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Department of Mechanical and System Engineering 
Japan 

1. Introduction 

Flexible manipulators that are lightweight and mechanically flexible are useful for operations 
in various fields, e.g. space development programs, robotic assistants to humans and so 
forth. However, the derivation of their exact mathematical model and synthesis of the 
accurate positioning controller is exceptionally difficult because of the mechanical flexibility. 
On the other hand, the mechanical flexibility is conducive to the safety in collision between 
the manipulator and the obstacles. However, it is not positive safety measures that 
reduction of the influence due to the impact force of collision for the flexible manipulator 
depends only on its mechanical flexibility. In order to develop flexible manipulators so that 
they work safely with persons cooperatively, we need to introduce the active collision 
detection and suspension control algorithms to the flexible manipulators. 
The functional requirements of safety in the operations of flexible manipulators are as 
follows: i) to avoid collisions with obstacles placed or moving in the work space; ii) to detect 
collisions when unlooked-for obstacles contact with the flexible arm of the manipulator and 
to suspend the motion as immediately as possible; iii) to plan a new path so as to avoid the 
place of obstacles. 
There are several researches on collision detection methods without extra sensors (A. Garcia 
& Somolinos, 2003), (M. Kaneko & Tsuji, 1998), (T. Matsumoto & Kosuge, 2000). Moorehead 
and Wang proposed (Moorehead & Wang, 1996) a collision detection method using strain 
gauges to determine the intensity and position of external force due to collision with a 
flexible cantilevered beam. The estimation of the contact position in their approach was 
achieved by the mechanical relation between positions of the two strain gauges and the 
bending moments measured by the sensors. Payo et al. (I. Payo & Cortazar, 2009) is 
produced the method of collision detection and suspend control of the very lightweight 
single-link flexible arm based on coupling torque feedback. They used the variation of the 
control torque. 
The authors have focused our attention on the second item mentioned above. We already 
developed a method of collision detection for the single-link flexible manipulator using the 
innovation process of the Kalman filter (Sawada, 2002a), (Sawada, 2002b), (Sawada, 2002c), 
(Sawada, 2004 (in Japanese)), (Kondo & Sawada, 2008). Our approach requires no particular 
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sensors for measuring the contact events between the flexible arm and the obstacles. This 
collision detection method is based on the observation data for vibration control of the 
flexible manipulator. The mathematical model of the flexible manipulators is expressed by 
nonlinear partial differential equations and ordinary differential equations, which is 
regarded as the infinite-dimensional system. The Kalman filter is constructed for the 
linearized finite-dimensional model corresponding to the mathematical model of the 
manipulator. 
This chapter describes a method of collision detection and suspend control for parallel-
structured flexible manipulators subject to random disturbance using unscented Kalman 
filter (UKF), which is one of the nonlinear filters. The features of the parallel-structured 
flexible manipulator are that it holds sufficient rigidity along the vertical axis and mechanical 
flexibility along the displacement axis of the arm (Sawada & Watanabe, 2007). The exact 
mathematical model of the parallel-structured flexible manipulator is described by quite 
complex nonlinear partial and ordinary differential equations, because the manipulator 
consists of two flexible beams which are disposed parallel. In this chapter, the parallel-
structured flexible manipulators are approximately modeled by a flexible arm consisting of 
a flexible beam with the same boundary conditions as the parallel-structured one. 
The approximated model of the flexible manipulator is also a nonlinear system. In order to 
construct the state estimate for the flexible manipulator, we employed the unscented 
Kalman filter as the nonlinear state estimator (S. Julier & Durrant-Whyte, 2000), (S.J. Julier & 
Durrant-Whyte, 1997), (Y.-S. Chen & Wakui, 1989). The UKFs are based on the Monte Carlo 
method, which have been developed by Simon Julier (S. Julier & Durrant-Whyte, 2000), (S.J. 
Julier & Durrant-Whyte, 1997) in order to improve the accuracy of the extended Kalman 
filters. The UKF generates a population of so-called sigma-points on the basis of the current 
mean and covariance of the state vector. The mean and covariance of the state are calculated 
using these sigma-points, which means that the algorithm is not necessary to evaluate the 
Jacobians. 
Collision between the parallel-structured flexible manipulator and an undesirable obstacle 
can be detected using the innovation process of the UKF based on the measured data of 
strain sensors pasted on the side of the manipulator. The UKF is constructed for the 
nonlinear state space model corresponding to the parallel-structured flexible manipulator 
without the impact force term due to the collision. The collision detection function is defined 
by the strength of the innovation process. The detection algorithm decides that the collision 
occurs if the collision detection function exceeds a preassigned threshold. 
The controller for the manipulator has the following two objectives: i) to rotate the flexible 
arm from the initial position to the desired position; ii) to safely suspend the rotation of the 
arm when the collision is detected. 

