnetic core is neglected. Moreover, if such a model is applied in the control design, the 
performances of the closed-loop controlled system cannot be superb. In order to improve 
the agreement between the measured and calculated responses of electric machines and to 
improve performances of the closed-loop controlled systems, individual authors make an 
attempt to include the magnetically nonlinear behaviour of magnetic cores into dynamic 
models of electric machines.  
In the research field of synchronous machines, the effects of saturation are considered by the 
constant saliency ratio and variable inductance (Iglesias, 1992), (Levi & Levi, 2000), (Vas, 1986). 
In (Tahan, & Kamwa, 1995), the authors apply two parameters to describe the magnetically 
nonlinear behaviour of the magnetic core of a synchronous machine. The authors in 
(Štumberger B. et al., 2003) clearly show that only one parameter is insufficient to properly 
describe magnetically nonlinear behaviour of a permanent magnet synchronous machine. A 
magnetically nonlinear and anisotropic magnetic core model of a synchronous reluctance 
machine, based on current dependent flux linkages, is presented in (Štumberger G. et al., 
2003). The constraints that must be fulfilled in the conservative or loss-less magnetic core 
model of any electric machine are given in (Melkebeek & Willems, 1990) and (Sauer, 1992). A 
new, energy functions based, magnetically nonlinear model of a synchronous reluctance 
machine is proposed in (Vagati et al., 2000), while the application of this model in the 
sensorless control is shown in (Capecchi et al., 2001) and (Guglielmi et al., 2006). One of the 
first laboratory realizations of the nonlinear input-output linearizing control, considering 
magnetic saturation in the induction machine, is presented in (Dolinar et al., 2003). Similar 
approach is applied in the case of linear synchronous reluctance machine in (Dolinar et al., 
2005). The design of this machine is presented in (Hamler et al., 1998), whereas the 
magnetically nonlinear model of the magnetic core, given in the form of current and position 
dependent flux linkages, is presented in (Štumberger et al., 2004a). Further development of the 
magnetically nonlinear dynamic model of synchronous reluctance machine, based on the 
current and position dependent flux linkages expressed with Fourier series, is presented in 
(Štumberger et al., 2006). An extension to the approach presented in (Štumberger et al., 2004a, 
2004b, 2006) towards the magnetically nonlinear dynamic models of permanent magnet 
synchronous machines is made in (Hadžiselimović, 2007a), (Hadžiselimović et al., 2007b, 
2008), where the impact of permanent magnets is considered as well.  
The experimental methods appropriate for determining parameters of the magnetically 
nonlinear dynamic model of a linear synchronous reluctance motor are presented in 
(Štumberger et al., 2004b). They are based on the stepwise changing voltages generated by a 
voltage source inverter controlled in the d-q reference frame. Quite different method for 
determining parameters of the synchronous machines, based on the supply with sinusoidal 
voltages, is proposed in (Rahman & Hiti, 2005). A set of experimental methods, appropriate 
for determining the magnetically nonlinear characteristics of electromagnetic devices and 
electric machines with magnetic cores, is presented in (Štumberger et al., 2005). However, 
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the methods presented in (Štumberger et al., 2005) could fail when damping windings are 
wound around the magnetic core, which is solved by the methods proposed in (Štumberger 
et al., 2008b). In the cases, when the test required in the experimental methods cannot be 
performed on the electric machine, the optimization based methods, like those presented in 
(Štumberger et al., 2008a) and (Marčič et al., 2008), can be applied for determining 
parameters required in the magnetically nonlinear dynamic models.  
Many authors use magnetically nonlinear dynamic models of synchronous machines. 
However, it is often not explained how the models are derived and how their parameters are 
determined. In the section 2, the three-phase model of a permanent magnet synchronous 
machine with reluctance magnetic core is written in a general form. The effects of saturation, 
cross-saturation as well as the interactions between the permanent magnets and slots are 
considered by the current and position dependent characteristics of flux linkages. Since only 
those dynamic models with independent state variables are appropriate for the control design, 
the two-axis magnetically nonlinear dynamic model written in the d-q reference frame is 
derived. The derived model of the permanent magnet synchronous machine is simplified to 
the model of a synchronous reluctance machine, which is further modified to the model of a 
linear synchronous reluctance machine. The experimental methods appropriate for 
determining parameters, that are required in the magnetically nonlinear dynamic models, are 
presented in the section 3. The performance of the magnetically nonlinear dynamic model as 
well as applications of the models is shown in the section 4. The chapter ends with the 
conclusion given in the section 5 and references given in the section 6.  

2. Derivation of the magnetically nonlinear dynamic model  

The magnetically nonlinear properties of the ferromagnetic material are normally described 
in the form of B(H) characteristics, defined with the magnetic flux density B and the 
magnetic field strength H (Boll, 1990). These characteristics can be determined by different 
tests and measurements performed on a material specimen (Abdallh, 2009). In the case of an 
isotropic material, the properties changing along the hysteresis loop can be described by the 
differential permeability defined with the partial derivative ∂B/∂H. However, in the case of 
an anisotropic material, the local relations between the flux density vector B and the 
magnetic field strength vector H are given in the form of the differential permeability tensor, 
defined with the partial derivative ∂B/∂H.  
An electric machine or an electromagnetic device consists at least from a magnetic core and 
windings wound around the core, which means that the materials with different properties are 
combined. Thus, the magnetically nonlinear behaviour of the entire electric machine or 
electromagnetic device is influenced by different materials. This influence is present also in the 
variables measured on the terminals of the machine. The time behaviour of the variables 
measured on the terminals can be used to describe the magnetically nonlinear behaviour of the 
machine. In the case of an electric machine with only one winding, the magnetically nonlinear 
behaviour of the machine can be described in the form of the ψ(i) characteristic, where the flux 
linkage ψ and the current i can be determined with the measurement of currents and voltages 
on the terminals of the machine. Similarly as in the case of B(H) characteristic, the local 
behaviour along the ψ(i) characteristic can be described with the partial derivative ∂ψ/∂i. 
However, when more than one winding is wound around the common magnetic core, the flux 
linkages and currents of individual windings can be used to compose the flux linkage vector ψ 

and the current vector i. Again, the partial derivative ∂ψ/∂i can be used to describe the locally 
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nonlinear behaviour of the magnetic core. It is wise to compose the flux linkage vector and the 
current vector from the linearly independent variables.  

