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Abstract

In the paper, we consider an optimal control problem for a second order control system on
unbounded interval (0, o) and an integral cost functional.

In the first part of the paper, we recall some results concerning the existence and uniqueness
of a solution to the control system, corresponding to any admissible control, the continuous
dependence of solutions on controls and the existence of the so-called classically optimal so-
lution to the optimal control problem under consideration. These results has been obtained in
[D. Idczak, S. Walczak, Optimal control systems of second order with infinite time horizon - existence
of solutions, to appear in JOTA].

In the second part, some other definitions of optimality are introduced and their interrelation-
ships, including optimality principle, are given. Two maximum principles stating necessary
conditions for the introduced kinds of optimality (in general case and in a special one) are
derived.

1. Introduction

As in Idczak (to appear), we consider a control system described by the following system of
the second order equations

x(t) = Gy(t, x(t),u(t)), t € I := (0,00) a.e, (1)

with the initial condition

x(0) =0, 2)
where Gy : I x R" x M — IR" is the gradient with respect to x of a function G : I x R" x M —
R, M C R™ is a fixed set. In the next, we shall use notations and definitions intro-
duced in Idczak (to appear). In particular, we assume that the controls u(-) belong to a set
U = {u € LP(I,R™); u(t) € Mfort € I ae.}, p € [1,00], and the trajectories x(-) - to
Sobolev space H}(I,R") (cf. Brezis (1983)). Since each function x(-) € H!(I,R") possesses

the limit tlim x(t) = 0, therefore the problem of the existence of a solution to (1)-(2) in the space
—00

“This work is a part of the research project N514 027 32/3630 supported by the Ministry of Science and
Higher Education (Poland).
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182 Modeling, Simulation and Optimization — Tolerance and Optimal Control

H}(I,R™), corresponding to a control u(+), is, in fact, two-point boundary value problem with
boundary conditions
x(0) =0, x(o0) := limx(t) = 0.

t—o0
We say that a function x,(-) € H}(I,R") is a solution to (1)-(2), corresponding to control u(-),
if
/I(<5cu(t),h(t)> + (G (t, xu (1), u(t)), h(t)))dt = 0 ®3)

for any h(-) € H} (I, R").

The study of systems (1) in the space H!(I,R") is justified because in this space both kinetic
: 2

xu(t)‘ dt and potential one /IG(t, xy(t),u(t))dt of the system are finite

as in the real world (in the case of potential energy - under appropriate assumptions on G).
Potential form of the right-hand side of this system allows us to use a variational approach.
In the case of bounded time interval I (finite horizon), classical cost functional for optimal
control problems has the following integral form

energy E, = % /I

J(x,u) = /If(t,x(t),u(t))dt.

When I = (0,00) (infinite horizon) assumptions guarantying the integrability of the func-
tion I 5 t — f(t,x(t),u(t)) € R are often too restrictive and they are not fulfilled in some
(e.g. economical) applications. So, in such a case it is necessary to consider some other con-
cepts of optimality. Following Carlson and Haurie (cf. Carlson (1987)) we use the notions of
strong, catching-up, sporadically catching-up and finitely optimal solution to the optimal con-
trol problem under consideration and show their interrelationships. A review of the concepts
of optimality for the first order problems with infinite horizon and their interrelationships are
given in Carlson (1989).

In the first part of the paper, we recall main results concerning system (1)-(2), obtained in Id-
czak (to appear), namely, on the existence and uniqueness of a solution x,(-) € H(l] (I,R") to
(1)-(2), corresponding to any control u(-) € UF, and its continuous dependence on u(-) (The-
orems 1, 2, 4). Next, we recall the existence results for an optimal control problem connected
with (1)-(2) and a cost functional of integral type, obtained in Idczak (to appear) (Theorems 5,
6).

In the second - main part of the paper, we derive necessary conditions for optimality in the
sense of the mentioned notions of optimality. Theorem 13 concerns a general form of cost
functional. The proof of this theorem is based on the so called optimality principle (Theorem
9) and the maximum principle for finite horizon second order optimal control problems, ob-
tained in Idczak (1998). Theorem 15 concerns some special case of cost functional. Proof of
this theorem is based on Theorem 13.

The appropriate optimality principle and necessary optimality conditions for the first order
systems with infinite horizon have been obtained in Halkin (1974) (cf. also (Carlson, 1987, Th.
2.3)).

2. Existence, uniqueness and stability

Let us denote B« (0,7) = {x € R"; |x| <1}, BH&(I,]R”)(O/r) = {x(-) € H{(L,R");
|2 ()] HY(IR?) < r} and formulate the following assumptions:
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Optimal control systems of second order with infinite time horizon - maximum principle 183

Ala. function G(t,-,-) : R" x M — R is continuous for t € I a.e. and function G(-,x,u) : I - R
is measurable in Lebesgue sense for any (x,u) € R" x M

A1b. function Gy(t,-,-) : R" x M — R" is continuous for t € I a.e. and function Gy (-, x,u) : I —
R" is measurable in Lebesque sense for any (x,u) € R" x M

A2. there exist constants by > 0, ¢ > 0, functions by(-), c1(-) € L*(I,R) and by(-), co(-) €
LY(I,R) such that

by |x|* 4 by (1) |x| + bo(t) < G(t, x,u) < ca |x|* 4 c1(£) |x]| + co(t)

fortelae,xcR", ueM
A3. forany r > 0 there exist a constant d; > 0 and a function do(-) € L?>(I,R) such that

Galt,x,u)| < dy [x| +do ()
fort € Tae., x € Bra(0,7), u € M.