2. Mathematical model of parallel-structured single-link flexible manipulator 

Consider a parallel-structured single-link flexible arm with collision illustrated in Fig.1. This 
arm consists of two uniform Euler-Bernoulli beams with their length ℓ. The end of each 
beam is clamped to an unit of hub and the other end is to a tip-mass. 
Let OXY be the inertial Cartesian coordinate system; Oxy the rotating coordinate system 
around the servomotor shaft at the hub; O1x1y and O2x2y the rotating coordinate systems for 
Beam 1 and 2, respectively. ui(t, xi) (i = 1,2) denotes the transverse displacement of Beam I 

from the xi-axis. Physical parameters of the beams are as follows: ρ the uniform mass  
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Fig. 1. Parallel-structured single-link flexible arm. 

density; S the cross section; EI the uniform flexible rigidity (where E denotes the Young’s 

modulus and I the second moment of cross sectional area); and cD the coefficient of Kelvin-

Voigt type damping. The unit of the hub has the moment of inertia J0. The tip-mass has its 

mass m and the moment of inertia J1. It is assumed that the obstacle collides at  

x = xc (0 < xc < ℓ) at t = tc, where xc and tc are all unknown. Ψ0 denotes the angle of position 

which is the contact point between the arm and the obstacle, where Ψ0 is also unknown. 

The exact mathematical model of the parallel-structured single-link flexible arm derived by 
the Hamilton’s principle is highly complex. For the sake of simplicity, the parallel-structured 
single-link flexible arm consisting of two Euler-Bernoulli type beams is approximately 
modeled by a single-link flexible arm constructed by a flexible beam with the same 
boundary conditions as the parallel-structured one (see Fig.2). u(t, x) denotes the transverse 

displacement of the approximated model from the equilibrium state of the beam. θ(t) is the 
angle of the tangential axis of the root of the arm from the X-axis; e(t) the error of the 

rotation angle θ(t) from the desired position θd, i.e. e(t) := θ(t) – θd. 
Now we derive the approximated mathematical model of the parallel-structured single-link 
flexible arm with the collision based on the simple-structured model using the Hamilton’s 
principle. The position vectors of the arbitrary point of the beam, r(t, x), and the mass center 
of the tip-mass, p(t), are expressed by 

 
cos ( ) { ( , ) } sin ( )

( , ) =
sin ( ) { ( , ) } sin ( )

x t u t x a t
r t x

x t u t x a t

θ θ
θ θ

− −⎡ ⎤
⎢ ⎥+ +⎣ ⎦

  (1) 

 
( )cos ( ) ( , )sin ( )

( ) = ,
( )sin ( ) ( , )sin ( )

h t u t t
p t

h t u t t

θ θ
θ θ

+ −⎡ ⎤
⎢ ⎥+ +⎣ ⎦

` `
` `

 (2) 

where 2h denotes the length of the tip-mass. 
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Fig. 2. Simplified structure of parallel-structured single-link flexible arm. 

The kinetic energy of rigid part of the arm, TR(t), is given by the sum of the kinetic energies 
of the translation motion and rotation of the tip-mass and the rotation of the hub attached to 
the shaft of the servomotor: 

 
2 2

0 1

1 1
( ) = ( ) ( ) ( ),

2 2
RT t m p t J J tθ+ + $$   (3) 

where E·E denotes the Euclid norm. Similarly, the kinetic energy of the flexible beam is 

given by 

 
0

ˆ( ) = ( , ) ,FT t T t x dx∫
`

  (4) 

where ˆ( , )T t x  represents the kinetic energy density of flexible part defined by 

 
21ˆ( , ) ( , ) .

2
T t x S r t xρ:= $   (5) 

The total kinetic energy of the arm is expressed by the sum of the kinetic energies of the 
rigid and flexible parts, i.e., 

 ( ) = ( ) ( ).R FT t T t T t+  (6) 

The potential energy of the whole arm is expressed by 

 
0

ˆ( ) =  ( , ) ,V t V t x dx∫
`

  (7) 

where ˆ ( , )V t x  is the density function of the potential energy of the flexible part given by 

 
2

2

1 ( , )ˆ ( , ) = .
2

u t x
V t x EI

x

⎧ ⎫∂
⎨ ⎬

∂⎩ ⎭
  (8) 
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The Hamilton’s principle is described by the following equation: 

 { }2

1

( ) ( ) ( ) ( ) ( ) = 0,
t

nct
T t V t W t s t ├ψ t dtδ δ δ− + +∫   (9) 

where t1 and t2 are arbitrary times; s(t) represents the Lagrange multiplier which is 

equivalent to the external force generated by the collision with the obstacle; and δWnc(t) 
denotes the virtual work due to the nonconservative forces, e.g. internal damping forces of 
the beams, the control torque and external disturbances. ψ(t) describes the geometric 
constrained condition between the unlooked-for obstacle and the flexible beam, i.e. 