2.1 Permanent magnet synchronous machine  
The derivation performed in this subsection is given for the two-pole, three-phase 
permanent magnet synchronous machine (Hadžiselimović, 2007a), (Hadžiselimović et al., 
2007b, 2008). It is schematically shown in Fig. 1. The axes a, b and c are defined with the 
magnetic axes of the phase a, b and c windings. 
 

 
Fig. 1. Schematic presentation of a two-pole, three-phase permanent magnet synchronous 
machine 

The model windings shown in Fig. 1 are aligned with the magnetic axes of the actual phase 
windings, whereas the effect of the permanent magnets is considered through the flux 
linkage vector ψm with the length ψm. The d-axis is aligned with the flux linkage vector and, 
the q-axis is displaced by an electric angle of π/2. Since the permanent magnets are located 
on the rotor, the angle θ represents the rotor position or the displacement of the d-axis with 
respect to the phase a magnetic axis. The magnetic axes of the phase a, b and c windings are 
treated as the reference frame abc. The voltage balances in the individual phase windings of 
the machine shown in Fig. 1 are described by (1) and (2): 

 abc abc abc mabc

d d

dt dt
= + +u Ri ψ ψ  (1) 

( , , , ) ( )

;   ;  ( , , , ) ;   ( ) ;

( , , , ) ( )

a a a a b c ma a

abc b abc b abc b a b c mabc mb b

c c c a b c mc c

u i i i i R

u i i i i R

u i i i i R

ψ θ ψ θ
ψ θ ψ θ
ψ θ ψ θ

⎡ ⎤ ⎡ ⎤ ⎡ ⎤ ⎡ ⎤ ⎡ ⎤
⎢ ⎥ ⎢ ⎥ ⎢ ⎥ ⎢ ⎥ ⎢ ⎥= = = = =⎢ ⎥ ⎢ ⎥ ⎢ ⎥ ⎢ ⎥ ⎢ ⎥
⎢ ⎥ ⎢ ⎥ ⎢ ⎥ ⎢ ⎥ ⎢ ⎥⎣ ⎦ ⎣ ⎦ ⎣ ⎦ ⎣ ⎦ ⎣ ⎦

u i ψ ψ R  (2) 

where k∈{a,b,c} denotes the three phases, uk, ik, and Rk are the phase k voltage, current, and 
resistance, respectively. ψk is the phase k flux linkages due to the stator current excitation, 
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while ψmk is the phase k flux linkages due to the permanent magnets. The flux linkages 
caused by the stator current excitation are treated as position and current dependent 
ψk(ia,ib,ic,θ), whereas the flux linkages caused by the permanent magnets are treated as 
position dependent ψmk(θ). In such way, the impact of the stator currents on the flux 
linkages, caused by the permanent magnets, is neglected. The equations (1) and (2) are 
completed by (3) describing motion: 

 
2

2 ( , , , , )e a b c m l

d d
J t i i i t b

dtdt

θ θψ θ= − −  (3) 

where J is the moment of inertia, te is the electric torque, tl is the load torque, b is the coefficient 
of the viscous friction, while ω =dθ/dt is the angular speed. The effects of slotting, saturation 
and cross-saturation as well as the effects, caused by the interactions between the permanent 
magnets and slots, are included in the model with the current and position dependent 
characteristics of flux linkages and electric torque. They can be determined either 
experimentally or by applying some of the numerical methods, like finite element method. 
When the resistances and characteristics of the flux linkages and electric torque are known, the 
model can be applied for calculation of different transient and steady-state conditions. 
Unfortunately, the electric machines used in the controlled drives are mostly wye-connected, 
which means that the sum of all three currents equals zero. Thus, the state variables of the 
proposed model, given by (1) to (3), are linearly dependent, which causes algebraic loops and 
problems with convergence during simulations. Moreover, only the dynamic models with 
independent state variables can be used for the control synthesis. It seems that all the 
aforementioned effects are considered in the model given by (1) to (3), however, the model 
itself is useless. The question is: how the model should be modified to become useful?   
One of the possibilities is the reduction of dependent state and input variables. In this case, 
the model should be described using only two independent currents and only two 
independent line to line voltages. Another possibility is the transformation of the model into 
the d-q reference frame, which is a common approach in the case of magnetically linear 
models. According to (Fitzgerald et al., 1961) and (Krause et al., 2002), this transformation 
can be performed exclusively for the magnetically linear models, which is true. However, it 
is also true, that not the model, but its variables, can be transformed into any arbitrary 
reference frame, if the inverse transformation exists whereas the variables can be written in 
a unique way in the new reference frame. According to Fig. 1, the relations between the axes 
a, b and c, which define the reference frame abc, and the d-axis, q-axis and 0-axis, which 
define the reference frame dq0, are described by the transformation matrix T (4):  

 

( ) ( )

( ) ( )
( ) ( )