By rop we mean a constant

- =2 = = _
b+ \/b1 — 4b3(bo — <o)
2b,
where by = min{},b,}, b1 = (/ by (1) dt)%, by = /bo(t)dt, co = /co(t)dt. This constant is
I I I
always nonnegative. Since the case of ryp = 0 is not interesting (in such a case the zero function
is the unique (in H} (I, R")) solution to (1)-(2) for any control u(-) € UP (cf. (Idczak, to appear,
proof of Theorem 5))), therefore we shall assume in the next that ry > 0.
In the next, we shall also use the following two assumptions

o

Ada. function G(t,-,u) : Bru(0,79) — R is convex for t € I a.e. and u € M,
Adb. function G(t,-,u) : R" — R is convex for t € I a.e. and u € M

We have

Theorem 1. If G satisfies assumptions Ala, Alb, A2, A3 and A4a, then, for any fixed u(-) € UP,
there exists a solution x,(-) € BH(}(I,]R")(OI ro) to (1)-(2) which is unique in BH&(I,]R")(Of ro). 1If,

additionally, G satisfies A4b, then the solution x,(-) is unique in H} (I, R™).
2.1 Stability - case of strong convergence of controls

Let us assume that G is lipschitzian with respect to u € M, i.e.

AS5. there exists a function k(-) € L1(I,R™) (% + % = 1) such that
|G(t,x,u1) — G(t,x,up)| < k() |ug — up]
fort € Iae., x € Bru(0,79), uy, up € M.
We have

Theorem 2. Let G satisfies assumptions Ala, A1b, A2, A3, A4a and A5. If a sequence of controls
(ur(+))ken C UP converges in LP (I, R™) to ug(-) € UP with respect to the norm topology, then the
sequence (xx(-))xeN Of corresponding solutions to (1)-(2), belonging to B H( 1,rn) (0,70), converges
weakly in H} (I, IR™) to a solution xo(-) to (1)-(2), corresponding to the control ug(-) and belonging to
B (1,r) (0,70)-
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184 Modeling, Simulation and Optimization — Tolerance and Optimal Control

Remark 3. Weak convergence of a sequence (xi(-))xen in HY (I, R™) implies (cf. Lieb (1997)) its
uniform convergence on any finite interval [0, T] C I and weak convergence of sequences (xx(+))kreN,

(xx(*))ken in L2(I,R™).

2.2 Stability - case of p = cc and weak-* convergence of controls
Now, we shall consider the set of controls

U® ={u e L®(I,R™); u(t) € Mfort € Tae.}

with the weak-* topology induced from L*® (I, R™). We assume that function G is affine in u,
ie.
G(t,x,u) = G(t,x) + G*(t, x)u 4)

where functions G! : [ x R"” — R, G2 : [ x R" — R™ are measurable in t € I, continuous in
x € R" and

A6. there exists a function v € L1(I,R) such that
G2(t,x)| < (1)

fort € Tae., x € Bru(0,7p).
We have
Theorem 4. Let G of the form (4) satisfies assumptions Ala, A1b, A2, A3, A4a and A6. If a sequence

of controls (uy(+))ken C U™ convergesin L= (I, R™) to ug(-) € U™ with respect to the weak-* topol-
ogy, then the sequence (xi(-))renN Of corresponding solutions to (1)-(2), belonging to B HY(LR") (0,70),

converges in the weak topology of HY(I,R™) to the solution xo(-) to (1)-(2), corresponding to ug(-)
and belonging to By (; (0, 70)-
3. Optimal control - existence of solutions

3.1 Affine case
Let us consider control system

x(t) = GL(t, x(t)) + G2(t, x(t))u(t), t € L ace, (5)

with cost functional
J(x(-),u(-)) = /I(<oc(t),5c(t)> + F(t,x(), u(t)))dt — min. ©)

By a classical solution to problem (5)-(6) in the set Bri(1,rm) (0,79) x U™ (H3 (I, R™) x U®) we
mean a pair (xo(-), up(+)) € BH&(I,IR”)(OIVO) x U™ ((x0(), up(+)) € H} (I, R™) x U*) satisfying
system (5) and such that

J(xo(-), uo(-)) < J(x(-),u(-)) )
for any pair (x(-),u(-)) € BHé(L]Rn)(O,rO) X U ((x(-),u(-)) € H{(I,R") x U*) satisfying
system (5).
We assume that