 0( ) = ( , ) tan{ ( )} 0.c cψ t u t x x tϕ θ− − ≡   (10) 

Let us assume that |ϕ0 – θ(t)| is sufficiently small. We can regard tan{ϕ0 – θ(t)} ≅ ϕ0 – θ(t). 

Then, (10) can be rewritten into 

 00
( ) = ( , ) ( ) { ( )} 0.c cψ t u t x x x dx x tδ ϕ θ− − − ≡∫

`
 (11) 

δWnc(t) is expressed by 

    ( ) = ( ) ( ) ( )ncW t t t g tθ θδ μθ δθ τ δθ γ δθ− + +$  

                                            
3

20 0

( , )
( , ) ,D f i

u t x
c u dx g t x udx

x t
δ γ δ

⎛ ⎞∂ ′′− +⎜ ⎟∂ ∂⎝ ⎠
∫ ∫

` `
 (12) 

where the prime denotes the differentiation with respect to x; μ denotes the damping 

coefficient corresponding to the damping force acting at the shaft of the servomotor; τ (t) the 

control torque; γθ(t) the random disturbance acting at the rotation of the arm; γ(t, x) the 
distributed random disturbance along the beam due to the aerodynamic resistance; and 

gθ and gf are constants. 

As the generalized coordinates, we consider the following variables: θ(t), ( )tθ$ , u(t, x), 

( , )u t x$ , u’(t, x), u’(t, x), u’’(t, x), ( , ),u t x′′$  u(t, ℓ), ( , )u t$ ` . Substituting (7), (8) and (11) into (10); 

in addition, performing a large amount of calculations, we have the following nonlinear 

differential equations as the mathematical model of the approximated dynamical model 

corresponding to the parallel-structured single-link flexible manipulator: 

2 5 4
2

12 4 4

( , ) ( , ) ( , )
= ( ) ( ) ( , ) ( , )D

u t x u t x u t x
S c I EI Sxe t Se t u t x g t x

t x t x
ρ ρ ρ γ∂ ∂ ∂

+ + − + +
∂ ∂ ∂ ∂

$$ $  

                             
2

2

2

( , )
( ) ( ) ( ) ( ) ( ) ( , ) ( ),c

u t x
s t x x m h e t m me t u t x x

t
δ δ

⎧ ⎫∂
+ − − + + − −⎨ ⎬

∂⎩ ⎭
$$ $` `  (13) 

where γ(t, x) the distributed random disturbance modeled by the white Gaussian noise; g1 

and h are constants; δ(·) denotes the Dirac’s delta function; and s(t) the magnitude of 
collision input. Assuming that the collision occurs momentarily, the magnitude of collision 

is assumed to be expressed by s(t) := s0δ(t – tc), where s0 and tc are all unknown. The initial 
and boundary conditions of (13) are 
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(0, )

. . : (0, ) = = 0
u x

I C u x
t

∂
∂

 (14) 

 
3

3

( ,0) ( , ) ( , )
. . : ( ,0) = = = = 0.

u t u t u t
BC u t

x x x

∂ ∂ ∂
∂ ∂ ∂

` `
 (15) 

The initial condition of the error of rotation e(t) is given by e(0) = θ0 – θd, where θ0 is initial 
angle position of the arm. 
The dynamics of rotation is given by the following nonlinear differential equation: 

                         2 2
0 1 0

( , ) ( ) ( , ) ( )J J mu t mh h S u t x dx e tρ⎡ ⎤+ + + + +⎢ ⎥⎣ ⎦∫
`

$$` `  

                       
0

2 ( , ) ( , ) 2 ( , ) ( , ) ( ) ( , )mu t u t S u t x u t x dx e t mhu tθμ ρ⎡ ⎤+ + + +⎢ ⎥⎣ ⎦∫
`

$ $ $ $$` ` `  

                       
5 4

2

4 40 0

( , ) ( , )
( , ) ( , ) ( ) D

u t x u t x
S u t x dx m u t e t x c I EI dx

x t x
ρ

⎡ ⎤∂ ∂⎡ ⎤− − − +⎢ ⎥⎢ ⎥⎣ ⎦ ∂ ∂ ∂⎣ ⎦
∫ ∫

` `
$` `  

 10
( , ) ( ) ( ) = 0.                            g x t x dx t g tθ θγ τ γ+ − −∫

`
  (16) 

The observation data is obtained by means of P strain sensors pasted at x = ξj, (j = 1, … ,P) 
and a potentiometer installed at the shaft of the hub, i.e. 