1cos sin
2

2 4 4 1cos sin3 3 23
2 2 1cos sin3 3 2

θ θ

θ π θ π

θ π θ π

⎡ ⎤−⎢ ⎥
⎢ ⎥
⎢ ⎥= + − +
⎢ ⎥
⎢ ⎥+ − +⎢ ⎥⎣ ⎦

Τ  (4) 

where the 0-axis, not shown in Fig. 1, is orthogonal to the d-axis and q-axis. The 
transformation matrix T is orthogonal, which means that the inverse matrix equals the 
transposed original matrix T-1=TT. Moreover, the orthogonal transformation matrix assures 
the invariance of power. 
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Let us express the voltages, currents and flux linkages, written in the abc reference frame in 
(2), with the transformation matrix and voltages, currents and flux linkages written in the 
dq0 reference frame (5), (6).  

 ;   ;    ;    ;abc dq0 abc dq0 mabc mdq0 abc dq0= = = =u Τu i Τi ψ Τψ ψ Τψ  (5) 

 

( , , , ) ( )

;   ;  ( , , , ) ;  ( )

( , , , ) ( )

d d q 0d d md

dq0 q dq0 q dq0 q d q 0 mdq0 mq

0 0 0 d q 0 m0

i i iu i

u i i i i

u i i i i

ψ θ ψ θ
ψ θ ψ θ

ψ θ ψ θ

⎡ ⎤⎡ ⎤ ⎡ ⎤ ⎡ ⎤
⎢ ⎥⎢ ⎥ ⎢ ⎥ ⎢ ⎥

= = = =⎢ ⎥⎢ ⎥ ⎢ ⎥ ⎢ ⎥
⎢ ⎥⎢ ⎥ ⎢ ⎥ ⎢ ⎥

⎣ ⎦ ⎣ ⎦ ⎣ ⎦⎢ ⎥⎣ ⎦

u i ψ ψ  (6) 

By inserting (5) into (1), equations (7) to (10) are obtained.  

 { } { }dq0 dq0 dq0 mdq0

d d

dt dt
= + +Τu RΤi Τψ Τψ  (7) 

 { } { }1 1 1
dq0 dq0 dq0 mdq0

d d

dt dt
− − −= + +u Τ RΤi Τ Τψ Τ Τψ  (8) 

 { } { } { } { }1 1 1 1 1
dq0 dq0 dq0 dq0 mdq0 mdq0

d d d d

dt dt dt dt
− − − − −= + + + +u Τ RΤi Τ Τ ψ Τ Τ ψ Τ Τ ψ Τ Τ ψ  (9) 

 { } { } { } { }1 1 1
dq0 dq0 dq0 dq0 mdq0 mdq0

d d d d

dt dt dt dt
− − −= + + + +u Τ RΤi Τ Τ ψ ψ Τ Τ ψ ψ  (10) 

After considering (4) and (6) in (10), the voltage equation (11) is obtained:  

 

0

d d d d md

d q 0

d d d q
q q q q mq

q q q d

d q 0
0 0 0

00 0 0

d q 0

i i i
u i i

d d
u R i i

i i i dt dt
u i i

i i i

ψ ψ ψ ψ ψ
θ θ

ψ
ψ ψ ψ ψ ψθ ψ

θ θ
ψ ψψ ψ ψ
θ

⎡ ⎤∂ ∂ ∂ ∂ ∂⎡ ⎤
⎢ ⎥ ⎢ ⎥∂ ∂ ∂ ∂ ∂⎢ ⎥ ⎢ ⎥ −⎡ ⎤ ⎡ ⎤ ⎡ ⎤ ⎡ ⎤⎢ ⎥ ⎢ ⎥∂ ∂ ∂ ∂ ∂⎢ ⎥ ⎢ ⎥ ⎢ ⎥ ⎢ ⎥⎢ ⎥= + + + +⎢ ⎥⎢ ⎥ ⎢ ⎥ ⎢ ⎥ ⎢ ⎥⎢ ⎥∂ ∂ ∂ ∂ ∂⎢ ⎥⎢ ⎥ ⎢ ⎥ ⎢ ⎥ ⎢ ⎥⎢ ⎥⎣ ⎦ ⎣ ⎦ ⎣ ⎦ ⎣ ⎦⎢ ⎥∂ ∂∂ ∂ ∂⎢ ⎥ ⎢ ⎥
⎢ ⎥ ∂⎢ ⎥∂ ∂ ∂ ⎣ ⎦⎣ ⎦

0

mq

md

m0

ψ
ψ

θ

⎧ ⎫⎡ ⎤
⎪ ⎪⎢ ⎥
⎪ ⎪⎢ ⎥ −⎡ ⎤⎪ ⎪⎢ ⎥⎪ ⎪⎢ ⎥+⎢ ⎥⎨ ⎬⎢ ⎥⎢ ⎥⎪ ⎪⎢ ⎥⎣ ⎦⎢ ⎥⎪ ⎪

⎢ ⎥⎪ ⎪
∂⎢ ⎥⎪ ⎪⎣ ⎦⎩ ⎭

 (11) 

where R=Ra=Rb=Rc denotes the stator resistance. It must be explained that after performing 
similar derivation for the magnetically liner dynamic model in (Fitzgerald et al., 1961) and 
(Krause et al., 2002), the model written in the dq0 reference frame is obtained together with 
the model parameters. However, in the case of magnetically nonlinear model, treated in this 
chapter, only the form of the matrix voltage equation is obtained. The model is of no use 
until the characteristics of flux linkages in the dq0 reference frame are determined. To carry 
out this, a voltage source inverter controlled in the dq0 reference frame can be applied. 
Due to the wye connected winding, the sum of currents ia, ib and ic equals zero, whereas 
considering the transformation matrix T (4), (5) and (6) yields (12).  