A7. aset M C R™ and functions « : I — R", f : I X Bra(0,79) x M — R are such that

www.intechopen.com



Optimal control systems of second order with infinite time horizon - maximum principle 185

a) M is convex and compact

b) «(-) € L*(I,R")

c) function f is L(I) @ B(Br:(0,79)) ® B(M) - measurable (L(I) means the o-field
of Lebesgue measurable subsets of I, B(Br«(0,7)), B(M) - the o-fields of Borel
subsets of B (0,79), M, respectively; L£(I) ® B(Br:(0,79)) ® B(M) is the product
o-field)

d) fort € Ia.e. function f(t,-,-) is lower semicontinuous on B« (0,79) x M

e) fort € Ia.e. and any x € Brn(0,1g), function f(t,x,-) is convex on M

f) there exists a function B € L'(I,R) such that
f(tx,u)| < B(t)

fort € Tae., x € Brn(0,79), u € M.

If the function G of the form (4) satisfies assumptions of Theorem 1 and A7 is fulfilled, then for
any control u(-) € U there exists a unique in B HL(LR") (0, 7g) solution xy(-) of control system

(5) and cost functional (6) has a finite value at the pair (x; (), u(-)) (if G satisfies A4b, then the
solution x,(-) is unique in H} (I, R™)).
Moreover (cf. Idczak (to appear)), we have

Theorem 5. If G of the form (4) satisfies assumptions Ala, A1b, A2, A3, Ada, A6 and assumption A7
is satisfied, then optimal control problem (5)-(6) has a classical solution in the set B HL(LR") (0,79) x
U®. If, additionally, assumption A4b is satisfied, then problem (5)-(6) has a classical solution in the
set Hy (I, R™) x U™.

In Idczak (to appear), an example illustrating the above theorem is given.

3.2 Nonlinear case
Now, let us consider the nonlinear system (1) with cost functional (6). Below, by L{g (p €[1,))
we mean a compact (in norm topology of L?(I,IR™)) set of controls, contained in /7. We have

Theorem 6. If G satisfies assumptions Ala, Alb, A2, A3, A4a, A5 and assumption A7 is satis-
fied, then optimal control problem (1)-(6) has a classical solution in the set B (1,rm) (0,7g) x Z/Ig :

If, additionally, assumption A4b is satisfied, then problem (1)-(6) has a classical solution in the set
HMIL,R™) x U}

Remark 7. Definition of a classical solution to problem (1)-(6) in the set B H(LR") (0,79) X Z/{gJ is quite
analogous as in the case of the problem (5)-(6) and the set B HL(LR") (0,79) x U (with (5) replaced by
(1) and U replaced by Z/{S7 - cf. section 3.2).

4. Optimal control - optimality principle

In this section we assume that assumptions Ala, Alb, A2, A3 and A7 are satisfied.
Since in the next we shall consider system (1) also on a finite time interval, therefore below we
give a definition of a solution to such a finite horizon system (cf. Idczak (1998)).

We say that a pair (x,(-),u(-)) € H'((0,T), R") x U(‘B’ 7 satisfies system (1) a.e. on (0, T) if

T . .
[ (050 ) + (Gt 00,000, 1) de =0 ®)
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186 Modeling, Simulation and Optimization — Tolerance and Optimal Control

for any h(-) € H3((0,T),R"™), where H}((0, T), R") is the classical Sobolev space of functions
h(-) € H'((0,T),R") satisfying the boundary conditions

1(0) = h(T) = 0

and U(OS,T) :={u e L®((0,T),R™); u(t) € Mfort € Iae.}.

By Jr we shall mean the functional given by the formula

Jr(x(),u(-)) = /OT<<zx<t>,5c<t>> + £(t x(t), u(t)) )dt.

In the theory of infinite horizon optimal control the following concepts of optimality, different
from the classical one (cf. (7)), are used (cf. (Carlson, 1987, Definition 1.2), Carlson (1989)).
By a strong solution of the problem (1)-(6) in the set H}(I,R") x U® we mean a pair

(x0(+), up(+)) € H{(I,R™) x U™ which satisfies system (1) and
Jim (Jr(xo(+), o (+)) = Jr(x(+),u(-))) < 0
for any pair (x(-),u(-)) € Hy(I,R") x U satisfying system (1).
By a catching-up solution of the problem (1)-(6) in the set H}(I,R") x U™ we mean a pair
(x0(+), up(+)) € H{(I,R™) x U™ which satisfies system (1) and
1irTnSUP(]T(xo('),uo(')) —Jr(x(-),u(-))) <0
—00
for any pair (x(-),u(-)) € HL(I,R") x U* satisfying system (1). This is equivalent to the
following condition: for any pair (x(-), u(-)) € H} (I, R") x U* satisfying system (1) and any
€ > 0 there exists Ty > 0 such that

Jr(xo(:),uo(-)) = Jr(x(-),u(-)) <e

for T > T.
By a sporadically catching-up solution of the problem (1)-(6) in the set H} (I, R") x U* we mean

a pair (xo(+), uo(+)) € H}(I, R") x U* which satisfies system (1) and
lim inf(Jr (xo(-), uo(-)) — J(x(-),u(-))) < 0

for any pair (x(-),u(-)) € HL(I,R") x U* satisfying system (1). This is equivalent to the
following condition: for any pair (x(-),u(-)) € H(I,R") x U satisfying system (1), any
¢ > 0and any T > 0 there exists T’ > T such that

Jr(xo (), uo () = Jor(x (), u()) <e.