 0 0 0 0( ) = ( ) ( )y t c e t e tβ+  (17) 

                        
2

2

( , )
( ) = ( ),

bj s

j j j j
j

u t x
y t c dx e t

x

ξ

ξ
β

+ ∂
+

∂∫  (18) 

where cj and ej are constants; and βj(t), (j =0, 1, … ,P) represents the observation noise which 
is modeled by the white Gaussian noise. In order to use the finite-dimensional controller 
and state estimator, the dynamics of the arm described by (13) and (16) are converted into 
the stochastic finite-dimensional state space model via the modal expansion technique, 

 
=1

( , ) = ( ) ( ),
N

k k
k

u t x u t xφ∑  (19) 

where {uk(t)}k=1,… ,N denote the modal displacements; N the large positive number; φk(x) the 
eigenfunction (mode function) of the following eigenvalue problem with respect to the 

operator A = {(EI)/(ρS)}(d4/dx4): 

 ( ) = ( ).k k kx xφ λ φA   (20) 

Introducing the state vector defined by v(t) = [u1(t),… ,uN(t), 1u$ (t), … , Nu$ (t), e(t), e$ (t)]T, the 

state space model of the approximated flexible arm can be described by the following  
stochastic differential equation: 

 ( ) = ( ) ( ) ( ) ( ) ( ) ( ) ( ; ) ( )c cv t A v v t b v t G v t g v x s tτ γ+ + +$  (21) 
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 ( ) = ( ) ( ),                                                  y t Cv t E tβ+  (22) 

where γ (t) = [γ1(t), … ,γ 
N(t),γθ(t)]

T; γ 
k(t) = ∫ 0

` γ (t, x)φk(x)dx; β(t) := [β0(t), β1(t), … , βP(t)]T; E{γ (t) 

γ T(τ)g} = Wδ(t – τ); E{β(t)βT(τ)} = Vδ(t – τ) (E{·}: mathematical expectation). 

3. Nonlinear state estimation using UKF 

The state space model described by (21) and (22) is a stochastic nonlinear system with the 

collision input. In order to control the tip position and to reduce the random vibration of the 

whole flexible manipulator, the information of the state v(t) is required. However, the 

collision input affects as an unknown disturbance. For achieving these purposes, the 

unscented Kalman filter (UKF) for the following collision-free system is employed: 

 ( ) = ( ) ( ) ( ) ( ) ( ) ( ),f f f f fv t A v v t B v f t G v tγ+ +$   (23) 

where vf (t) denotes the state vector of collision-free system. 
The UKF is constructed for the discrete-time nonlinear stochastic system given by equation 
(23) that is the continuous-time system. Equation (23) and (22) can be converted into the 
discretized version of the system. By using the Runge-Kutta method, (22) and (23) are 
rewritten into the following nonlinear discrete-time system: 

 ( 1) = ( ( ), ( ), ( ))f fv k F v k k kτ γ+  (24) 

 ( ) = ( ) ( ),y k Cv k E kβ+  (25) 

where k denotes the time-step; Δt the time interval; and F(·) the nonlinear function defined by 

      1 2( ( ), ( ), ( )) = ( ) { ( ( ), ( ), ( )) 2 ( ( ), ( ), ( ))
6

f f f f

t
F v k k k v k H v k k k H v k k kτ γ τ γ τ γΔ

+ +  

                             3 42 ( ( ), ( ), ( )) ( ( ), ( ), ( ))}fH v k k k H v k k kττ γ τ γ+ +  (26) 

                     1( ( ), ( ), ( )) = ( ( )) ( ) ( ( )) ( ) ( ( )) ( )f f f f fH v k k k A v k v k B v k k G v k kτ γ τ γ+ +  

                     2 1( ( ), ( ), ( )) = ( ( )){ ( ) ( ) / 2} ( ( )) ( ) ( ( )) ( )f f f f fH v k k k A v k v k H t B v k k G v k kτ γ τ γ+ ⋅ Δ + +  

                     3 2( ( ), ( ), ( )) = ( ( )){ ( ) ( ) / 2} ( ( )) ( ) ( ( )) ( )f f f f fH v k k k A v k v k H t B v k k G v k kτ γ τ γ+ ⋅ Δ + +  

                     4 3( ( ), ( ), ( )) = ( ( )){ ( ) ( ) } ( ( )) ( ) ( ( )) ( ).f f f f fH v k k k A v k v k H t B v k k G v k kτ γ τ γ+ ⋅ Δ + +  

The algorithm of UKF is summarized the three steps as follows: 
Step 1. The (2N + 2)-dimensional random variable vf (k) is approximated by 2(2N + 2) + 1 

sigma points Xi with weight coefficients Wi. 