 ( )2 1
0 0

3 2
a b c 0 a b ci i i i i i i+ + = ⇒ = + + =  (12) 
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Thus, the current in the neutral conductor i0 equals 0. The neutral point voltage u0 appears 
due to the changing flux linkages ψ0 and ψm0 which are caused by the changing level of the 
saturation in individual parts of the machine. The flux linkage ψ0 is caused by the current 
excitation and the flux linkage ψm0 appears due to the permanent magnets. When the 
discussed machine is closed-loop current controlled, the current controllers implicitly 
compensate u0. Thus, the neutral conductor current i0 and the neutral point voltage u0 equal 
zero. They are caused by the changing flux linkages ψ0 and ψm0, which influence only on u0 
and i0, and are not coupled with the d-axis or q-axis components. Therefore, in the case of 
closed-loop current controlled machine, the zero component voltage, current and flux 
linkages in (11) can be neglected, which leads to the voltage equation (13). 

 

d d d md

d qd d d q mq

q q q mqq q q d md

d q

i iu i id d
R

u i idt dt

i i

ψ ψ ψ ψ
θ ψ ψθ θ

ψ ψ ψ ψψ ψ
θ θ

∂ ∂⎡ ⎤ ⎧ ⎫∂⎡ ⎤ ∂⎡ ⎤⎢ ⎥ ⎪ ⎪⎢ ⎥∂ ∂ ⎢ ⎥∂ − −⎡ ⎤ ⎡ ⎤ ⎡ ⎤ ⎡ ⎤ ⎡ ⎤∂⎪ ⎪⎢ ⎥ ⎢ ⎥ ⎢ ⎥= + + + + +⎨ ⎬⎢ ⎥ ⎢ ⎥ ⎢ ⎥ ⎢ ⎥ ⎢ ⎥⎢ ⎥ ⎢ ⎥∂ ∂ ∂ ∂⎢ ⎥⎣ ⎦ ⎣ ⎦ ⎣ ⎦ ⎪ ⎣ ⎦ ⎣ ⎦⎪⎢ ⎥ ⎢ ⎥ ⎢ ⎥⎪ ⎪∂ ∂ ∂ ∂⎣ ⎦⎢ ⎥ ⎢ ⎥⎣ ⎦⎩ ⎭⎣ ⎦

 (13) 

Thus, the dq0 reference frame is reduced to the dq reference frame. In order to complete the 
magnetically nonlinear dynamic model of the permanent magnet synchronous machine, the 
torque expression in (3) must be written in the dq reference frame too. According to (Krause 
et al., 2002), in the cases of magnetically nonlinear magnetic core, the co-energy approach 
can be used to determine the torque expression. Since the co-energy approach is rather 
demanding, another approach, which is often used in the machine design, is applied in this 
section. It gives very good results in the case of surface permanent magnet machines 
whereas in the other cases, it normally represents an acceptable approximation. If the 
leakage flux linkages are neglected and the energy in the magnetic field due to the 
permanent magnets is considered as constant, the back electromotive forces multiplied by 
the corresponding currents represent the mechanical power at the shaft of the machine 
dθ/dt te (14). 

 q mqd md
e d d q q q mq d d md q

d d d
t e i e i i i

dt dt dt

ψ ψψ ψθ θ θψ ψ ψ ψ
θ θ θ θ

∂ ∂⎛ ⎞⎛ ⎞∂ ∂
= + = + − − + + + +⎜ ⎟⎜ ⎟ ⎜ ⎟∂ ∂ ∂ ∂⎝ ⎠ ⎝ ⎠

 (14) 

With the comparison of the left hand side and the right hand side of (14), the electric torque 
can be expressed by (15): 

 q mqd md
e q mq d d md qt i i

ψ ψψ ψ ψ ψ ψ ψ
θ θ θ θ

∂ ∂⎛ ⎞⎛ ⎞∂ ∂
= + − − + + + +⎜ ⎟⎜ ⎟ ⎜ ⎟∂ ∂ ∂ ∂⎝ ⎠ ⎝ ⎠

 (15) 

which represents the torque equation of a two-pole synchronous permanent magnet 
machine. By neglecting the partial derivatives in (15), the effects of slotting and the effects of 
interactions between the slots and permanent magnets are neglected. By neglecting 
additionally the terms ψd, ψq, and ψmq, (15) reduces to the well known torque expression of a 
permanent magnet synchronous machine (Krause et al., 2002). 
The magnetically nonlinear two-axis dynamic model of a two-pole permanent magnet 
synchronous machine, written in the dq reference frame, is given in its final form by the 
voltage equation (13), the torque equation (15) and the equation describing motion (16). 
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2

2 e l

d d
J t t b

dtdt

θ θ
= − −  (16) 

The current and position dependent characteristics of flux linkages ψd(id,iq,θ) and ψq(id,iq,θ), 
caused by the current excitation, as well as the position dependent characteristics of flux 
linkages ψmd(θ) and ψmq(θ), caused by the permanent magnets, are applied in the model. 
They are used to account for the effects of saturation and cross-saturation, the effects of 
slotting and the effects caused by the interactions between the permanent magnets and slots.  