By a finitely optimal solution of problem (1)-(6) we mean a pair (xo(+), ug(-)) € H} (I, R") x U*
satisfying (1) a.e. on I and such that for any T > 0 and any pair (x(-),u(-)) € H'((0, T), R") x

U (O(C)),T) satisfying system (1) a.e. on (0, T) and boundary conditions

we have
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Optimal control systems of second order with infinite time horizon - maximum principle 187

It is obvious (under our assumptions) that classical optimality implies the strong one, strong
optimality implies the catching-up one, catching-up optimality implies the sporadically
catching-up one. In the next theorem we shall show that sporadically catching-up optimality
implies the finite one. Before we prove this theorem we shall prove the following technical
lemma.

Lemma 8. If a function x(-) € HY((0,T),R") is such that x(0) = 0, v(-) € H}(I,R") and
x(T) = v(T), then the function

x(t) fort € (0, T]

v(t) fort € (T, 00) €R*

Z:IBtl—>{

belongs to H (I, R") and its weak derivative g has the form

k(t)fort € (0,T] c R

g:IBtn—>{ .
v(t) fort € (T, 00)

Proof. First of all, let us point that z(-), g(+) € L2(I,IR"). Next, let us define the function

t
y:IBtH/Tg(T)dT—i—x(T) € R".

Of course,
0 T T .
4(0) :/Tg(r)d’H—x(T) - _/0 ¢(7)dt + x(T) = —/O 2(T)dT + x(T) = —x(T) 4+ x(T) = 0.

Moreover, y(-) € L}

loc

(I, R") and from (Brezis, 1983, Lemma VIII.2)

/()ooy(T)qb(T)dr = /Ooo(/TTg(s)dS)Gb(T)dT‘f'/()wx(T)g})(T)dT
= [ ([ s@s)p(ir = - [“g(mp(mar

for any ¢(-) € CL(I,R") (the space of continuously differentiable functions ¢ : I — R" with
compact support suppe C I). This means that the weak derivative of y(-) exists and is equal
to the function g(-). Now, we shall show that y(-) = z(+). Indeed, if tg € (0, T), then

T T

to

o) = [ g(@ar+x(1) = - | g(0)dr— [“g(r)dr) +x(T)

to

g(v)dr+x(T) = —( [

T, to . ’
— —/O x()dt +/O $(T)dT + x(T) = —x(T) + x(to) + x(T) = x(ty) = z(to).
If ty € (T, 0), then

y(to) :/Ttog(T)dT—l—x(T) :/Ttoz}(r)d*f+v(T) :/Ttoz}(r)dr+/()TiJ(T)dT:/Otoz}('f)d'r
= v(to) = z(to)-

Of course, y(T) = x(T) = z(T). Thus, z(-) € H}(I,R"). m

Now, we are in the position to prove the following optimality principle that is analogous to
the appropriate result for infinite horizon first order optimal control problems with initial
conditions (cf. (Carlson, 1987, Theorem 2.2)).
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188 Modeling, Simulation and Optimization — Tolerance and Optimal Control

Theorem 9 (optimality principle). If a pair (xo(-),uo(-)) € HY(I,R") x U* is a sporadically
catching-up solution to (1)-(6) in the set Hé([, R™) x U, then it is finitely optimal solution to this
problem in the set H(l) (I, R™) x U*.

Proof. Let us suppose that for some T > 0 there exists a pair (x.(-), u«(-)) € H'((0,T), R") x
U ("8 T) satisfying system (1) a.e. on [0, T] and such that

xx(0) =0, x(T) = xo(T)

and
Jr(e (), ua () < Jr(xo(), uo(+))- ©9)

Let us define a pair (x4 (-), u+(+)) in the following way

. x4 (t) fort € (0, T] .
x+'19t’_){x0(t)fort€(T,oo) e R".
' ux(t) fort € (0, T] .
qu'IBt’_){uo(t)fortE(T,oo) e R".

Lemma 8 implies that x4 (-) € H} (I, R"). Of course, 14 (-) € U*. Now, we shall check that the

pair (x4 (-), u+(-)) satisfies system (1). Since the pair (x.(-),u(-)) € H'((0,T),R") x U(%’ T)
satisfies system (1), therefore the function x.(-) possesses the classical second order derivative

x:(t) for t € (0,T) a.e. and
Xs () = Gy(t, x5 (£),u4(t)), t € (0,T) ace.

In the same way, the function x((-) possesses the classical second order derivative xq(t) for
t € Ia.e. and )
xo(t) = Gy (t, xo(t),up(t)), t € Iace.