 0
ˆ= ( | )                                    fv k kX  (27) 

          0 =                                         
2 2

W
N

κ
κ+ +

 (28) 

www.intechopen.com



 Advanced Strategies for Robot Manipulators 

 

204 

       ˆ= ( | ) { (2 2 ) ( | )}i f iv k k N P k kκ+ + +X  (29) 

           
1

=                                     
2(2 2 )

iW
N κ+ +

 (30) 

 2 2
ˆ= ( | ) { (2 2 ) ( | )}   i N f iv k k N P k kκ+ + − + +X  (31) 

           2 2

1
= , ( = 1, ,2 2)            

2(2 2 )
i NW i N

N κ+ + +
+ +

A  (32) 

where κ denotes the integer scaling parameter; Wi the weight coefficient that is 

associated with the i-th point and { (2 2 ) ( | )}iN P k kκ+ +  represents the i-th column 

of the matrix U satisfying M = UUT if M := (2N + 2 + κ)P(k|k). In this paper, the 

matrix U is calculated via the incomplete Cholesky decomposition (Saad, 1996). 
Step 2. Transform each point through the nonlinear function F(·), and the predicted mean, 

covariance and observation, the innovation covariance Pyy(k + 1|k) and the cross 
correlation matrix Pxy(k + 1|k) are computed as follows: 

 ( 1| ) = ( ( | ), ( ),0)i ik k F k k kτ+X X  (33) 

     
2(2 2)

=0

ˆ ( 1| ) = ( 1| )
N

f i i
i

v k k W k k
+

+ +∑ X  (34) 

                                
2(2 2)

=0

ˆ( 1| ) = { ( 1| ) ( 1| )}
N

i i f
i

P k k W k k v k k
+

+ + − +∑ X  

                                                    T Tˆ{ ( 1| ) ( 1| )}i fk k v k k GWG× + − + +X  (35) 

 ( 1| ) = ( 1| )       i ik k C k k+ +Y X  (36) 

   
2(2 2)

=0

ˆ ( 1| ) = ( 1| )
N

i i i
i

y k k W k k
+

+ +∑ Y  (37) 

                          
2(2 2)

=0

ˆ( 1| ) = { ( 1| ) ( 1| )}
N

yy i i
i

P k k W k k y k k
+

+ + − +∑ Y  

                                                T Tˆ{ ( 1| ) ( 1| )}i k k y k k EVE× + − + +Y  (38) 

                             
2(2 2)

=0

ˆ( 1| ) = { ( 1| ) ( 1| )}
N

vy i i f
i

P k k W k k v k k
+

+ + − +∑ X  

                                   Tˆ{ ( 1| ) ( 1| )} .i k k y k k× + − +Y  (39) 

Step 3. The state estimate and covariance are given through updating the prediction by the 
linear update rule which is specified by the weights chosen to minimize the mean 
squared error of the estimate. The update rule is 
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 ˆ ˆ ˆ( 1| 1) = ( 1| ) ( 1){ ( 1) ( 1| )}f fv k k v k k K k y k y k k+ + + + + + − +  (40) 

 T( 1| 1) = ( 1| ) ( 1) ( 1| ) ( 1| ),yyP k k P k k K k P k k K k k+ + + − + + +  (41) 

where K(k + 1) is the Kalman filter gain given by 

 1( 1) = ( 1| ) ( 1| ).vy yyK k P k k P k k−+ + +  (42) 

4. Collision detection algorithm 

It is an undesirable accident that the flexible manipulator collides with an unknown 

obstacle, because the collision input s(t) affects the state of flexible manipulators as the 

disturbance. The problem of the collision detection is considered as a detection problem of 

the abrupt change from the collision-free system to the system with the collision. The change 

of the systems can be detected using the observation data measured by the piezoelectric 

sensors pasted at the root of the flexible arm. In other words, the collision is detected by 

making a decision whether the observation data y(t) is provided from the collision included 

model or the collision-free model. 

For this purpose, the intensity of the innovation process is used. The innovation process of 

the UKF, μ(k), is defined by the difference between the actual observation data and the 

estimated observation data measuring collision-free system, i.e., 

 ˆ( ) = ( ) ( | ),fk y k Cv k kμ −  (43) 

where ˆ ( | )fv k k  is the estimate of vf (k) which is calculated by the UKF mentioned in the 

previous Section. Substituting (25) into (43), we have 

 ( ) = ( ) ( ),k Cz k E kμ β+   (44) 

where z(k) is the estimation error defined by z(k) := v(k) – ˆ ( | )fv k k . If the collision does not 

occurr, the state vector v(k) is equal to vf (k). However, if the collision occurrs, v(k) is equal to 

the state vector of collision model. In this case, z(k) becomes large because of the collision 

input. In order to detect the collision, the following scalar function (collision detection 

function) is introduced: 