2.2 Reluctance synchronous machine  

The magnetically nonlinear dynamic model of a synchronous reluctance machine 
(Štumberger G. et al., 2003, 2004a, 2004b) can be derived from the model of the permanent 
magnet synchronous machine, by neglecting all the terms related with the permanent 
magnets. Thus, all the terms containing ψmd and ψmq in (13) and (15) are dropped out. Only 
the flux linkages caused by the current excitation appear in the equations. In the case of the 
reluctance motor, the flux linkage vector due to the permanent magnets is missing. 
Therefore, the d-axis and the q-axis are defined with the directions of the minimum and the 
maximum reluctance, respectively. Both axes are displaced by the electric angle of π/2. In 
such way, the two-axis magnetically nonlinear dynamic model of the two-pole, three-phase 
synchronous reluctance machine is obtained. It is given by the voltage equation (17), the 
torque equation (18) and the equation describing motion (19). 

 

d d d

d qd d d q

q q qq q q d

d q

i iu i id d
R

u i idt dt

i i

ψ ψ ψ
θ ψθ

ψ ψ ψ ψ
θ

∂ ∂⎡ ⎤ ⎧ ⎫∂⎡ ⎤
⎢ ⎥ ⎪ ⎪⎢ ⎥∂ ∂ ∂ −⎡ ⎤ ⎡ ⎤ ⎡ ⎤ ⎡ ⎤⎪ ⎪⎢ ⎥ ⎢ ⎥= + + +⎨ ⎬⎢ ⎥ ⎢ ⎥ ⎢ ⎥ ⎢ ⎥⎢ ⎥ ⎢ ⎥∂ ∂ ∂⎣ ⎦ ⎣ ⎦ ⎣ ⎦ ⎪ ⎣ ⎦⎪⎢ ⎥ ⎢ ⎥⎪ ⎪∂ ∂ ∂⎢ ⎥ ⎢ ⎥⎣ ⎦⎩ ⎭⎣ ⎦

 (17) 

 qd
e q d d qt i i

ψψ ψ ψ
θ θ

∂⎛ ⎞⎛ ⎞∂
= − + +⎜ ⎟⎜ ⎟ ⎜ ⎟∂ ∂⎝ ⎠ ⎝ ⎠

 (18) 

 
2

2 e l

d d
J t t b

dtdt

θ θ
= − −  (19) 

The effects of slotting, saturation, and cross-saturation are considered in the model by the 
current and position dependent characteristics of flux linkages.  

2.3 Linear reluctance synchronous machine  

The dynamic model of the rotary synchronous reluctance machine, given by (17) to (19) 
must be modified, to be suitable for appropriate description of the dynamic conditions in 
the linear synchronous reluctance machine (LSRM) (Štumberger G. et al., 2003, 2004a, 
2004b). The design of this machine is described in (Hamler et al. 1998), whereas similar 
machines are described in (Daldaban & Ustkoyuncu, 2006, 2007, 2010). It has a short and 
moving primary called mover and a long reluctance secondary. It is supplied from the 
primary where windings are placed. The LSRM, schematically presented in Fig. 2, performs 
translational motion.  
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Fig. 2. Schematic presentation of a linear synchronous reluctance machine 

In (17) to (19), the angular position θ is expressed with the position x and the pole pitch τp (20).  

 
p

x
πθ
τ

=  (20) 

This leads to changes in (19), where the moment of inertia J is replaced with the mass of the 
mover m, while the electric torque te and the load torque tl are replaced with the thrust Fe 
and the load force Fl. The obtained magnetically nonlinear dynamic model of the linear 
synchronous reluctance machine is given by (21) to (23), where Ff is the friction force. 

 

d d d

d qd d d q

q q qq q q p d

d q

i i xu i id dx
R

u i idt dt

i i x

ψ ψ ψ
ψπ

ψ ψ ψτ ψ

∂ ∂⎡ ⎤ ⎧ ⎫∂⎡ ⎤
⎢ ⎥ ⎪ ⎪⎢ ⎥∂ ∂ ∂ −⎡ ⎤ ⎡ ⎤ ⎡ ⎤ ⎡ ⎤⎪ ⎪⎢ ⎥ ⎢ ⎥= + + +⎨ ⎬⎢ ⎥ ⎢ ⎥ ⎢ ⎥ ⎢ ⎥⎢ ⎥ ⎢ ⎥∂ ∂ ∂⎣ ⎦ ⎣ ⎦ ⎣ ⎦ ⎪ ⎣ ⎦⎪⎢ ⎥ ⎢ ⎥⎪ ⎪∂ ∂ ∂⎢ ⎥ ⎢ ⎥⎣ ⎦⎩ ⎭⎣ ⎦

 (21) 

 ( ) qd
e d q q d d q

p

t i i i i
x x

ψψπ ψ ψ
τ

∂∂
= − + +

∂ ∂
 (22) 

 
2

2 e l f

d x
m F F F

dt
= − −  (23) 

In the case of linear synchronous reluctance motor, the current and position dependent 
characteristics of flux linkages are used to consider not only the effects of slotting, saturation 
and cross-saturation, but also the end effects. The end effects appear only in the linear 
machines due to the finite lengths of the primary and secondary. In linear machines, the 
end-poles and the windings in these poles cannot be symmetrical. On the contrary, in the 
rotational machines the stator and rotor are cylindrical and closed in themselves. The path 
along the circumference of the stator or rotor apparently never ends, whereas all the poles 
and phase windings are symmetrical.  
For the given constant values of the currents id and iq, the position dependent flux linkages 
ψd and ψq can be expressed in the form of Fourier series (24) and (25):  

 0
1

cos( ) sin( )
N

d d dch dsh
p ph

hx hx
π πψ ψ ψ ψ
τ τ=

⎛ ⎞
⎜ ⎟= + +
⎜ ⎟
⎝ ⎠

∑  (24) 