Consequently, the function x (-) possesses the classical second order derivative x (t) for
t€lae. and

x4 (t) = Gy(t, x4 (t),us(t)), t € Lae.
A3 implies that x (-) € L2(I,R"). Thus, for any h(-) € H}(I,R"), we have

J Ga@n) at = [(Galt xs (8), 0 (5), h(e)) d. (10)

The function x.(-) (more precisely, its continuous representant) is absolutely continuous on
[0, T] (cf. (Brezis, 1983, Theorem VIIL.2)). Also, the function x(-) is absolutely continuous on

each compact subinterval of [T, o). Consequently, the function x (-) is absolutely continuous
on each compact subinterval of I. So, integrating by parts we obtain

/I<5é+(t),h(t)>dt: lim OP <5&+(t),h(t)>dt:Pli_r>r;o(<5c+(P),h(P)> —<5c+(0),h(0)>

P—o0

- /OP <k+(t),h(t)> dt) = — lim OP <5c+(t),h(t)> dt = _/1 <>’c+(t),h(t)> di
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Optimal control systems of second order with infinite time horizon - maximum principle 189

for any h(-) € H(I,R") (we used here the fact that Plim xy(P) = Plim xo(P) = 0, which
—00 —00

follows from Lemma 8 and the relation 5(0(-) c H'(I,R™")). Putting this value to (10) we
obtain

/I<<a‘c+<t>,h<t>> (Gt % (), 1 (£)), h(D))dt = 0

for any h(-) € H} (I, R"). This means that the pair (x4 (-), u4(-)) satisfies (1).
Now, from (9) it follows that there exists ¢ > 0 such that

Jr (e (), us () +& < Jr(xo(-), uo(-))-

From the other hand, sporadically catching-up optimality of the pair (xo(-), tg(-)) implies that
there exists Q > T such that

Ja(xo(-), () < 5 + Jolx+ (), 1 ().

But
STl ()1 ()) = 5+ Jr(e(), 1 () + /TQ<<zx<t>,x'o<t>> + £t x0(t), uo(t)))dt

<o) u()) = &+ [ (a0 500 + £ 700,10t = Jg(xo()10() -

The obtained contradiction completes the proof. m

N ™

5. Optimal control - maximum principle

In Idczak (1998) a maximum principle for the following finite horizon optimal control problem
has been obtained:

%(Hz.(t,z(t)j(t),u(t))) = H(t,z(t),z(t),u(t)), t € (0,T) ae, (11)

z(0) = z(T) =0, (12)

Ir(z(-),u(-) = /OTHO(t,z(t),é(t),u(t))dt — min. (13)

where H,Hy : [0, T] x R" x R" x R" — R, z(-) € H}((0,T), R"), u(-) € UG 1y, T > 0is fixed.

Remark 10. In fact, in Idczak (1998) the time interval (0, 7t) was considered. Of course, it may be
replaced by (0, T) with any T > 0. In such a case in (Idczak, 1998, inequality in condition (13) and
inequality (25)) the constant 7t should be replaced by T.

Remark 11. It is easy to observe that the results contained in Idczak (1998) remains true with the set
R™ (appearing in the domains of those functions F and Fy) replaced by our set M C R™.

We say that a pair (z(-),u(+)) € H'((0,T), R") x Z/{(°8 T) satisfies (11) if

/OT <Hz(t,z(t),2(t),u(t)),h(t)> dt = —/OT (HL(t,2(8), 2(8),u(t)), h(2) ) dt

forany (-) € H}((0,T), R").
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Let us also consider the following two auxiliary problems (below, b € R" is a fixed point):
d , .

E(Fx(t,x(t),x(t),u(t))) = Fx(t,x(t),x(t),u(t)), t € (0,T) ae., (14)
x(0) =0, x(T) =b (15)
Jr(x(+),u(:)) = /()TPO(t,x(t),k(t),u(t))dt — min. (16)

and problem (11)-(13) with functions H, Hy given by H(t,z, Z,u) = F(t,z+ %t,i + %,u),
Hy(t,z, Z,u) =F(t,z+ %t,i + %,u), ie.

TR 2() + 2420+ 2u(6) = E(L2() + 2t,2(0) + 2,u(D), t€ (0, T)ae, (17)
2(0) =0, 2(T) = 0 (18)

T b - b .
Ir(z(-),u(-)) = /O Folt,2(t) + 24, 2(8) + =, u(t))dt — min. (19)

We say that a pair (xo(-), up(-)) € H'((0,T), R") x Ug 1y ((20(-), uo(+)) €
H'((0,T),R") x U(OS,T)) is the solution to problem (14)-(16) ((11)-(13)) if it satisfies (14)-(15)
((11)-(12)) and

T ) T .
/0Fo(t,xo(t),xo(t),uo(t))dtg/0 Fo(t x(8), %(8), u(t))dt

T . T .
(/0 Ho(t,zo(t),zo(t),uo(t))dtS/O Ho(t,z(t),z(t),u(t))dt)

for any pair (x(-),u(-)) € HY((0,T),R") x L{("(‘)’ T) satisfying (14)-(15) ((z(),u(-)) €
H'((0,T),R") x UG ) satisfying (11)-(12)).