 T( ) = ( ) ( ).r k k kμ μ   (45) 

If the collision detection function r(k) exceeds a threshold ┝, then the collision has occurred. 
In fact, it is assumed that the estimation error when the collision has occurred is separated as 

 ( ) = ( ) ( ),z k z k kα+#   (46) 

where ( )z k#  is the estimation error of the UKF based on the collision-free system; and α(k) 

the estimation error caused by the collision input. Substituting (46) into (44), the innovation 

process μ(k) is rewritten into 

 ( ) = ( ) ( ) ( ).k Cz k C k E kμ α β+ +#   (47) 

www.intechopen.com



 Advanced Strategies for Robot Manipulators 

 

206 

From equations (45) and (47), the mathematical expectation of the collision detection 
function r(k) is evaluated by 

 T T T T{ ( )} = tr{ ( ) } tr{ } tr{ ( ) ( ) },zr k CP k C EVE C k k Cα α+ +E  (48) 

where T( ) { ( ) ( )}zP k z k z k:= # #E . The first two terms in the right-hand side of (48) is the bias 

depending on the observation and the system noises. The third term is caused by the 
collision input which is the deterministic process. If the third term becomes sufficiently 
large, then r(k) becomes also large at the time when the collision occurs. 

5. Position and suspend control 

The purpose of controller is to generate the control torque for the servomotor so that the tip 
position of the flexible manipulator follows the reference trajectory. In this work, the sliding 
mode controller is employed (Utkin, 1992). The flexible manipulator is controlled so that its 
state converges to the equilibrium sate. 
The sliding mode controller is constructed for the following deterministic collision-free 
system: 

 ( ) = ( ( )) ( ) ( ( )) ( )f f f fv t A v t v t B v t tτ+$  (49) 

which has no system noise term. If the flexible manipulator is well controlled, the error state 

vector vf (t) is assumed to sufficiently be small, i.e. Evf (t)E2 1. In this work, we consider that 

the matrices A(vf (t)) and B(vf (t)) can be approximated as A(vf (t)) ≅ A(0) and B(vf (t)) ≅ B(0). 

Using these approximations, the error system is rewritten into the following equation: 

 ( ) = ( ) ( ),f e f ev t A v t B tτ+$   (50) 

where Ae and Be are constant matrices defined by 

 (0), (0).e eA A B B:= :=   (51) 

The objectives of the sliding mode controller are to control the tip position, to suppress the 
random vibration of the whole manipulator, and to suspend the motion of the manipulator 

when a collision is detected. The control torque τ(t) is generated by the sliding mode 
controller. The output of the controller can be separated into two parts, i.e.: 

 ( ) = ( ) ( ),eq nlt f t f tτ +   (52) 

where feq(t) represents the term of linear control input called the equivalent control input in 
the sliding mode; and fnl(t) the term of nonlinear control input in the reaching mode.  

The switching function σ(t) is given by 

 ( ) = ( ),ft Sv tσ   (53) 

where S represents the gradient of the switching plane. In the sliding mode, the switching 
function σ(t) holds the following conditions: 

 ( ) = 0tσ  (54) 
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 ( ) = 0.tσ$  (55) 

The equivalent control input is obtained using (50), (53) and (55) as: 

 1( ) = ( ) ( ).eq e e ff t SB SA v t−−  (56) 

Substituting (56) into (50), the equivalent control system can be described by 

 1( ) = { ( ) } ( ) ( ),f e e e e f e fv t A B SB SA v t A v t−− ≡ #$  (57) 

where 1( )e e e e eA A B SB SA−:= −# . 

In order to find the switching plane, we consider the cost functional defined by 

                                    2 2
1 20 0

=  {  [ { ( , )} { ( , )}
t

J q u s x q u s x+∫ ∫
`

$  

         2 2 2 2
3 4 5 6{ ( , )} { ( , )} ] ( ) ( )} ,q u s x q u s x dx q e s q e s ds′′ ′′+ + + +$ $  (58) 

 

where qi (i = 1, … 6) are positive constants. Substituting the solution of the system described 

by the equation (13) given by (19) into this, it is rewritten into the following expression: 

 T

0
= ( ) ( ) ,

T

f fJ v t Qv t dt∫  (59) 

where Q := diag{Θ1,Θ2, q5, q6}; Θ1 = q1 IN + q3Ψ; Θ2 = q2 IN + q4Ψ; (IN: N-dimensional unit 
matrix); and 

 

1 1 10 0

10 0

 ( ) ( ) ...  ( ) ( )

= .