 0
1

cos( ) sin( )
N

q q qch qsh
p ph

hx hx
π πψ ψ ψ ψ
τ τ=

⎛ ⎞
⎜ ⎟= + +
⎜ ⎟
⎝ ⎠

∑  (25) 
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where N is the number of considered higher order harmonics, h denotes the harmonic order 
while ψd0, ψdch, ψdsh and ψq0, ψqch, ψqsh are the Fourier coefficients. After inserting (24) and (25) 
into (22), the position dependent thrust Fe(x) can be expressed by (26): 

 0
1

( ) cos( ) sin( )
N

e ch sh
p ph

F x F F hx F hx
π π
τ τ=

⎛ ⎞
⎜ ⎟= + +
⎜ ⎟
⎝ ⎠

∑  (26) 

where F0,  Fch and Fsh are  the Fourier coefficients. The mean value of the thrust is given by F0 
(27), whereas the position dependent thrust pulsation is described by Fch (28) and Fsh (29). 

 ( )0 0 0d q q d
p

F i i
π ψ ψ
τ

= −  (27) 

 ( )( )ch dch q qch d dsh d qsh q
p

F i i h i i
π ψ ψ ψ ψ
τ

= − + +  (28) 

 ( )( )sh dsh q qsh d dch d qch q
p

F i i h i i
π ψ ψ ψ ψ
τ

= − − +  (29) 

The mean value of the thrust, given by F0 (27), is well known thrust equation of linear 
synchronous reluctance machines.  
All the dynamic models presented in this section can be easily realized in the program 
packages like Matlab/Simulink. However, they are of no use without model parameters, 
given in the form of current and position dependent characteristics of flux linkages. They 
can be easily implemented in the models using the multi-dimensional lookup tables.  

3. Determining dynamic model parameters 

The magnetically nonlinear dynamic models of synchronous machines presented in the section 
2 are of no use until the model parameters are determined in the form of current and position 
dependent characteristics of flux linkages. In the subsection 3.1, the experimental method 
appropriate for determining the position dependent characteristics of flux linkages due to the 
permanent magnets is presented (Hadžiselimović et al., 2007b). Similarly, the subsection 3.2 
describes the experimental method appropriate for determining the current and position 
dependent characteristics of flux linkages caused by the current excitation (Štumberger G. et 
al., 2004b). The experimental methods which can be used to determine the thrust and the 
friction force characteristics of a linear synchronous reluctance motor are presented in the 
subsection 3.3 (Štumberger G. et al., 2004b). In order to determine the aforementioned 
characteristics, a special experimental setup is applied. The tested machine is supplied from a 
voltage source inverter controlled in the dq reference frame. The closed-loop current control in 
the one axis is combined with the open-loop voltage control in the other axis. 

3.1 Position dependent flux linkages caused by the permanent magnets 

The angular position θ dependent characteristcis of flux linkages ψmd(θ) and ψmq(θ), required 
in (13) and (15), can be determined from the waveforms of the three-phase back 
electromotive forces ea, eb and ec. They can be measured on the open terminals of the tested 
permanent magnet synchronous machine, driven by another motor at the constant speed ω 
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=dθ/dt. Using (4) in (5), the ea, eb and ec are transformed into dq reference frame. In such way, 
the waveforms of ed and eq are determined. Since the machine terminals are open, the 
currents id, iq and consequently the flux linkages ψd, ψq, caused by these currents, equal zero. 
Considering this, (13) is reduced to (30). 

 , q mqd md
mq md

ee ψψψ ψ
ω θ ω θ

∂∂
= − + = +

∂ ∂
 (30) 

The second partial derivatives of expressions in (30) give (31), whereas after considering (30) 
in (31), (32) is obtained.  

 
22

2 2,mq q mqd md md
ee ψ ψψ ψ

θ ω θ θ ω θθ θ

∂ ∂⎛ ⎞∂ ∂∂ ∂⎛ ⎞ = − + = +⎜ ⎟⎜ ⎟ ⎜ ⎟∂ ∂ ∂ ∂∂ ∂⎝ ⎠ ⎝ ⎠
 (31) 

 
22

2 2,q mq qmd d d
md mq

e ee eψψ
ψ ψ

θ ω ω θ ω ωθ θ

∂ ⎛ ⎞∂ ∂ ∂⎛ ⎞+ = + + = −⎜ ⎟⎜ ⎟ ⎜ ⎟∂ ∂∂ ∂⎝ ⎠ ⎝ ⎠
 (32) 

The known waveforms of ed and eq, as well as the unknown flux linkage ψmd(θ) and ψmq(θ), 
can be represented in the form of Fourier series (33) to (36): 

 ( )0
1

cos( ) sin( )
N

d d dch dsh
h

e e e h e hθ θ
=

= + +∑  (33) 

 ( )0
1

cos( ) sin( )
N

q q qch qsh
h

e e e h e hθ θ
=

= + +∑  (34) 

 ( )0
1

cos( ) sin( )
N

md md mdch mdsh
h

h hψ ψ ψ θ ψ θ
=

= + +∑  (35) 

 ( )0
1

cos( ) sin( )
N

mq mq mqch mqsh
h

h hψ ψ ψ θ ψ θ
=

= + +∑  (36) 

where N is the number of considered higher order harmonics, ed0, edch, edsh and eq0, eqch, eqsh are 
the Fourier coefficients of back electromotive forces, while ψmd0, ψmdch, ψmdsh and ψmq0, ψmqch, 
ψmqsh are the Fourier coefficients of flux linkages. The expressions (33) to (36) are applied to 
calculate the partial derivatives required in (32). The results are given in (37) and (38) for the 
harmonic order h. With the comparison of the terms on the left hand side and on the right 
hand side of equations (37) and (38), the expressions for calculation of ψmdch, ψmdsh, ψmqch, and 
ψmqsh are obtained. They are given in (39). 