In the proof of the maximum principle we shall use the following lemma.

Lemma 12. If a pair (xo(-),ug(-)) € HY((0,T),R") x L{E’S T is the solution to problem (14)-(16),

then the pair (zo(-), ug(-)) where zo(t) = xo(t) — %tfor t € (0,T), is the solution to problem (17)-
(19).

Proof. Let as suppose that the pair (zo(-),up(+)) given in the Lemma is not the solution to
problem (17)-(19). So, there exists a pair (z.(-),u«(-)) € H'((0,T),R") x L{(O(.‘J’ T) satisfying
(17)-(18) and such that
/TP (t,z (t)ﬂtz (t)—l—k u (t))dt</TP (t,z <t)+3tz (t)—i—k uo(t))dt
OO/* T/* T/* OO/O T/O TIO .

But then the pair (x.(-),u«(-)) where x.(f) = z4(t) + %t for t € (0,T), belongs to

H'((0,T),R") x U 1 satisfies (14)-(15) and

T . gt — T b - b J
/O Fot 22 (£), 22 (£), s (1)) t—/o Folt, 2a(1) + 22, 20(8) + 2,0, (1))t
T b - b T .
</0 Fo(t,zo(t)—l—Tt,z()(t)—FT,uo(t))dt:/O Fo(t, xo(t), xo(t), ug(t))dt.

This contradicts the optimality of the pair (xo(+), ug(+)). m
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5.1 General case
Now, we shall prove

Theorem 13 (maximum principle I). Let assumptions Ala, A1b, A2, A3, A4b and A7 be satisfied
(without A7c, A7d, A7f - ¢f. assumption B3 given below). Additionally, assume that G is twicely
differentiable in x € R" and

Bl1. function Gxx(t,-,-) : R" x M — R"™*"is continuous for t € I a.e., function Gyx(-,x,u) :
I — R"™" is measurable in Lebesgue sense for any (x,u) € R" x M

B2. there exist a constant dy > 0, functions dy(-) € L*(I,R), eg(+) € L2 (I,R) and a continuous
function a : Ry — Ry such that

(Gt %, u)] < dy x| +dot),

|Gax (8, x,u)| < a(|x|)eo(t)
fortelae,xcR", ueM

B3. functions f(t,-,-) : R" x M — R, fx(t,+,-) : R" x M — R" are continuous for t € I
a.e.; functions f(-,x,u) : I — R, fx(-,x,u) : I — R" are measurable in Lebesgue sense
for any (x,u) € R™ x M and there exist a function B € L'(I,R), a continuous function
b:R{ — Ry and a function (-) € L} (I, R) such that

loc

f (8 x,u)| < B(),

| fx(t, 2, u)| < b(]x|)y(t)
fort€lae,x cR", uec M.

Let us also assume that, for t € I a.e., x € R", u € M, the set
{(Gx(t,x,u), f(t,x,u)) e R" xR; u € M}

is convex.

Ifapair (xo(-),ug(-)) € H3(I,R™) x U™ is a solution to problem (1)-(6) in the set H} (I, R") x U
according to any definition of optimality given in Section 4, then for any T > 0 there exists a function
Ar € H{((0,T),IR™) such that

%(tx(t) +)LT(t)) = folt, x0(t), ug(t)) + Gux (£, x0(t), ug(t))Ar(t), t € (0,T) ae.  (20)

and

Flt x0(0)00()) + (Gt %0 (8), wo(6)), Ax(6)) = min{ £, xo(£) ) + (Gt x0(6) ), Ar(6))}
(21)
fort € (0,T)ae.

Proof. Using the optimality principle (if it is needed) we assert that the pair (x(-),ug(+)) is
finitely optimal solution to problem (1)-(6) in the set H(% (I, R") x U*®. Letus fixany T > 0. So,
the pair (xo(+) [(o,7),#0(*) |(o,)) is the solution to problem (14)-(16) with b = x(T) and
. 1.2
F(t,x,x,u) = 5 ’x‘ + G(t,x,u),

Fo(t, x,x,u) = <o¢(t),5c> + f(t,x,u).
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From Lemma 12 it follows that the pair (zo(+), uo(-)) where zo(t) = xo(t) — %TT)t fort €

(0,T), is the solution to problem (17)-(19). This means that this pair is the solution to problem
(11)-(13) with

2
: xo(T), - | xo(T) L]. | x(T) xo(T)
H :F = — —_— 7
(t,z,z,u) (t,z+ T t,z+ T ,u) 5 z 4+ T +G(t,z+ T t,u)
_1 -2 1 /. 1 2 XO(T)
—E‘z‘ +T<z,x0(T)>+ﬁ|xo(T)\ + Gtz + 2t u),

Ho(t,z,z,u) = Fy(t,z + xO(TT) tz+ mTT),u) = <a(t),2 + xO(TT) > T f(t,z+ xO(TT) t )

= <a(t),z> + % (a(t), xo(T)) + f(t,z + xogT) tu).