 ( ) ( ) ...  ( ) ( )

N

i

N N N

x x dx x x dx

x x dx x x dx

φ φ φ φ

φ φ φ φ

⎡ ⎤′′ ′′ ′′ ′′
⎢ ⎥
⎢ ⎥Ψ
⎢ ⎥
⎢ ⎥′′ ′′ ′′ ′′
⎣ ⎦

∫ ∫

∫ ∫

` `

` `

B B   (60) 

 

The gradient of the switching plane S must be decided so that the eigenvalues of eA#  

becomes stable. There are a method to choose S as a feedback gain of the optimal control. 

Namely, S is determined as follows (Y.-S. Chen & Wakui (1989)): 

 T= eS B P  (61) 

 T T = 0.e e e ePA A P PB B P Q+ − +  (62) 

The nonlinear control input in reaching mode is considered. The sliding mode control is 

regarded as variable structure control as a required condition. So, using the switching 

function σ(t), the term of nonlinear control input fnl(t) is defined by 

 ( ) = sgn( ( )),nlf t F tσ−  (63) 

where F is the nonlinear controller gain; and sgn(·) the signum function. Therefore, the 

control input f (t) is given by 
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 1( ) = ( ) ( ) sgn( ( )).e e ft SB SA v t F tτ σ−− −  (64) 

In order to achieve σ(t)→0 (t→∞), the Lyapunov function for the switching function is 

chosen as 

 T1
( ) = ( ) ( ).

2
V t t tσ σ   (65) 

The time derivative of the the Lyapunov function defined by (65) is described with (50) and 

(64) by 

 T( ) = ( ) sgn( ( )).eV t t SB F tσ σ−$   (66) 

If ( )V t$ < 0, the switching function converges to zero. Hence, the nonlinear control gain F 

must satisfy the following condition: 

 
> 0 : if > 0

< 0 : if < 0.
e

e

SB
F

SB

⎧
⎨
⎩

  (67) 

At the neighborhood of the switching plane, the signum function raises the chattering. So, 

the signum function is approximated as follows: 

 
( ) ( )

sgn( ( )) = ,
( ) ( )

t t
t

t t

σ σσ
σ σ δ

≈
+E E E E

  (68) 

where δ is a positive constant. As a result, (64) is rewritten into 

 1 ( )
( ) = ( ) ( ) .

( )
e e f

t
t SB SA v t F

t

στ
σ δ

−− −
+E E

  (69) 

Because of using the unscented Kalman filter, it is necessary that the switching function σ(t) 

and the controller input τ(t) given by the sliding mode controller with the UKF are 

converted into the discretized version given by 

 ˆ( ) = ( )fk Sv kσ  (70) 

 1 ( )
ˆ( ) = ( ) ( ) .

( )
e e f

k
k SB SA v k F

k

στ
σ δ

−− −
+E E

 (71) 

When the collision occurs, it is necessary that the flexible manipulator is suspended because 

of absorbing the impact of collision. The proposed flexible manipulator is controlled by 

tracking the reference trajectory using the sliding mode controller. For suspending the 

motion of the manipulator, we consider that the reference trajectory (position control) is 

changed into a steady position when the collision occurs. The angle position of flexible 

manipulator at the time tc when the collision occurs is given by 

 ( ) = ,c ctθ θ  (72) 
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After the collision occurred, the reference trajectory is changed into the trajectory given by 

the following equation: 

 ( ) .d ctθ θ≡   (73) 

The desired position becomes the position that the flexible manipulator collides with the 

obstacle. Then, the flexible manipulator can be suspended at this position. 

6. Simulation studies 

In this section, several numerical results are presented. The flexible beam is assumed to be 

made with the phosphor bronze. The physical parameters and the coefficients of the flexible 

manipulator are listed in Table 1. The observation data is supposed to be measured by 

piezoelectric sensors with their length bs = 3×10–2[m] and width 1.2×10–2 [m] pasted at  

ξ1 = 3×10–3[m] and potentiometers installed at each hub. The parameters of the observation 

system were set as c0 = 10, c1 = 1, e0 = e1 = 1. The parameter for the UKF κ was set as κ = 1. The 

covariance matrices for the system and observation noises were given by W = 10–5
 × I2N+2,  

V = 10–8
 × I2. The number of modes of the system was set as N = 2. The time partition in 

numerical simulation was set as Δt = 1 × 10–3[s]. 

The initial condition of state vector were set as u(0, x)=0[m], u$ (0, x)=0[m/sθ$ ], 

˙θ(0)=0[rad/s] and θ(0) = 0[rad]. The initial condition of the state vector of the control error 

system was also set as zero. The weight coefficients of cost functional for the hyperplane S 

were set as the values; q1 = 100, q2 = 100, q3 = 100, q4 = 5, q5 = 4500, q6 = 200. The nonlinear 

controller gain was F = 4, δ = 10 and the simulation study was carried out for 5 seconds. 
 