 ( ) ( ) ( )( ) ( ) ( )21 cos sin cos sindsh qch dch qsh
mdch mdsh

he e he e
h h h h hψ θ ψ θ θ θ

ω ω

+ − +
− + = +  (37) 

 ( ) ( ) ( )( ) ( ) ( )21 cos sin cos sinqsh dch qch dsh
mqch mqsh

he e he e
h h h h hψ θ ψ θ θ θ

ω ω

− − −
− + = +  (38) 
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( ) ( ) ( ) ( )2 2 2 2

, , ,
1 1 1 1

dsh qch dch qsh qsh dch qch dsh
mdch mdsh mqch mqsh

he e he e he e he e

h h h h
ψ ψ ψ ψ

ω ω ω ω

+ − + − − −
= = = =

− − − −
 (39) 

More details related to this method can be found in (Hadžiselimović, 2007b), 
(Hadžiselimović et al., 2007b). 

3.2 Current and position dependent flux linkages caused by the current excitation 

The characteristics of the current and position dependent flux linkages are determined using 
the experimental setup schematically presented in Fig. 3.  
 

 
Fig. 3. Schematic presentation of the applied experimental setup 

It consists of a tested linear synchronous reluctance machine (LSRM), controlled voltage 
source inverter, external driving motor used as an external source of force, measurement 
chains, and control system with digital signal processor (DSP). The DSP is applied to realize 
the closed-loop current control and the open-loop voltage control in the dq reference frame. 
The PI controllers are used for the closed-loop control, whereas the required transformations 
are performed using the transformation matrix T (4). The reference values in Fig. 3 are 
marked with *. The inverter, measurement chains, and transformations make possible 
treatment of the tested three-phase LSRM through its two-axis dynamic model, given by 
(21) to (23). The current and position measurement chains are used to close the control loops 
in the applied control algorithm. The force measurements chain is used off-line. 
In order to determine the current and position dependent characteristics of flux linkages 
ψd(id,iq,x) and ψq(id,iq,x), the mover of the LSRM is locked at the chosen position. The current 
in one axis is closed-loop controlled in order to maintain the preset constant value, while the 
voltage in the orthogonal axis is changed in a stepwise manner. Let us suppose that the 
mover is locked, while the current iq is closed loop controlled and can be treated as constant. 
In such conditions, the ud in (21) can be expressed by (40), which leads to (41). 

 d d d
d d d

d

di d
u Ri Ri

i dt dt

ψ ψ∂
= + = +

∂
 (40) 

www.intechopen.com



Magnetically Nonlinear Dynamic Models of Synchronous Machines: 
Their Derivation, Parameters and Applications   

 

303 

 ( )
0

( ) (0) ( ) ( )
t

d d d dt u Ri dψ ψ τ τ τ= + −∫  (41) 

If the resistance R and the time behaviours of ud and id are known, the time behaviour of ψd 
can be determined by (41), where ψd(0) is the flux linkage due to the remanent flux. Fig. 4 
shows the applied stepwise changing voltage ud(t) and the responding current id(t) 
measured during the test.  
 

 
Fig. 4. Applied stepwise changing voltage ud(t) and responding current id(t) 

The calculated time behaviour of the flux linkage ψd(t) is shown in Fig. 5a. Fig. 5b shows the 
flux linkage ψd(t) presented as a function of id(t) in the form of a hysteresis loop ψd(id). By 
calculating the average value of the currents for each flux linkage value, the unique 
characteristic ψd(id), shown in Fig. 5c, is determined. The unique characteristic ψd(id) shown 
in Fig. 5d is obtained by mapping the part of the characteristic ψd(id), shown in Fig. 5c, from 
the third quadrant into the first quadrant and by calculating the average value of the 
currents for each value of the flux linkages again. By repeating the described procedure for 
different and equidistant values of the closed-loop controlled currents in both axes, the 
characteristics ψd(id,iq) and ψq(id,iq) can be determined for the given position x. To determine 
 

 
Fig. 5. Flux linkage time behaviour ψd(t) a); hysteresis loop ψd(id) b); unique characteristic 
ψd(id) in the first and third quadrant c); unique characteristic ψd(id) in the first quadrant d) 
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the current and position dependent characteristics ψd(id,iq,x) and ψq(id,iq,x), the tests must be 
repeated for different equidistant positions of the locked mover over at least one pole pitch.  
During the tests, the magnitude of the stepwise changing voltage should be high enough to 
assure that the responding current covers the entire range of operation. The frequency of the 
applied voltage must be low enough to allow the current to reach the steady-state before the 
next change. Since the expression (41) represents an open integrator without any feedback, 
the obtained results are extremely sensitive to the incorrect values of the resistance R. The 
steady-state values of the voltage and current can be used to calculate the resistance R after 
each voltage step change. The voltages generated by an inverter are normally pulse width 
modulated, whereas the measurement of such voltages could be a demanding task. The 
method for determining characteristics of flux linkages presented in this subsection gives 
acceptable results even when the voltage reference values are used instead of the measured 
ones. However, calculation of the resistance value after each voltage step change is 
substantial. Some of the methods that can be also applied for determining the magnetically 
nonlinear characteristics of magnetic cores inside electromagnetic devices and electric 
machines are presented in (Štumberger, 2005, 2008). 