It is easy to check that the functions H, Hj satisfies all of the assumptions of the maximum
principle proved in Idczak (1998) (cf. Remarks 11, 14). Consequently, there exists a function
Ar € H§((0, T), R") such that

d

E({x(t) + /'\T(t)) = fa(t,zo(t) +

fort € (0,T) a.e. and

xo(T)
T

xo(T)
T

t,ug(t)) + Gax(t,zo(t) +

t,uo(t))Ar(t)

T

)
+ <Gx(t,20(t -+ Xo(T) t, uo(t)),)\T(t)> + <Zo(t) + le(T), AT(t)>

(a(®) () + = (@(®), x0(T)) + £t 20(6) + X1, (1)
) T T

= min{{a(t), 50(t) ) + 7 (a(t), (7)) + £ (6 20(6) + 21,0

(Gt z0(0)+ 200, 20 (0)) + (3006 + L30(T), A (1))

fort € (0,T) a.e., i.e. (20) and (21) hold true. m

Remark 14. In this remark we use symbols from Idczak (1998). From assumption A4b it follows that,
in our case, the matrix C(x), x € (0,T) a.e., given in (Idczak, 1998, Lemma 4), is nonnegative. In
such a case condition (Idczak, 1998, (25)) can be replaced by the following one

inf{B(x)z'Z/;

Z'| =1, x € S} —2T(esssup |A(x)|) > 0.
I

In fact, in our case, the matrix A(x), x € (0, T) a.e., appearing above, is the zero matrix.

5.2 Some special case
Now, we shall prove a maximum principle in the case of integrand f not depending on x.

Theorem 15 (maximum principle II). Let the assumptions of the previous theorem be satisfied.
Additionally, assume that
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C1. function f does not depend on x
C2. a(-) € L*(I,R")

C3. function Gyy : (0,00) X R" x M — R"*" is bounded and for t € I a.e., x € R", u € M the
matrix Gy (t, X, u) is nonnegative, i.e.

(Gex(t, x,u)A,A) >0

for A € R".

Then, if a pair (xo(+), ug(+)) € H} (I, IR™) x U is a solution to problem (1)-(6) in the set H} (I, R") x
U according to any definition of optimality given in Section 4, then there exists a function A : [ — R"
such that A | y€ H'((0,T),R"), A(0) = 0 and

/Ooo <(x(t) + )\(t), ¢(t)> dt = /Ooo (Gax (t, x0(t), ug(£))A (1), @(t)) dt (22)

forany () € CL(I,R"),

f(tuo(t)) + (Gx(t, x0(t), 1o (1)), A(t)) = min{f(t,u) + (Gx(t, x0(£), u), A(t))}, t € Lae. (23)

Proof. Let us consider equation (22) on an interval (0, T) (with a fixed T > 0), i.e.

T (@(t) + A1) = Gult,20(8), w0 (DDA, £ € (0,T) ae, 24)

with boundary conditions A(0) = A(T) = 0. It is easy to see that it is the Euler-Lagrange
equation for the functional

F:H}((0,T),R") — R,

. T .
+<oc(t)A(t)>+ (y(t))\(t),/\(t»)dt:/o K(t, A (1), A(t))dt

FOC) = [ (5 ]M0

where y(t) = Gy (£, x0(£), ug(t)) and K(£,A,A) = 1(1)2 + <a(t>)&> + 1 (y(t)A, A). The func-

tion K satisfies assumptions of (Idczak, 1998, Th. 4) and is strictly convex in (A, /\) € R" x R".
Consequently, the function At from Theorem 13 is the unique minimum point of F. So,

F(Ar(-)) < F(0) =0
In the same way as in Walczak (1995) we check that
1
FAC) 2z 5 H/\(')H%—lé((O,T),R”) — Nl 2oy 1A a3 ((0,7),R7) -

The last two inequalities imply that

£

}\T(f)

2\ 2
dt) = A o) rr) < 2 M) l2 e -

forany T > 0.
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Now, let us put T, = n, n € N, and consider a sequence (A, (-)),enN of solutions A, (-) =
At,(+) to system (24), belonging to H}((0, Tx), R"), respectively. Next, let us fix an interval
[0, T1] and consider the sequence of functions (An(+) [jo,7;])n>1. The last inequality gives

/T]/\(t)Zdt /T1
0 ’ ! ‘ N 0

where p = 2 [|a(-)[[;2(; re) (the constant not depending on 1); of course,

T
J

These inequalities mean that the sequence (Ax(-) [jo,1,])neN is bounded in H L((0,T7), R™).

. 2
JoAn(s)ds| dt < T1 [Au() o rey < T1P% 1 €N,

. 2
Au(B)| dt <p?, neN.

So, from the sequence (A, (-)),en one can choose a subsequence (AL()),en such that the
sequence (A} (") |(0,7:])nen is weakly convergent in H 1((0,T1),IR") to some function A, (+) €
H'((0,T;),R™). From the Arzela-Ascoli theorem and from the uniqueness of the weak limit
in the space C([0, T;],R") of continuous functions on [0, T;] it follows that we can assume,
without loss of the generality, that the sequence (AL(-) |(0,7,])neN converges also uniformly
on [0, T1] to A, (+). In particular, Ar, (0) = 0.