Parameters Values 

ℓ1 

E 

S 

ρ 
cD 

J0 

J1 

m 

h 

g1 

g2 

0.3[m] 

1.1×105[MPa] 

2×10–5 [m2] 

8.8×103[kg/m2] 

4.84×107[N·s/m2] 
5 [kg·m2] 
0.08[kg·m2] 
0.61[kg] 
0.026[m] 
0.05 
0.4 

Table 1. Physical parameters of the flexible manipulator. 

6.1 Position control 
The simulation results of the position control in the collision-free case are shown in Figs.3-6. 

Fig.3 depicts the angle θ(t) and its estimate computed by the UKF ˆ( )tθ . The estimation error 

with respect to θ(t) sufficiently small. The controlled angle has converged at the desired 
position using the UKF based sliding mode control. Figs. 4 and 5 presents the observation 
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data of the strain measured by the piezoelectric sensor y1(t) and the displacement of the tip 
mass u(t,ℓ), respectively. Furthermore, Fig.5 also depicts the estimate of the tip-mass 

displacement ˆ( , )u t `  which is calculated by 
=1

ˆ ˆ( , ) = ( ) ( )
N

i ii
u t u t φ∑` ` . The estimation error of 

the tip-displacement based on the noisy observation data (see Figure 4) is adequately small for 
suppressing the vibration of the tip-mass. Fig.6 shows the response of the control torque τ(t). 
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Fig. 3. Behavior of the rotational angle θ(t) and its estimate ˆ( )tθ  obtained using the UKF in 

the collision-free case. The solid line and the dashed line depict the true state of the angle 

θ(t) and its estimate ˆ( )tθ , respectively 
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Fig. 4. Observation data of the strain measured by the piezoelectric sensor, y1(t) in the 
collision-free case. 
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Fig. 5. Displacement of the tip mass u(t, ℓ) and its estimate û (t, ℓ). 
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Fig. 6. Control torque τ(t) generated by the sliding mode controller in the collision-free case. 

6.2 Collision detection and suspend control 

The simulation results in the collision case are shown in Figs.7-11. In this case, the desired 

position θd was set as the same as in the collision-free case. Figure 7 shows the behavior of 
the collision detection function given by equation (45). We considered that the collision 
between the prallel-structured single-link flexible manipulator and the unlooked-for 
obstacle occurs at tc = 1.24[s]. The value of r(t) before the collision occurs is very small. When 
the collision occurs at t = tc, the value of r(t) abruptly increases. As seen in Fig. 8, the  
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Fig. 7. Behavior of the collision detection function r(t) generated by the innovation process of 
the UKF in the collision case. The collision occurs at tc = 1.24[s]. 
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Fig. 8. Observation data of the strain measured by the piezoelectric sensor, y1(t) in the 
collision case. 
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Fig. 9. Behavior of the rotational angle θ(t) obtained using the UKF in the collision-free and 

the collision cases. The solid line and the dashed line depict the angle θ(t) in the collision 
and collision-free cases, respectively.  
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Fig. 10. Displacement of the tip mass u(t, ℓ) and its estimate ˆ( , ).u t `  
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Fig. 11. Control torque τ(t) generated by the sliding mode controller in the collision case. 

observation data of the strain is very noisy. From Figs. 7 and 8, we can see that the collision 

detection function can detect the week collision based on the noisy observation data. 

The results of the suspend control are shown in Figs. 9 and 10. The rotation of the 

manipulator was interrupted when the collision has been detected using the collision 

detection function (see Figure 9). After r(t) exceeded the preassigned threshold ┝ = 1 × 10–12, 

the desired position has been changed from θd to θ(tc). The displacement of the tip-mass  

u(t, ℓ) shows the vibration with large amplitude after the collision was detected (Fig. 10). The 

control torque is depicted in Fig. 11. This figure explains that the control torque when the 

motion of the manipulator was suspended requires the torque of large value. 

7. Conclusions 

This chapter has presented the new collision detection method and the suspend control of 

parallel-structured single-link flexible manipulators using the unscented Kalman filter and 

the sliding mode control. The main result is that the collision detection was achieved using 

the innovation process of the UKF which is one of the nonlinear filters. Furthermore, the 

high performance suspend control has been constructed using the sliding mode controller 

based on the UKF. The proposed approach brings an advantage that the system model 

requires no linearization. In our previous work, the linearized mathematical model was 

required because of using the Kalman filter and the LQG controller for collision detection 
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and control. The proposed collision detection method can be applied to the multi-link 

flexible manipulators, which have strong nonlinearity. 
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