3.3 Thrust and friction force 
The experimental setup shown in Fig. 3 is applied to determine the thrust Fe and the friction 
force Ff. The d-axis current and the q-axis current are closed-loop controlled in order to keep 
the preset constant values. The external source of force, in the form of a driving motor, is 
applied to move the mover of the LSRM at the constant speed of 0.02 m/s over two pole 
pitches from left to right and back again. The force causing the motion of the mover is 
measured by a force sensor. Since the friction force always opposes the force causing 
motion, one half of the difference between the forces measured for the moving left and right 
is the friction force, while the average value of both measured forces is the thrust. Fig. 6 
shows the position dependent forces measured for the moving left and right together with 
the thrust and friction force. They are given over two pole pitches. To determine the thrust 
and friction force characteristics over the entire range of operation, the tests are repeated for 
different preset constant values of the closed-loop controlled currents in the axes d and q.  
 

 
Fig. 6. Force F measured for moving left and right, thrust Fe and friction force Ff. 

4. Results 

The magnetically nonlinear dynamic models of permanent magnet and reluctance 
synchronous machines are presented in the section 2. These models are of no use without 
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their parameters, given in the form of current and position dependent characteristics of flux 
linkages. Some of the methods, appropriate for determining these parameters are presented 
in the section 3. This section focuses on the linear synchronous reluctance motor. The 
characteristics of flux linkages, thrust and friction force, determined by the methods 
described in section 3, are presented. Applications of the proposed models are shown at the 
end of this section.  
Figs. 7 and 8 show the characteristics of flux linkages ψd(id,iq,x) and ψq(id,iq,x). They are 
determined over the entire range of operation using the method presented in the subsection 
3.2. Fig. 9 and 10 show the thrust characteristics determined by the method described in the 
subsection 3.3. 
 

 
Fig. 7. Characteristics ψd(id,iq,x) given over one pole pitch for different constant values of 
current iq 

 

 
Fig. 8. Characteristics ψq(id,iq,x) given over one pole pitch for different constant values of 
current id 
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Fig. 9. Characteristics Fe(id,iq,x) given over two pole pitches for different constant values of 
current id 

 

 
Fig. 10. Characteristics Fe(id,iq,x) given over two pole pitches for different constant values of 
current iq 

Figs. 11 to 14 show the trajectories of individual variables for the case of a kinematic 
control performed with experimental setup shown in Fig. 3. Figs. 11 and 12 give results 
for the kinematic control performed at higher speed, whereas the results presented in 
Figs. 13 and 14 are given for the kinematic control performed at much lower speed. Figs. 
11 and 13 show the trajectories of the position x and current id measured during the 
experiment. These trajectories are used in the model to calculate the corresponding 
trajectories of the speed v and current iq. The measured and calculated trajectories are 
shown in Figs. 12 and 14. The calculations are performed with the dynamic model of the 
LSRM given by equations (21) to (29), considering characteristics of flux linkages given in 
Figs. 7 and 8. 
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Fig. 11. Trajectories of position x and current id measured on the experimental system in the 
case of kinematic control  

 

 
Fig. 12. Measured and calculated trajectories of speed v=dx/dt and current iq in the case of 
kinematic control with position trajectory given in Fig. 11  

 

 
Fig. 13. Trajectories of position x and current id measured on the experimental system in the 
case of low speed kinematic control  

The results presented in Fig. 14 clearly show that the measured as well as the calculated 
speed trajectories are deteriorated due to the effects of slotting. The mass of the mover filters 
these effects out at higher speeds, as shown in Fig. 12. 
The results presented in Fig. 14 show that the magnetically nonlinear dynamic models of 
synchronous machines presented in this chapter contain the effects of slotting. In the next 
example, the models are involved in the design of nonlinear control with input-output 
decoupling and linearization described in (Dolinar, 2005). Fig. 15 shows the results of 
experiments performed on the experimental setup shown in Fig. 3. Compared are the results 
of low speed kinematic control obtained with two different control realizations. In the first 
realization, the control design is based on the magnetically linear model of tested linear 
synchronous reluctance machine. In the second one, the control design is based on the  
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Fig. 14. Measured and calculated trajectories of speed v=dx/dt and current iq in the case of 
low speed kinematic control with position trajectory given in Fig. 13 

magnetically nonlinear model presented in this work. Fig. 15 compares the trajectories of 
position reference, position, position error, speed reference, speed, speed error, d- and q-axis 
currents, and d- and q-axis voltages for both control realizations. The results presented in 
Fig. 15 clearly show a substantial improvement of the low speed kinematic control 
performance in the case when the magnetically nonlinear dynamic model is applied in the 
nonlinear control design. The position error is reduced for more than five times while the 
speed error is reduced for more than two times. However, as it is shown in Figs. 11 to 14, the 
magnetically nonlinear dynamic models presented in this chapter can substantially 
contribute to the position error reduction at very low speeds, whereas at higher speeds the 
mass of the mover filter these effects out. 

5. Conclusion 

This chapter deals with the magnetically nonlinear dynamic models of synchronous 
machines. The procedure that can be used to derive the magnetically nonlinear dynamic 
model of synchronous machines is presented in the case of rotational permanent magnet 
synchronous machine. The obtained model is then modified in order to be suitable for 
description of the rotary and linear synchronous reluctance machine. Since the model is 
useless without its parameters, the experimental methods suitable for determining model 
parameters are described. They are presented in the form of current and position dependent 
characteristics of flux linkages, given for the tested linear synchronous reluctance machine. 
The effects of slotting, saturation, cross-saturation, and end effects are accounted for in the 
models. The models can help to reduce the tracking errors when used in the control design. 
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