In the same way (we can assume, without loss of the generality, that the domains of the all
functions A} (), n € N, contain the interval [0, T;]) from the sequence (A}(+)),en one can
choose a subsequence (A2 (-)),cn such that the sequence (A2 () 0,7, )neN is weakly conver-
gentin H!((0,T,), R") and uniformly on [0, T,] to some function Ar, (-) € H'((0, T), R"). Of
course, A, (-) |[0,T1]: At (4).

Continuing this procedure we obtain a sequence of sequences: (AL(-))uen, (A2(*))neN, -
(AK())nen, - such that, for any k € N, the sequence (AKT1(-)),en is a subsequence of the
sequence (AX(-)),en, the sequence (AX(-) |0,7,])neN is weakly convergent in H L0, Tp), R™)
and uniformly on [0, Ty] to a function A, (-) € H!((0, ), R") and A, (+) 0, 1= A1 (+)-

Let A(-) : I — R" be a function such that A(-) [ 7= Ar.(+) for k € N. It is easy to see

that the function A(-) has on I the weak derivative )L() and /\() l0,1= </\() |[O,Tk]> . Let

us consider the sequence (Ajj(-))zen and the sequence (Aji(-) (o 1,])neN- Let us denote the
second sequence by (y,(+)),eN- On each interval [0, Ty, this sequence (with a precision to the
first (k — 1) elements) is weakly convergent in H!((0, T), R”) and uniformly on [0, Ty] to the
function A(+) |j.7,) € H'((0, Ty), R™)

From the maximum principle I it follows that each function y, () satisfies the conditions (do-
main of yi, () contains the interval [0, Ty,])

%(Dé(t) + (1) = Gx (£, x0(t), o (1)) (1), t € (0, Tn) ae, (25)
f(tuo(£)) + (Gx(t x0(t), 10 (1)), i (t)) = min{f (¢, u) + (Gx (£, x0(t), u), un(t))}, £ € (0, Tn) ace,
(26)

The first condition is equivalent to the following one

T, . . T
| (w0 4, (0,90 dt = [ (Gt 30(8) w0 () (1), 911)
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forany ¢(-) € CL((0,T,), R") (the space of continuously differentiable functions ¢ : (0, T,;) —
R" with compact support suppe C (0, Ty;)).

Now, we shall show that (22) holds true. Indeed, let ¢(-) € C}(I,IR") and 1y € IN be such that
suppg C (0, Ty, ). Then

/Ooo <oc(t) AL, qb(t)> dt = /OT"O <zx(t) FA(E), ¢(t)> gt = lim [ (a(t) + 1, (1), (1) )t

g 70
Ty, Ty
= lim | (Gux (£ x0(£), 1o () pn (t), (1)) di :/0 (Gax (£, x0(t), o (£))A(E), (1)) di

- /O°° (Gxx (t, x0(t), up(t))A(t), @(t)) dt

(the second equality follows from the weak convergence in H'((0, T;;, ), R") of the sequence
(Hn(+) |[0,Tn0}>"€1N to the function A(-) |[0/Tn0] and the fourth equality follows from the uni-
form convergence on [0, Ty, | of the sequence (py(+) |[0,Tn0} JnenN to the function A(+) ’[O/Tno] and
Lebesgue bounded convergence theorem). So, (22) holds true.

Now, we shall show that (23) holds true. Indeed, let Z, C (0,T,), n € IN, be a set of zero
measure such that (26) does not hold on it. Let us fix a point t € I\ U;’_;Z, and let nyp € IN be
the smallest positive integer such that t € (0, Tj;,). We have

f(t,ug(t)) + (Gx(t, x0(t), o(t)), pn(t)) = min{ (£, u) + (Gx(t, x0(t), 1), pn(£))}

for n > ng. Since the functions
syt R" 5 p— f(t,u) + (Gx(t, x0(t),u), ) € R

with u € M are lipschitzian with the same constant (compactness of M and continuity of Gy
in u € M are important here), therefore (cf. (Lojasiewicz, 1988, Part 111.2, Th. 1)) the function

R" 3 > minse, (1) = min{f(t,1) + (Gx(t,x0(8), 1), 1))

is continuous. Consequently, the fact that nlgn in(t) = A(t) implies (23). =

nzno

6. Concluding remarks

Main results of the paper are contained in Theorems 9, 13 and 15. In Theorem 9 a connection
between the notions of optimality in infinite and finite horizon cases is established. Theorem
13 contains necessary conditions for each of the introduced kinds of optimality in general case
and Theorem 15 contains such conditions in some special case.

Open problems are maximum principles (in both, special and general case) stating the ex-
istence of a Lagrange multiplier A : I — IR" satisfying a conjugate system with the space
Cl(I,R") replaced by H}(I,R") and the minimum condition a.e. on I.
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